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Abstract: Given a graph G with vertex set 𝑉(𝐺) = 𝑉and edge set𝐸(𝐺) = 𝐸, let 𝐿(𝐺) be the line graph,𝐺   the 

complement of𝐺, 𝑆(𝐺)the subdivision graph of 𝐺 and 𝑆∗(𝐺) the partial complement of subdivision graph. Let 

𝐺0 be the graph with 𝑉(𝐺0) = 𝑉 and with no edges, 𝐺1the complete graph with the vertex set 𝑉, 𝐺+ = 𝐺 and 

𝐺− = 𝐺 . Given 𝑥, 𝑦, 𝑧 ∈   0, 1, +,− , the xyz-transformation graph𝑇𝑥𝑦𝑧 (𝐺) of 𝐺 is the graph with vertex set 

𝑉 𝑇𝑥𝑦𝑧  𝐺  = 𝑉 ∪ 𝐸 and the edge set 𝐸 𝑇𝑥𝑦𝑧  𝐺  = 𝐸 𝐺𝑥 ∪ 𝐸 𝐿 𝐺 𝑦 ∪ 𝐸 𝑊 ,  where 𝑊 = 𝑆(𝐺) if 𝑧 =

+,𝑊 = 𝑆∗(𝐺) if 𝑧 = −,𝑊 is the graph with 𝑉(𝑊) = 𝑉 ∪ 𝐸 and with no edges if 𝑧 = 0 and 𝑊 is complete 

bipartite graph with parts 𝑉  and𝐸  if 𝑧 = 1.This concept was introduced by Deng et al. [9]. Later these 

xyz-transformation graphs are called as generalized xyz–Point-Line transformation graphsin [3]. In this paper, we 

compute the expressions for vertex degree, first and second Zagreb indices of generalized xyz–Point-Line 

transformation graphs.  
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Keywords:Zagreb indices, Zagreb coindices, generalized xyz–Point-Line transformation graph, reformulated 
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1 Introduction 
 

In this paper, we consider simple and undirected graphs. Here, for all notions on graphs and 

topological indices that are used but not defined can be found in [7, 8, 14, 15, 19, 30]. 

 

Let G  be a graph with the vertex set VGV =)(  and edge set EGE =)(  such that nV |=|  

and mE |=| . As usual n  is said to be order and m  the size of G . The degree of a vertex

)(GVv  is the number of vertices adjacent to v  in G  and is denoted by )(vdG . If u  and 

v  are two adjacent vertices of G , then the edge connecting them will be denoted by uv . The 

degree of an edge e  in G  is denoted by )(edG , and is defined by 2)()(=)(  vduded GGG  

with uve = . Here 𝑒 ~𝑓  (e ≁ 𝑓) means that the edges e  and f  are adjacent (resp., not 

adjacent) and also u ~ e (u ≁ e) means that the vertex u  and edge e  are incident (resp., not 

incident) in G . 

The complement G  of a graph G  is the graph with the same vertex set as G , in which two 

vertices are adjacent if and only if they are not adjacent in G . 

The line graph )(GL  of a graph G  is the graph with vertex set )(GE  and two vertices are 

adjacent in )(GL  if and only if the corresponding edges in G  are adjacent. 

For a graph ),(= EVG , let 0G  be the graph with the vertex set VGV =)( 0
 and with no 

edges, 1G  the complete graph with VGV =)( 1 , GG = , and GG =
. Let )(GS ))(( * GS  
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be the graph with the vertex set EV   such that two vertices of )(GS ))(( * GS  are adjacent if 

and only if one corresponds to a vertex v  of G  and other to an edge e  of G  and v  is 

incident (resp., not incident) to e  in G . Here )(GS  is the subdivision graph of G  and 

)(* GS  is the partial complement of subdivision graph. 

 

Definition[9]. Given a graph ),(= EVG  and three variables },{0,1,,, zyx , the xyz

transformation )(GT xyz  (or 
xyzT ) of G  is the graph with the vertex set EVTV xyz =)(  and 

the edge set )())(()(=)( WEGLEGETE yxxyz  , where )(= GSW  if =z , )(= * GSW  

if =z , W  is graph with EVWV =)(  and with no edges if 0=z , and W  is the 

complete bipartite graph with parts V  and E  if 1=z .  

