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Abstract: Given a graph G with vertex set V(G) = Vand edge setE(G) = E, let L(G) be the line graph,G the
complement ofG, S(G)the subdivision graph of G and S*(G) the partial complement of subdivision graph. Let
G° be the graph with V(G%) = V and with no edges, G'the complete graph with the vertex set V, G* = G and
G~ =G.Given x, y, z € {0,1,+,—}, the xyz-transformation graphT*’* (G) of G is the graph with vertex set
V(T*%(G)) =V UEand the edge setE(T*?(G)) = E(G*) UE(L(G)?) UEW), where W = S(G)if z =
+ W =5"(G) if z=—,W is the graph with V(W) =V U E and with no edges if z =0 and W is complete
bipartite graph with parts V andE if z = 1.This concept was introduced by Deng et al. [9]. Later these
xyz-transformation graphs are called as generalized xyz—Point-Line transformation graphsin [3]. In this paper, we
compute the expressions for vertex degree, first and second Zagreb indices of generalized xyz—Point-Line
transformation graphs.
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1 Introduction

In this paper, we consider simple and undirected graphs. Here, for all notions on graphs and
topological indices that are used but not defined can be found in [7, 8, 14, 15, 19, 30].

Let G be a graph with the vertex set V(G) =V and edge set E(G)=E such that |V |=n
and |E|=m. As usual n is said to be order and m the size of G. The degree of a vertex
v eV (G) isthe number of vertices adjacentto v in G and is denoted by d;(v). If u and
v are two adjacent vertices of G, then the edge connecting them will be denoted by uv. The
degree of an edgee in G isdenoted by d;(e), and is defined by d (e) =d;(u)+d;(v)—-2
with e=uv. Here e ~f (e + f) means that the edges e and f are adjacent (resp., not
adjacent) and also u ~ e (u ~ ) means that the vertex u and edge e are incident (resp., not
incident) in G.

The complement@ of a graph G is the graph with the same vertex set as G, in which two

vertices are adjacent if and only if they are not adjacent in G.
The line graph L(G) of a graph G is the graph with vertex set E(G) and two vertices are

adjacent in L(G) if and only if the corresponding edges in G are adjacent.
For a graph G=(V,E), let G° be the graph with the vertex set V(G®)=V and with no
edges, G* the complete graph with V(G')=V, G*=G, and G =G. Let S(G) (S*(G))
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be the graph with the vertex set V UE such that two vertices of S(G) (S™(G)) are adjacent if

and only if one corresponds to a vertex v of G and other to an edge e of G and v is
incident (resp., not incident) to e in G. Here S(G) is the subdivision graph of G and

S™(G) is the partial complement of subdivision graph.

Definition[9]. Given a graph G =(V,E) and three variables x,y,ze{0,1+,—}, the xyz—
transformationT**(G) (or T™*) of G is the graph with the vertex set V(T**)=V UE and
the edge set E(T*?) =E(G*)UE(L(G)’)UEW), where W =S(G) if z=+, W =S"(G)
if z=—, W is graph with VW)=V UE and with no edges if z=0, and W is the

complete bipartite graph with parts V and E if z=1.
Since there are sixty four distinct 3-permutations of {1,0+,—}, there are sixty four

different xyz —transformations of a given graph G . These xyz—transformation graphs are
also called as generalized xyz —Point-Line transformation graphs[3]. The vertex v of T™*

corresponding to a vertex v of G is referred to as point-vertex and vertex e of T™*
corresponding to an edge e of G is referred to as line-vertex[3]. In Figure 1 some
self-explanatory examples of T™* graphs are depicted, dark circles represents the
point-vertices and light circles represents the line-vertices of T,

Theorem 1.1 [3] Let G be a graph of order n and size m. Then
V(T **(G)) F n+m.
|E(T™*(G)) [=| E(G™) [+ E(L(G)) [+ EW) ],

if x=0.

if x=+.

n}—m if x=-.

0

@ if x=1.
where |E(G")|=

;

0 if y=0.

) om

Y| =
[ECLG)T —m+%M1 if y=+
m+1) 1 .
-=M, ify=-
" iy
0 if z=0.
IEW)|= mn if z=1.
~Im if 2=+
m(n-2) if z=-.

Topological indices are numerical parameters of a graph which are invariant under graph
isomorphisms. The significance of topological indices is usually associated with quantitative
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structure property relationship (QSPR) and quantitative structure activity relationship (QSAR)
[10, 22, 29]. The idea of topological index appears from work done by Wiener [31] in 1947
although he was working on boiling point of paraffin. He called this index as Wiener index and
then theory of topological index started. From these times the number of topological indices
has grown enormously, and at present there are more than a thousand topological indices of
various complexity [29]. Topological indices were correlated successfully with many
physicochemical parameters such as density, viscosity, boiling temperature, solubility,
refractive index, molar heat capacity, and standard Gibbs energy of formation [2, 23, 24, 27].
The Zagreb M, and M, indices were introduced by Gutman and Trinajstic’ in 1972 [18].
The first and second Zagreb indices belong among the oldest molecular structure descriptors,
and their properties have been extensively investigated [16, 26]. In chemical literature, there
have been a few earlier attempts to shift from ordinary molecular graph to their transformations
in [4, 5, 17, 20]. This motivated us to compute expressions for first and second Zagreb indices
of some generalized xyz —Point-Line transformation graphs.

