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INTRODUCTION AND MATHEMATICAL PRELIMINARIES 

In 2012 [5] Sedghi. S et. al introduced the concept of generalization of fixed point theorems in 
S-metric spaces. Rahman M.U and Sarwar M discussed about the fixed point results of Altman 
integral type mappings in S-metric spaces in [6]. Recently, Nihal Yilmaz Ozgur, Nihal Tas [4] are 
discussed new contractive conditions of integral type on complete S -metric spaces. In 1984, 
M.S. Khan, M. Swalech and S. Sessa [12] expanded the research of the metric fixed point theory 
to a new category by introducing a control function which they called an altering distance 
function. In 2002, Branciari in [16] introduced a general contractive condition of integral type. 
Farshid Khojasteh et.al,[13] discuss some fixed point theorems of integral type contraction in 
cone metric spaces. 

In this paper we discuss generalised result on C -class function on new contractive 
conditions of integral type on complete S -metric spaces. 

 

Definition 1.1 Let X  be any set and )[0,:  XXXS  be a function 

satisfying the following conditions for all .,,, Xazvu   

  

    1.  0),,( zvuS   
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    2.  0=),,( zvuS  if and only if .== zvu  

 

    3.  ),,(),,(),,(),,( azzSavvSauuSzvuS    

 

Then the function S is called an S-metric on X and the pair ),( SX  is called an S

-metric space simply SMS.  

 

 

Example 1.2 [3] Let X  be a non empty set, d  is ordinary metric space on X , then 
),(),(=),,( zydzxdzyxS   is an S - metric on .X   

 

 

Lemma 1.3  Let ),( SX  be an S -metric space. Then we have ),,(=),,( uvvSvuuS   

 

 

Definition 1.4  Let ),( SX  be an S -metric space . 

  

    1.  A sequence }{ nu  in X  converges to u  if and only if 0),,( uuuS nn  as 

n . That is, there exists Nn 0  such that for all <),,(,0 uuuSnn nn  . We denote 

this by 0.=),,(limor=lim uuuSuu nn
n

n
n 

 

 

    2.  A sequence }{ nu  in X  is called a Cauchy sequence if 0),,( mnn uuuS  as 

mn, . That is, there exists Nn 0  such that for all ,, 0nmn   <),,( mnn uuuS . 

 

    3.  The S -metric space ),( SX  is called complete if every Cauchy sequence is 

convergent.  

  

 

In the following lemma we see the relationship between a metric and an S -metric. 
 

Lemma 1.5  Let ),( dX  be a metric space. Then the following properties are satisfied: 

  

    1.  ),(),(=),,( zvdzudzvuSd   for all Xzvu ,,  is an S -metric on X . 

 

    2.  uun   in },{ dX  if and only if uun   in ),( dSX  : 

 

    3.  }{ nu  is Cauchy in },{ dX  if and only if }{ nu  is Cauchy in ),( dSX  : 

 

    4.  },{ dX  is complete if and only if ),( dSX  is complete .  
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Definition 1.6 [1] A mapping )[0,)[0,: 2 F  is called C -class function if it is 

continuous and satisfies following axioms: 
(1) stsF ),( ; 

(2) stsF =),(  implies that either 0=s  or 0=t ; for all )0,, ts .  

 

Note for some F  we have that 0=(0,0)F . 

We denote C -class functions  as C . 
 

Example 1.7 [1]The following functions R 2)[0,:F  are elements of C , for all 

)0,, ts : 

(1) tstsF =),( , 0==),( tstsF  ; 

(2) mstsF =),( , 1<<0 m , 0==),( sstsF  ; 

(3) 
rt

s
tsF

)(1
=),(


; )(0,r , stsF =),(    0=s  or 0=t ; 

(4) ))/(1(log=),( tattsF s  , 1>a , stsF =),(    0=s  or 0=t ; 

(5) )/2(1ln=),( satsF  , ea > , ssF =,1)(    0=s ; 

(6) llstsF
rt   ))(1/(1)(=),( , )(0,1,> rl , stsF =),(    0=t ; 

(7) astsF
at

log=),(


, 1>a , stsF =),(  0=s  or 0=t ; 

(8) )
1

)(
2

1
(=),(

t

t

s

s
stsF




 , 0==),( tstsF  ; 

(9) )(=),( sstsF  , (0,1))[0,:  , and is continuous, 0==),( sstsF  ; 

(10) 0==),(,=),( tstsF
tk

t
stsF 


 ; 

(11) 0,==),(),(=),( sstsFsstsF   here )0,)[0,:   is a continuous 

function such that 0=0=)( tt  ; 

(12) 0,==),(),,(=),( sstsFtsshtsF   here )0,)0,)[0,: h  is a continuous 

function such that 1<),( sth  for all 0>, st ; 

(13) t
t

t
stsF )

1

2
(=),(



 , 0==),( tstsF  . 

(14) n nstsF )(1ln=),(  , 0==),( sstsF  . 