 Since there are sixty four distinct 3-permutations of },{1,0,  , there are sixty four 

different xyz transformations of a given graph G . These xyz transformation graphs are 

also called as generalized xyz Point-Line transformation graphs[3]. The vertex v  of 
xyzT  

corresponding to a vertex v  of G  is referred to as point-vertex and vertex e  of 
xyzT  

corresponding to an edge e  of G  is referred to as line-vertex[3]. In Figure 1 some 

self-explanatory examples of 
xyzT graphs are depicted, dark circles represents the 

point-vertices and light circles represents the line-vertices of 
xyzT .  

 

Theorem 1.1 [3] Let G  be a graph of order n  and size m . Then   

mnGTV xyz |=))((| .  

|)(||))((||)(|=|))((| WEGLEGEGTE yxxyz  ,  

 

 where |)(| xGE = 
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Topological indices are numerical parameters of a graph which are invariant under graph 

isomorphisms. The significance of topological indices is usually associated with quantitative 
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structure property relationship (QSPR) and quantitative structure activity relationship (QSAR) 

[10, 22, 29]. The idea of topological index appears from work done by Wiener [31] in 1947 

although he was working on boiling point of paraffin. He called this index as Wiener index and 

then theory of topological index started. From these times the number of topological indices 

has grown enormously, and at present there are more than a thousand topological indices of 

various complexity [29]. Topological indices were correlated successfully with many 

physicochemical parameters such as density, viscosity, boiling temperature, solubility, 

refractive index, molar heat capacity, and standard Gibbs energy of formation [2, 23, 24, 27]. 

The Zagreb 1M  and 2M  indices were introduced by Gutman and Trinajsti c  in 1972 [18]. 

The first and second Zagreb indices belong among the oldest molecular structure descriptors, 

and their properties have been extensively investigated [16, 26]. In chemical literature, there 

have been a few earlier attempts to shift from ordinary molecular graph to their transformations 

in [4, 5, 17, 20]. This motivated us to compute expressions for first and second Zagreb indices 

of some generalized xyz Point-Line transformation graphs. 

 

2  Some topological indices 
 
The first Zagreb and second Zagreb indices are defined as  

 

)(= 11 GMM = 2

)(

)(vdG

GVv




 and )(= 22 GMM = )()(
)(

vdud GG

GEuv




respectively. 

 

The first Zagreb index can also expressed as a sum over edges of G ,  

 

 1M = )]()([
)(

vdud GG

GEuv




. 

 

Do s


li c  [11] defined the first and second Zagreb coindices as  

 

)(= 11 GMM = )]()([
)(

vdud GG

GEuv




 and )(= 22 GMM = )()(
)(

vdud GG

GEuv




 respectively.  

 

  The vertex-degree-based graph invariant  

 

F  = )(GF  = 3

)(

)(vdG

GVv




 = ])()([ 22

)(

vdud GG

GEuv




 

 was encountered in [18], but remained unstudied for a long time by scholars doing 

research on degree based topological indices. Furtula and Gutman, restudied this index 

recently and named it as forgotten topological index, or F index [13]. 

 Mili c evi c  et al. [25] in 2004 reformulated the Zagreb indices in terms of 

edge-degrees instead of vertex-degrees. The first and second reformulated Zagreb indices are 

defined respectively as  

 

)(= 11 GEMEM = =)( 2

)(

edG

GEe




  [𝑑𝐺 𝑒 + 𝑑𝐺 𝑓 ]𝑒  ~ 𝑓  and  

)(= 22 GEMEM  𝑑𝐺 𝑒 𝑑𝐺 𝑓 𝑒  ~ 𝑓 . 

 

 

Figure  1:  
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  In [21], Hosamani and Trinajsti c  defined the first and second reformulated Zagreb 

coindices, respectively, as  
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)(= 11 GEMEM = [𝑑𝐺 𝑒 + 𝑑𝐺 𝑓 ]𝑒  ≁ 𝑓   and )(= 22 GEMEM = 𝑑𝐺 𝑒 𝑑𝐺 𝑓 𝑒  ≁ 𝑓 .  