2 Some topological indices

The first Zagreb and second Zagreb indices are defined as

M, =M,(G)= > ds(v)* and M, =M,(G)= > dg(u)d,(v)respectively.

veV (G) uveE(G)

The first Zagreb index can also expressed as a sum over edges of G,

M= > [ds(u)+ds ()]

uveE(G)

Dos lic’ [11] defined the first and second Zagreb coindices as

M, =M,(G)= > [ds(u)+ds(v)] and M, =M,(G)= > dg(u)ds(v) respectively.

uv¢E(G) uv¢E(G)

The vertex-degree-based graph invariant

F=F@©) = >d( = Y [de(u)’+d(v)’]

veV (G) uveE(G)

was encountered in [18], but remained unstudied for a long time by scholars doing
research on degree —based topological indices. Furtula and Gutman, restudied this index
recently and named it as forgotten topological index, or F —index [13].

Mili ¢’ evic’ et al. [25] in 2004 reformulated the Zagreb indices in terms of
edge-degrees instead of vertex-degrees. The first and second reformulated Zagreb indices are
defined respectively as

EM, =EM,(G)= > dc(e)* =Xe~ s [ds(e) +dg(f)] and

ecE(G)

EM, = EM,(G) =X, ~ r dg(e)ds ().

Figure 1:
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In [21], Hosamani and Trinajstic’ defined the first and second reformulated Zagreb
coindices, respectively, as
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EM, = EM,(G) =X, . s [ds(e) + d(f)] and EM, = EM,(G) =X, .. r dg(e)ds (/).
The following theorems are useful for proving our main results.

Theorem 2.1 [17] Let G be any graph of order n and size m. Then
M,(G)=2m(n-1) - M,.

Theorem 2.2 [17] Let G be a graph of order n and size m. Then

— 1
M,(G) = 2m? —(Ele—MZ.

Theorem 2.3 [28] For any graph G of order n andsize m,
M,(G) =M, +n(n—1)? —4m(n-1).

Theorem 2.4 [17] Let G be a graph of order n and size m. Then
M, (G) :%n(n—1)3—3m(n—1)2 +2m? +[2n_3]Ml—M2.

Theorem 2.5 [1] Let G be a simple graph. Then M,(G)=M,(G).

Theorem 2.6 [17] Let G be any graph of order n and size m. Then
M,(L(G)) = F—-4M, +2M, +4m.

Theorem 2.7 [17] Let G be a graph of order n and size m. Then
M, (T,(G)) = M,(G*°) = 4M, +4m .

3 Vertex degree of T*Y?

The following theorems are obvious by the definition of T** and are useful to find
degree based topological indices.
Theorem 3.1 Let G be a graph of order n,size m and let v be the point-vertex of T**
corresponding to a vertex v of G. Then

0 if x=0,ye{0,1+,-}.
d0v) = n-1 !f x=1,ye{0,1+,-}.
T dg (V) if x=+ye{0,1+-}.
n-1-dg(v) if x=—ye{0,1+-}.
m if x=0,ye{0,1+,-}.
A, () = n+m-1 !f x=1,ye{0,1+,-}.
T m-+dg (V) if x=+,ye{0,1+,-}.
n+m-1-dg(v) if x=—ye{0,1+-}.
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dg (V) if x=0,ye{0,1+,-}.
d. () = n-1+dg(v) if x=1,ye{0,1+,—}.

T 2d g (V) if x=1+,ye{0,1+-}.
n-1 if x=—ye{0,1+,-}.
m—dg (V) if x=0,ye{0,1+,-}.

d,, (V) = n+m-1-dg(v) !f x=1,ye{0,1+,-}.

T m if x=+,ye{0,1+-}.

n+m-1-2d;(v) if x=—ye{0,1+,—}.

Theorem 3.2 Let G be a graph of order n,size m and let e be the line-vertex of T
corresponding to an edge e of G. Then

0 if y=0,xe{0,1+,-}.
d0(€) = m-1 !f y=1,xe{0,1+,-}.
T ds(e) if y=+,xe{0,1+,-}.
m-1-d;(e) if y=—xe{0,1+,-}.
n if y=0,xe{0,1+,-}.
n+m-1 if y=1,xe{0,1+,-}.
d xyl(e) = .
T n+dg(e) if y=+xe{0,1+,-}.
n+m-1-d.(e) if y=—xe{0,1+-}.
2 if y=0,xe{0,1+,-}.
d. () = m+1 !f y=1,xe{0,1+,-}.
T 2+ds(e) if y=+xe{0,1+-}.
m+1-dg(e) if y=—xe{0,1+-}.
n—2 if y=0,xe{0,1+,-}.
d (o) = n+m-3 if y=1,xe{0,1+,-}.
L n—2+dg(e) if y=+xe{0,1+,-}.
n+m-3-ds(e) if y=—xe{0,1+,-}.

4 First Zagreb index of T*Y*graphs

Theorem 4.1 Let G be agraph of order n andsize m. Then
1. M(T*) =0

M, (T**) =n(n-1)?

M, (T*) =M,

M,(T*®)=n(n-1)%-4m(n-1) + M,

M, (T**) = m(m-1)°

o bk~ N
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6. M,(T")=n(n-1)*>+m(m-1)°

7. M (T") =m(m-1)"+M,

8. M,(T™)=n(n-1)?+m(m-1)*—-4m(n-1) + M,
9.M,(T*®)=F —4M, +2M, +4m

10. M, (TY%) =n(n-1)*+F —4M, +2M, +4m

11. M, (T =4m-3M,+2M, +F

122.M, (T =n(n-1)*-4m(n—2) -3M, +2M, + F
13. M (T =nm(n+m)

14.M (T =n(n-1)° +nm@n+m-2)

15. M, (T =m[nm+(n+m-1)?]

16. M, (T"™) =(n+m)(n+m-1)*

Proof. Above expressions obtained by the definitions of first Zagreb index and T™* followed
by Theorems 3.1, 3.2 and 1.1.

Theorem 4.2 Let G be a graph of order n and size m. Then

1. M,T%°) =m[(m-)(m+3) +4]-2(m+1)M, +2M, + F

2. My(T"%) =n(n-1)% +m[(m-21)(m+3) +4] -2(m+1)M, +2M, + F
3.M, (T =m(m-1)(m+3) +4m-(2m+1)M, +2M, + F

4.M,(T%) =n(n-2)2+m(m-1)° +4m(m-n+1) —2m+1)M, +2M, +F.

Proof. 1. Note that T°° =K_UL(G).
Hence M, (T°°) =M, (K,)+M,(L(G)) = M,(L(G)).
From Theorem 2.3, we have M, (T°°) = M,(L(G)) + (m-1)[m*+3m—-2M,].
Again from Theorem 2.6, we obtain the desired result.

Similarly, T*°=K_UL(G), T*°2GUL(G) and T °=GUL(G) we obtain the other
three expressions.

Theorem 4.3 Let G be a graph of order n and size m. Then
1. M (T =nm(n+m)+4m? + M,

2. M;T ) =(n+m-D[n(n+m-1) —4m]+n’m+M,

3. MM =m*(n+4) +m(n+m-1)° + M,

4. M,(T™™) =(+m=-D[(n+m)(n+m-1) —4m]+ M,.

Proof. 1. M,(T*™) = z dT+01(W)2

wev (1101

Z dT+01 (v)* + Z dT+01 (e)?

vev (1*0hnv (6) eev (T0)NE(G)
= > [m+ds WP+ > n?
VeV (G) ecE(G)
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=m’n+ D ds(v)*+2m > dg(v)+n’m.

veV (G) veV (G)

2. M, T™) = > [n+m-1-dg(V)F+ > n’

veV (G) ecE(G)

= > {(n+m-1)*+dg(v)* —2(n+m—1)dg (V) }+n°m

veV (G)

=n(n+m-1)>+ > ds (W)’ -2(n+m-1) > ds(V)+n’m.

VeV (G) veV (G)
Similarly, one can obtain the expressions for M, (T*") and M, (T™).

Theorem 4.4 Let G be a graph of order n and size m. Then
1. M,T ) =(m+m=-D[n(n+m-1) —4m]+nm(n—4) +4m+@2n-3)M, +2M, + F.
2. M) =m?*(n+4) +m[(n+m-1)(n+m+3) +4]—(2n+2m+1)M, +2M, + F.

Proof. 1. M,(T™) = > [n+m-1-d;WF+ D [n+ds(@F

veV (G) ecE(G)

=(n+m-1’n+ > ds()?-2(n+m-1) > ds(v)+ > dg(e)’

veV (G) veV (G) ecE(G)

+n’m+2n " dg(e)

ecE(G)

=(n+m-1)°n+M, —4m(n+m-1) + M, (L(G)) +n’m

a{()

From Theorem 2.6, we obtain the result.

2. M(T) = > [m+dg(WF+ D) [n+m-1-ds(e)F

veV (G) ecE(G)

= > {m?+dg(v)* +2mdg (V)}

veV (G)

+ > {(n+m-1)*+dg(e)* —2(n+m-1)ds ()}

ecE(G)

=m’n+ > ds()?+2m > ds(v)+(n+m-1)’m+ > dg(e)’

veV (G) veV (G) ecE(G)

—2(n+m-1) > ds(e)

ecE(G)
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=m’n+M,+4m’> +m(n+m-1)* + Ml(L(G))—Z(n+m—1){2(—m+%Mlﬂ.
From Theorem 2.6, we obtain the result.