 

 The following theorems are useful for proving our main results.  

 

Theorem 2.1 [17] Let G  be any graph of order n  and size m . Then  

)(1 GM = 11)(2 Mnm  .  

 

Theorem 2.2 [17] Let G  be a graph of order n  and size m . Then  

)(2 GM  = .
2

1
2 21

2 MMm 







  

 

Theorem 2.3 [28] For any graph G  of order n  and size m ,  

1)(41)(=)( 2

11  nmnnMGM .  

 

Theorem 2.4 [17] Let G  be a graph of order n  and size m . Then  

.
2

32
21)(31)(

2

1
=)( 21

223

2 MM
n
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Theorem 2.5 [1] Let G  be a simple graph. Then )(1 GM = )(1 GM . 

 

Theorem 2.6 [17] Let G  be any graph of order n  and size m . Then  

mMMFGLM 424=))(( 211  .  

 

Theorem 2.7 [17] Let G  be a graph of order n  and size m . Then  

mMGMGTM 44=)(=))(( 1

0

121 
.  

 

3  Vertex degree of 𝑻𝒙𝒚𝒛 
 

 The following theorems are obvious by the definition of 
xyzT  and are useful to find 

degree based topological indices.  

 

Theorem 3.1 Let G  be a graph of order n , size m  and let v  be the point-vertex of 
xyzT  

corresponding to a vertex v  of G . Then   

)(0 vd xy
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)(vd xy
T

  =
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Theorem 3.2 Let G  be a graph of order n , size m  and let e  be the line-vertex of 
xyzT  

corresponding to an edge e  of G . Then   

)(0 ed xy
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4  First Zagreb index of 𝑻𝒙𝒚𝒛graphs 
 

Theorem 4.1  Let G  be a graph of order n  and size m . Then   

1. 0=)( 000

1 TM  

2. 
2100

1 1)(=)( nnTM  

3. 1

00

1 =)( MTM 
 

4. 1

200

1 1)(41)(=)( MnmnnTM 
 

5. 
2010

1 1)(=)( mmTM  
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6. 22110

1 1)(1)(=)(  mmnnTM  

7. 1

210

1 1)(=)( MmmTM   

8. 1

2210

1 1)(41)(1)(=)( MnmmmnnTM   

9. mMMFTM 424=)( 21

00

1   

10. mMMFnnTM 4241)(=)( 21

201

1   

11. FMMmTM 

21

0

1 234=)(  

12. FMMnmnnTM 

21

20

1 232)(41)(=)(  

13. )(=)( 001

1 mnnmTM   

14. 2)(31)(=)( 2101

1  mnnmnnTM  

15. ]1)([=)( 2011

1  mnnmmTM  

16. 2111

1 1))((=)(  mnmnTM  

Proof. Above expressions obtained by the definitions of first Zagreb index and 
xyzT  followed 

by Theorems 3.1, 3.2 and 1.1.  

 

Theorem 4.2 Let G  be a graph of order n  and size m . Then   

1. FMMmmmmTM 

21

00

1 21)2(4]3)1)([(=)(  

2. FMMmmmmnnTM 

21
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3. FMMmmmmmTM 

21
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220
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Proof. 1. Note that )(00 GLKT n  . 

Hence ).)((=))(()(=)( 111

00

1 GLMGLMKMTM n   

From Theorem 2.3, we have ]231)[())((=)( 1

2

1

00

1 MmmmGLMTM 
. 

Again from Theorem 2.6, we obtain the desired result. 

 

Similarly, )(01 GLKT n  , )(0 GLGT 
 and )(0 GLGT 

we obtain the other 

three expressions.  

 

Theorem 4.3 Let G  be a graph of order n  and size m . Then   
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 Similarly, one can obtain the expressions for )( 11

1

TM  and )( 11

1

TM .  

 

Theorem 4.4 Let G  be a graph of order n  and size m . Then   
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 From Theorem 2.6, we obtain the result. 
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 From Theorem 2.6, we obtain the result.  