Theorem 4.5 Let G be a graph of order n and size m. Then

LM, T =nm(n+m-4) +4m+2(n—2)M, +2M, +F

2. MM =nm(n—4) +(n+m-1)21+4m+2(n-2)M, +2M, +F

3. M,(T") =nm(n+m-4) +4m(m+1) +(2n-3)M, +2M, + F

4. M, (T =m(m+4) +m(n+m-1)(n+m+3) —2(n+m+1)M, +2M, +F
5. My(T") =(n+m)(n+m-1)>+4m(n+m)—-2(n+m+1)M, +2M, + F
6. My(T ) =(n+m)(n+m-1)*+4m—(@2n+2m+1)M, +2M, + F

7. My (M) =n(n-1)" +4mn + M,

8. M (T™)=m(m+1)*+M,

9. M,(T™)=(n-1[n(n—-1) +4m]+m(m+1)*+M,

10. My(TP)=m’(n—-4)+m(n—-2)° + M,

11. M (T™)=m?*(n-4) +m(n+m-3)* + M,

12. M (M) =n(n+m-1)*-4m(n+m-1) +m(n—-2)* + M,

13. M (T")=n(n+m-1)°—4m(n+m-1) +m(n+m—-3)* + M,.

Proof. Above expressions obtained by using definition of M, (T™*) and Theorems 3.1, 3.2.

The expression for the first Zagreb index of some generalized xyz—Point-Line
transformation graphs were obtained. We nevertheless state these below for the sake of
completeness:

Theorem 4.6 [17] Let G be any graph of order n and size m. Then
1. M (T*) =M, (S(G)) =M, +4m
2. M,T"") =M, (T,(G) =M, +2M, +F
3. M (T™)=M,(T,(G)) =4M, +4m.

Theorem 4.7 [4] Let G be a graph of order n and size m. Then
1. M(T*)=m’n+m(n-2)?

2.M,(T%)=n(n-1)%+4m
3.M,(T)=m(n-2)*+(n+m-D[n(n+m-1) —8m]+4M,
4.M,(T™*)=m®+3nm* +n’m—-6m?* —6nm-+9m
5.M,(T™)=m(m+1)%+4M,

6.M,(T™)=n(n-1)*+m(m+1)°

7.M, (T ) =(n+m=D[(n+m)(n+m-1) —12m]+4[M, +m].

Theorem 4.8 [6] Let G be a graph of order n and size m. Then
1. M%) =m(h—4)(n+m-4)+(@n—7)M, +2M, + F
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2. M(T*")=m(m+3)*>~(2m+5M, +2M, +F

3M,(T)=m*(n—-4) +m(n+m-1)*+3-2n-2m)M, +2M, + F

4. M, (T*")=m[mn—4m+(n—4)*]1+(n+m-D[(n+m)(n+m-1) —4m(n—3)]
-@2m+5M,; +2M, +F

5. M, (T*)=m(m+3)*+(n+m-1)[n* —m? +2mn —n—-11m]
+@2n-7)M,; +2M, +F

6. M,(T*")=m*(n—4) +(n+2m)(n+m-1)> -2m(n+m-1)(2n+m-3)
+M;+2M,+F

7. M(T)=(+m=-D[(n+m)(n+m-1) —4m]—-(2n+2m—-3)M, +2M,, +F,

The expressions for first Zagreb indexof T™*, T, T, T, T, T, T, T
are obtained in [20]. However M, (T ") is incorrect.

Theorem 4.9 [20] Let G be a simple graph of order n and size m. Then
M, (T ) =(n+m)[n(n+m)—2(n+4m)]+m[(n—4)*> +9] +2(n—2)M, +2M, + F.
The correct expression for M, (T ") s as follows;
Theorem 4.10 Let G be a simple graph of order n and size m. Then
M,(T ) =(n+m)[n(n+m)—2(n+4m)]+m[(n—4)* +8]+n+2(n—-2)M, +2M, + F .

Note that from Theorem 2.1 and M, (T "), one can easily obtain the expressions for

VL),

5 Second Zagreb index of T*¥* graphs

Theorem 5.1 Let G be a graph of order n and size m. Then
1.M,(T*) =0

2.M,(T*) = %n(n -1)°

3. M, (T ) =M,
2n—-3

4.M2(T°°):%n(n—1)3—3m(n—1)2+2m2+( le—M2
5.M,(T%) = %m(m—l)3
6. M, (TH) = %{n(n—l)3 +m(m-1)°}

7. M, (T =%m(m—1)3+M2
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2n-3

8.M2(I"l°):%n(n—1)3—3m(n—1)2+2m2+[ le—M2+%m(m—1)3
9. M,(T*%) =EM,
10. Mz(rl+°)=%n(n—1)3+EM2

11.M2(|'**°): M, +EM,
2n—-3

12.M2(T*0):%n(n—1)3—3m(n—1)2+2m2+( le—M2+EM2
13. M, (T®) =n’m?

14. M, (T =(wj[(n—l)(n+m—l)+2nm]

15. M, (T :(WJ[Zmn+(m—l)(n+m—l)]

16. M, (T!) = (M][n(n—l)+2mn+m(m—l)].

Proof. Above expressions obtained by the definition of second Zagreb index and T™*
followed by Theorems 3.1, 3.2 and 1.1.

Theorem 5.2 Let G be a graph of order n and size m. Then

— 2 —

1M, (To-0y = M 1)(”‘2 +4m+7)—g(m—l)(m+3)Ml+%Mf+(2m 3](F+2M2)—EM2
_ 3 _ 2

2. Mzcrl-(’):”(”zl) ,(m 1)(”; +4m+7)—g(m—l)(m+3)Ml+%Mf

+(2m2_3j(F 12M,)—EM,

_ 2
_ m(m 1)("‘2 +4m+7) —g(m—l)(m+3)Ml+%Mf+2(m—1)M2

3. M, (T
+(2m2_3jF—EM2

4. M,(T0) = (n—l){(gj—3m}r2m2 + m(m —1)(m" +4m+7) +2(m-2)M, +[2m2_3JF

2
+%[2n—3(m2 +2m—2)]+% M/ -EM,
Proof. 1. M,(T%°)=M,(K,)+M,(L(G)) = M, (L(G)).
From Theorem 2.4 and followed by the Theorem 2.6, we obtain the desired result.

Similarly, other three expressions can be obtained.

Theorem 5.3 Let G be a graph of order n and size m. Then
1. My,(M™) =m*+m°n(n+2) +mM, + M,
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2. Mz(Tfol) = mZKZJ+2—m}+m(n_3)(n_l)z _4mz(n_1)+n(n——fl_)3

M, —M,.

+mn[n(n+m-1) - 2m]+(wj

3. M, (T™) = mﬁ(%j [2m(n+2) + (M =1)(n+m—1] + MM, + M,

4. M,(T ™) = m2H;J+2—m}rm(n—3)(n—1)2 _4m?(n-1)+ n(n-1)°

B 12 _
, M@n+m-1)(n+m-1) —2m2(n+m—1)+[2(n+2m) 3JM1_M2'

2
Proof. 1. M,(T™") = Z dT+01 (s) dT+01 (t)
steE(THOL
= z dT+01 (u)dT+Ol (V)+ z dT+01 (u)dT+01 (e)
weE(TtNE(G) ueeE(T+01)ﬂE(Kn’m)

= > Im+dgWm+ds W]+ > [m+dg()n

uveE(G) ueeE(Kn rn)

= 3 {m?+mldg (u) +dg (V]+dg (U)dg (V) j+mPnZ +n > md (u)

uveE(G) ueVv(G)

=m’+m > [de(u)+ds(W)]+ D dg(u)dg(v)+(mn)®

uveE(G) uveE(G)
+nm > dg ().
ueV (G)
2. M,(T™™) = > [m+dgu)lm+dg (v)]+ > [n+m-1-dgu)ln
weE(T)NE(G) weET ONEG)

= > {m2+m[dé(u)+da(V)]+d5(U)dg(V)}

uveE(G)

+ > {n(n+m-1)—ndg(u)}

UGEE(Kn,m)

:mz[@‘m}m > AW +d W]+ Y dg(u)dg(v)

uveE(G) uveE(G)

+n(n+m-1)(mn)—n > md, (u)

ueV (G)
- m{(gj‘m}mml(én M, (G)+n’m(n+m-1)—2nm’

From Theorems 2.3 and 2.4, we have
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n(n—1)°

) n
M,(T™) = mZKZJJr 2— m} +m(n-3)(n—-1)* —4m*(n-1) +

+[2(n+m)—3
2

Similarly, we can obtain the expressions for M, (T ™) and M,(T ™).

le—Mz +n’m(n+m-1) —nm(2m).

Theorem 5.4 Let G be a graph of order n and size m. Then
1. M, (M%) =n’m(m-1) —2nm* +nEM, + EM, j{M)MI
n

+(n[2(n+r721—1) +n]jl\/Il

3. M,(T") =m?*(n’ +m—4)—n2m+%[n2 +2m(n+3)]+M, +nEM, + EM,

4. M, (T = mzﬁgj—z(m —5)— m}t (n—1)2K2J+ m(n—e,)}r nEM, + EM,

(n=D[3(n+1) +2m]
2

+mn[(n—2)(n+m—1)—n]+( le—Mz.