 

Theorem 4.5 Let G  be a graph of order n  and size m . Then   
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Proof. Above expressions obtained by using definition of )(1

xyzTM  and Theorems 3.1, 3.2.  

 

 The expression for the first Zagreb index of some generalized xyz–Point-Line 

transformation graphs were obtained. We nevertheless state these below for the sake of 

completeness:  

 

Theorem 4.6 [17] Let G  be any graph of order n  and size m . Then   

   1. mMGSMTM 4=))((=)( 11
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 2. FMMGTMTM 

2111
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1 
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Theorem 4.7 [4] Let G  be a graph of order n  and size m . Then   
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1 2)(=)(  nmnmTM  

2. mnnTM 41)(=)( 20

1 
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Theorem 4.8 [6] Let G  be a graph of order n  and size m . Then   

1. FMMnmnnmTM 

21

0

1 27)(24)4)((=)(  
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 2. FMMmmmTM 
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 4. 3)](41))(1)[((]4)(4[=)( 21

1  nmmnmnmnnmmnmTM  

FMMm  21 25)(2  

 5. ]1121)[(3)(=)( 2221

1 mnmnmnmnmmTM   

FMMn  21 27)(2  

 6. 3)1)(2(21))(2(4)(=)( 221

1  mnmnmmnmnnmTM  
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The expressions for first Zagreb index of 
T , 

T , 
T , 

T , 
T , 

T , 
T , 

T  

are obtained in [20]. However )(1

TM  is incorrect. 

 

Theorem 4.9 [20] Let G  be a simple graph of order n  and size m . Then 

 

.22)2(9]4)[()]42()()[(=)( 21
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 The correct expression for )(1

TM  is as follows;  

 

Theorem 4.10 Let G  be a simple graph of order n  and size m . Then 
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Note that from Theorem 2.1 and )(1

xyzTM , one can easily obtain the expressions for 

)(1

xyzTM .  

 

 

5  Second Zagreb index of 𝑻𝒙𝒚𝒛 graphs 
 

Theorem 5.1  Let G  be a graph of order n  and size m . Then   
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Proof. Above expressions obtained by the definition of second Zagreb index and 
xyzT  

followed by Theorems 3.1, 3.2 and 1.1.  

 

Theorem 5.2 Let G  be a graph of order n  and size m . Then   

1. 22

2

11

2
00

2 )2(
2

32

2

1
3)1)((

2

3

2

7)41)((
=)( EMMF

m
MMmm

mmmm
TM 







 



 

2. 
2

11

23
01

2
2

1
3)1)((

2

3

2

7)41)((

2

1)(
=)( MMmm

mmmmnn
TM 





 

22 )2(
2

32
EMMF

m








 
  

3. 2

2

11

2
0

2 1)2(
2

1
3)1)((

2

3

2

7)41)((
=)( MmMMmm

mmmm
TM 


 

2
2

32
EMF

m








 
  

4. F
m

Mm
mmmm

mm
n

nTM 






 






















2

32
2)2(

2

7)41)((
23

2
1)(=)( 2

2
220

2
 

2

2

1

21

2

1
2)]23([2

2
EMMmmn

M
  

 

Proof. 1. ).)((=))(()(=)( 222

00

2 GLMGLMKMTM n   

From Theorem 2.4 and followed by the Theorem 2.6, we obtain the desired result. 

Similarly, other three expressions can be obtained.  
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 From Theorems 2.3 and 2.4, we have 
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Similarly, we obtain the other expressions.  
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 From Theorems 2.1 and 2.2, we have 
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Theorem 5.7 Let G  be a graph of order n  and size m . Then   
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 From Theorems 2.1 and 2.2, we have 
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Theorem 5.9 Let G  be a graph of order n  and size m . Then   
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where Tm  is the number of edges of 
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Proof. Above expressions obtained by using definition of )(2

xyzTM  and Theorems 3.1, 3.2. 

  The expression for the second Zagreb index of some generalized xyz–Point-Line 

transformation graphs were obtained. We nevertheless state these below for the sake of 

completeness:  
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  Note that from Theorem 2.2 and using expressions of )(1

xyzTM  and )(2

xyzTM , we 

can easily obtain the expressions for )(2

xyzTM . 
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