Proof. 1. M,(T*) =%, ../ [n+dg(e)ln+ds(e)]+ > mn+dg(e)]

ueeE(Knym)
- Z n? + n[dg(e) + dg(e)] + dg(e)dg (e}
+ > [mn+mdg(e)]

UEEE(Kn,m)

— n? [—m +%M1] +n Z[dc(e) +dg(e)] + Z dg(e)dg(e)

e~e e~e

+m?n*+m > ndg(e)
ecE(G)

= nz(—m+1 Mlj+nEMl+ EM, +m?n? +mn{2(—m+E Mlﬂ.
2 2

2. MM = > (n+m-1)+ > (n+m-1)[n+ds(e)]

uveE(Kn) ueeE(Kn'm)

+ ) [+ dg(@lfn + d(e))]

e~e
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= (2}(n+m—1)2 +n’m(n+m—1)+(n+m-1) > ndg(e)

ecE(G)

+n2[—m+&}+nEMl+ EM,.
2

3. M, (T = > [m+dgUIM+ds(I+X. - ' [n + dg(][n + dg(e)]

uveE(G)

+ D, [m+dsWh+ds(e)]

ueeE(Kn‘m)

:m3+mM1+M2+n2(—m+%J+nEMl+EM2+(mn)2+nm > de(u)

ueV (G)

+nm > dg(@)+ D dg(u)dg(e)

ecE(G) UEEE(Kn,m)

:m3+mM1+M2Jrnz[—er%jJrnEl\/lﬁEMz+m2n2

+2m°n+ mn{z(— m +%ﬂ +2m(=2m+M,).

4. M,(T) = 3 m+dgWIMm+dsM]+Z, - [n+ds(@)lln+dg(e)]

uveE(G)

+ > [n+m-1-dsW]h+ds(e)]

ueeE(Kn’m)
:mZKnJ—m}mM G)+M (5)+n2(—m+&j+nEM +EM
5 1 2 2 1 2

+ > {n(h+m-1)+(n+m-1)dg (e) - ndg (u) — dg (€)dg (U)}-

UEEE(Kn’m)

From Theorems 2.3 and 2.4, we have
n _1)3 _
M, (T ) = m{(z]+2—m}+m(n—3)(n—1)2 —4m*(n-1)+ n(n-1) + [2(n+m) 3] M

2 2 !

-M, +{mn2(n +m-=1)+2n(n+m —1)(— m +%)— nm(2m) —2m(-2m + Ml)}
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+n2(—m+lMlJ+nEMl+EM2.
2

Theorem 5.5 Let G be a graph of order n and size m. Then

1M, (T = (n+m—1)zK”+2mJ_3(gj+3m}'\/2'1[(n+m)(3n+3m+2)—9]+2{(;j-m+'\’2'1}

+(2(n+2m)_3j[n(n—1)2+F+2M2+4m]—[n(nz_1)3j_EMz-

2. My(T)=(n+ m—l){(n;mjwm}—z(%—mj +[—2(n +2m)_3j[F +2M, +4m]

—%[3(n+m—1)2 +4(2n+2m-3)]-EM,

3 M, (T )=(n+ m—1){[“2”1}—3(2J+6m}+2{[2j—2m+Nzll} —N2|1[3(n +m)® +2n-9]

+2(n+m-1)M, +[2(n+2m)_3][n(n—1)2 —4m(n-2)+F]-2m? —(n —1){@—%} EM,.

4. M,(T"H=(n+ m—l)z(n;mj+% M/ —g M, [(n+m)? —2]+(—2(rl +2m) _3j(4m+ F)

+2(n+m-2)M, —EM,,.

Proof. 1. As T** =T*° . From Theorems 2.4, 1.1 we have

M, (T%Y) = M, (T*0) =%(n+m)(n+m—1)3 —3[(2j—m+%'\/|1}(n+m—1)2

+2K2J-m+%ml} +(—2(n+2m)_3le(I'1+°)—M2(T“°).

From Theorem 4.1 and Theorem 5.1, we have

M, (T = %(njtm)(n+m—1)3—3{(94@(“““—1)2—ng(ner—l)2

+2K;J_m+%} +(Wj[”(n—l)z +F —4M, +2M, +4m]

Similarly, we obtain the other expressions.
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Theorem 5.6 Let G be a graph of order n and size m. Then

L M,(T)= (Zj(lﬂ—l)2 +2m[(n—1)* + m]+4m(n —1)+g M,

2. M,(T%) = (m +1){|v|1 +(m +1)@H

3. M,(T7) = (n—l)z(g}(m +1)2(2J+2m(n—1)(n+m)+2m2 - (2m2+1) M.

Proof. 1. M,(T*)= > [n-1+ds)M-1+dsW)]+ Xy~ 2[n — 1+ dcW)]

uVeE(Kn)

= >, {(n-1)" +(n-1)[dg () +ds (V)]+dg (U)ds (V)}

uveE(Kn)

+¥y~e 2(n—1)+2 D ds(U)°

uev (G)
n _ _
= (n—l)z[szr(n—l)[Ml +M,]+M, +M, +4m(n—1)+2M.,.

From Theorems 2.1 and 2.2, we have
10+ n 2 2 2 Ml
M, (T )= o |(N=1*+2m(n-1)"+2m* ~Z% +4m(n 1) + 2M,.

2. M,(T™)=3, o (m+ Ddg@)+ Y (m+1)?

ee'eE(Km)

=(m+1) 3 dG(u)2+(m+1)2(r;]

ueV (G)

m
2

=(M+1)M, +(m +1)2( ]

3. M,(T*) = Z [Nn-1+d;W)][n-1+d;(V)]+ Z (m+1)?

uwveE(K,) ee cE(K,)

+ Z m+1)[n—1+dgw)]

u-~e
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- (n—1)2(2J+(n—1)[M1+W]+ M, +M, +(m +1)2[”2qJ

+(M+D){(n-@2m)+M,}.

From Theorems 2.1 and 2.2, we have

M, (T = {(n —1)2(;} 2m(n—1)? + 2m? —%}+ 2m(n-1)(m+1)+(m+1)M,

+(m+1)2(r;].

Theorem 5.7 Let G be a graph of order n and size m. Then
1. M,(TP)=(n-2)[m?*(n—-4)+M,]

2.M,(T*) = (2}(n+ m-1)> —2m*(n-3)+m(n+m-1)[(n—2)* — 2(n —1)]+(
3, |v|2(r°1-):(@(mm—s)z+m2(n—4)(n+m—3)+(n+m—3)|v|1

4. M,(TH) =(2j(n+m—1)2 +(2J(n+m—3)2 —2m*(n+m—4

+m(n+m-1)[(n—-2)(n+m—-3)-2(n-1)].

Proof. 1. M,(T*) = ¥, ..(n—2)[m —d;)]

:mZ(n—z)Z—(n—z)(m > do- Y dG<u>2j

ueV (G) uev (G)
=m2(n—2)2 —(n—2)2m* —M,].

2M, (T )= [n+m-1-dgW]IM+m-1—dg(v)]

UVEE(Kn)

+Z(n—2)[n+m—1—d6(u)]

= (n+m—1)2(2j+(n+m—l)[Ml+V1]+ M, +M,
+m(n—2)°(n+m-1) —(n-2)[2m* - M,].

From Theorems 2.1 and 2.2, we have
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MZ(Tlo‘): (;J(mt m-1)> —2m(n-1) (n+m—1) + 2m? —%

+m(n+m-1)(n-2)*-2m*(n—2) +(n—2) M, ..
The expressions for M,(T*") and M,(T™") can be obtained.

Theorem 5.8 Let G be a graph of order n and size m. Then
1. Mz( ++‘):m3+m(n—2)(mn—n—4m+2)+(n—2)EM1+EM2
+[(n—2)(n2+2m—2)]|vIl

m* —2m-11)
2

m+1 o
2. M, ++)=(m+1)2[ 2+ j—(m+1)EMl+EM2—2F—( M,

3. MZ(T’*’)= (n+m-—1)2 ng—m}ﬁn—Z)z[%—m}“m(n—z)(n—4)(”+m_1)
—4m*(n—4) + M, [(n—2)(n+m+1) —4m+1)] +4M, + 2F

—2(n+m-1)M, +4M, + (N—2)EM, + EM,,.

Proof. 1. M,(T*"")= 3 (m?)+3, . [ds(e) + n — 2][dg(e) + n — 2]

uveE(G)

+ Z m[dg(a) + dg(b) + n — 4]

u +e(=ab)

=m+ ) {do(&)dg(e) + (n = D[dg(e) +dg(e)] + (n — 2)%)

e~e

+m(n-2) z [d; (a) +dg (b)]+m(n—4)[m(n—-2)]

abeE(G)

3y z dg(e)ds(e) + (n—2) Z [dg(e)+dg(e)]

e~e e~e

+(n—2)? (-m+ =)+ m(n-2IM, +m*(n-2) (n—4)

=m*+EM, +(n-2) EM1+(n—2)2(—m+%j+m(n—2)Ml

+m?(n—2)(n-4).
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2.M,(T) = > [2dg (W[ (V)] +Ze » o' [m + 1= dg(e)][m + 1~ dg(e)]

uveE(G)

+ Z 2d,(W[m+ 3 — dg(W)— dg(®)]

u ~e(=uv)

=4 3" dU)dg (V) +Xe ' {0m + 1) = (m + D[dg(e)+ dg(e)] + dg(e) dg(e)}

uveE(G)

+ 2. [2dg (u)+2ds ()][M+3-dg (U) ~ds (V)]

uveE(G)

:4M2+(m+1)2Km+1j M,

2 —7:|—(m+l)EM1+EM2

+2(m+3) Z [dg (u) +dg (v)]-2 Z [dG(u)+dG(V)]2

uveE(G) uveE(G)

=4M, +(m +1)2[(m+1j M,

5 —7}—(m+l)EM1+ EM, +2(m+3)M,

_2[ Z [de(u)2+dG(V)2]+2 Z dG(u)dG(V)j'

uveE(G) uveE(G)

3. M,(T )= 3 [n+m—1-2d (u)][n+m—1—2dg (V)]

weE(G)

+ Z [n—2+dg(&)][n -2+ dg(e)]

+ z [n+m—1-2d;(w)][n—2+d;(e)]

= Z {(n+m-1)>-2(n+m-1)[dg (u) +dg (V)]+4d, (u)dg (V) }

uveE(G)

+(n—2)2(—m+%j+(n—2)EMl+EM2

+ z {(n+m-1)(n-2) +(n+m-1)d,(e) —2(n—2)d; (u) —2d; (u)d; (e)}

u~+~e

=(n+ m—l)ZHZJ—m}—Z(n +m—1)Y, . [ldeW+d; (V)]
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2 M,
+ 4 Zu.,,vdG(u)dG(v)+(n_2) —m+7 +(n—2)EMl
2 Ml
+EM, +m(n+m-1)(n-2)"+(n—2)(n+m-1)| 2 —m+7

—2(n-2)[2m? —Ml]—2{4m(—m+%j— F-2M, +2|v|1}.
Theorem 5.9 Let G be a graph of order n and size m. Then

DI
1L M, )= (n-1) ( J—m +EM, + 2EM, +2nM, — 4m

_ n m+1
2. M,(T*)=(n-1) ( ]—m +2m(n—1)(m+3)+(m+1)2( , j

_(m*+2m+4n-3)
2

M, — (m+1) EM, + EM,

3. M,(T)=m? +W[m(m +1) ~M,J+m(n—2[mn+m-1) - M,]

—(n+m-3)EM, +EM,

o n+m
4. M,(T ):(n+m_1)2K i J—smT}LZ[mTZ+2m]+4(n+m—2)M1

+(2n+2m—11)M2+(&2m_7jF—2EM1—EM2,

where m, is the number of edges of T

Proof. Above expressions obtained by using definition of M, (T™*) and Theorems 3.1, 3.2.

The expression for the second Zagreb index of some generalized xyz—Point-Line
transformation graphs were obtained. We nevertheless state these below for the sake of
completeness:

Theorem 5.10 [5] Let G be a graph of order n and size m. Then
1. M,(T%)=2Mm,

2. M,(T%")= 2EM, + EM, + 2[M, + M, ]+ F —4m

3. M,(T""")=2M, +8M, + 2EM, + EM, + 2F —4m,

Theorem 5.11 [4] Let G be a graph of order n and size m. Then

1. M,(T )= 4[M, + M,]
2. MZ(T*O’)= m® +m?(n-2)2
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3. M,(T)= (n—gl)[n(n ~1)? —2m(n—1) +8m]

4. MZ(T‘O‘):(n+m—l){(n+m—1){(2j—m}tm(n—2)2—2M_l}+4M_2
-2(n-2)2m*-M,)

5. M,(T")= %[4nm3 +3n°m? —18nm? —n’m+6nm—-9m* + m* + 27m* —9m]

6. M,(T™)=2(n+m—1)'M, —4M, + 2M,(n + 2m —1)
+g[23m—8nm—8n2+16n—9+m2+m3]

7. MZ(T1*)=%[n4+m4—3n3+m3+4nm2—2n2m+8nm+3n2—5m2—7m—n]

8. M, (T )=2m[11m+2n—3] + 22n + 2m —5)M, — 4M,

n+m
+(n+m—1)2K ) j—gm}.

Theorem 5.12 [6] Let G be a graph of order n and size m. Then

n
1. MZ(T1++): (n—1)2{(2J+2m}+2m(m—2)+%(4n—1)+ F+2M, +2EM, + EM,

M, —(Mm+1)EM, + EM, - F -2 M,

2. MZ(T(H): (m+1)2 (m;rlj_ (m22—5)

3. MZ(T“): (n —1)2(2j+ (m +1)2(m2+1J+ 2m[(n—=1) (n+m+2) +m]
—%[m2 +4(n—2)]-F —2M, —(m+1)EM, + EM,

4. M,(T%)=m?[(n-2) (n—6) + 4] - m(n—2)? +%[2(m +1)(n—4)+ (n—2)*]

+F+2M,+(n—2)EM, +EM,

5. MZ(T1+—): (n+m —1)2(2j+ m(in+m-1)[(h—-2)(n—-4)-2(n-1)]+2M, +F

—2m?*(n=5)—m(n—2)? +%[(n—2)2 1]+ M,[(n—=2)(n+m) —2(m+1)]+ (n—2)EM, + EM,

6. M,(T°")=(n+m-3) Hmﬁ_%}m%—@(mm—n

—[m(n—5)—n+1]M, —-F —2M, —(n+m—-23) EM, + EM,
7. Mz(Tl”): (n+m-1)? (2)+(n+m—€$)2 [m;FlJ—ZmZ (n+m-2)-2M, -F
+m(n+m—1)[(n—2)(n+m—1)—2(n—1)]—%[(n+m—3)2 +1]
~M,[(n=2)(n+m-1) —(n+3m-1)] —(n+m—3)EM, + EM,,.

© JGRMA 2018, All Rights Reserved 120



B. Basavanagoud et al, Journal of Global Research in Mathematical Archives, 5(4), 100-122

Note that from Theorem 2.2 and using expressions of M, (T**) and M, (T"*), we
can easily obtain the expressions for M., (T 7).
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