(15) 0,==),(),(=),( sstsFstsF   here )0,)[0,:   is a upper semi 

continuous function such that 0,=(0)  and tt <)(  for 0,>t  

(16)
rs

s
tsF

)(1
=),(


, )(0,r , stsF =),( .   0=s  ;  

  

Definition 1.8 () A function )[0,)[0,:   is called an altering distance function if 

the following properties are satisfied: 
)(i    is non-decreasing and continuous, 

)(ii  0=)(t  if and only if 0=t .  
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Definition 1.9 [1] An  ultra altering distance function is a continuous, nondecreasing 
mapping PP:  such that 0>)(t , )[0,t  and 0.(0)    

 

We denote this set with u  

 

Definition 1.10 [13] The set }=,.,={ 210 bxxxxa n  is called a partition for ],[ ba  if 

and only if the sets n

ttt xx 1=1 },{   are pairwise disjoint and }}{),[{=],[ 11=
bxxba ti

n

t
   

 

 

Definition 1.11 [13] The function )0,)[0,:   is called subadditive integrable 

function if and only if for all ,, Pba   

 

 dttdttdtt

baba

)()()(
000

  



 

 

  

Example 1.12 Let )(0,=|,=|),(,==  PyxyxdRXE , and 
1)(

1
=)(

t
t  for all 

0>t . Then for all Pba , , 

1)(ln=
1)(

,1)(ln=
1)(

1),(ln=
1)(

000








 



b
t

dt
a

t

dt
ba

t

dt
baba

 Since 0ab , then 

1)1)((=11  baabbaba . Therefore  

 1)(ln1)(ln1)(ln  baba  

This shows that   is an example of subadditive integrable function.  

  

Theorem 1.13 [4] Let ),( SX  be a complete S -metric space, (0,1)h , the function 

)0,)[0,:   be defined as for each 0>)(0,>
0

dtt


  and XXT :  be a 

self-mapping of X  such that  

 dtthdtt

vuuSTvTuTuS

)()(

),,(

0

),,(

0

    

 

for all Xvu , . Then T  has a unique fixed point Xw  and we have wuT n

n

=lim


, 

for each Xu .  

 

 

Theorem 1.14 [4] Let ),( SX  be a complete S -metric space, the function 
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)0,)[0,:   be defined as for each 0>)(0,>
0

dtt


  and XXT :  be a 

self-mapping of X  such that  

 

dtthdtth

dtthdtthdtt

uTvTvSvTuTuSuTvTvS

vTuTuSvuuSTvTuTuS

)()(

)()()(

)},,(),,,({max

0

4

),,(

0

3

),,(

0

2

),,(

0

1

),,(

0













 

for all Xvu ,  with non-negative real numbers {1,2,3,4})( ihi  satisfying 

1<},23{max 321431 hhhhhh  . Then T  has a unique fixed point Xw  and we have 

wuT n

n

=lim


, for each Xu .  

 

 

MAIN RESULT 
 

Theorem 2.1  Let ),( SX  be a complete S -metric space )[0,)[0,:   is an 

altering distance function, u  and CF , the function PP:  be defined as for 

each 0>)(0,>
0

dtt


  and XXT :  be a self-mapping of X  such that  

 )).)((),)((())((

),,(

0

),,(

0

),,(

0

dttdttFdtt

vuuSvuuSTvTuTuS

    (2.1) 

for all Xvu , , Then T  has a unique fixed point Xw  and we have wuT n

n

=lim


, for each 

Xu   

 

 

Proof. Let Xu 0  and the sequence }{ nu  be defined as n

n uuT =0 . Suppose that 

1 nn uu  for all .n  Using the inequality (2.1), we obtain 

 

).)((

)))((),)((())((

),
1

,
1

(

0

),
1

,
1

(

0

),
1

,
1

(

0

)
1

,,(

0

dtt

dttdttFdtt

n
u

n
u

n
uS

n
u

n
u

n
uS

n
u

n
u

n
uS

n
u

n
u

n
uS
















 (2.2) 

  

 dttdtt
n

u
n

u
n

uS
n

u
n

u
n

uS

)()(so

),
1

,
1

(

0

)
1

,,(

0

 


  (2.3) 

 Since 0>)(

)
1

,,(

0

dtt
n

u
n

u
n

uS




, there exists 0r  such that rdtt
n

u
n

u
n

uS

n

=)(lim

)
1

,,(

0






. 

If 0>r , then take limit for n , we get ))(),((()( rrFr    
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 So 0=)(r  or 0=)(r . Thus 0=r , which is a contradiction. Thus, we conclude 

that 0=r , that is,  

 0,=)(lim

)
1

,,(

0

dtt
n

u
n

u
n

uS

n






 

 since for each 0,>)(0,>
0

dtt


  implies 0.=),,(lim 1


nnn
n

uuuS  

Now we show that the sequence }{ nu  is a Cauchy sequence. 

 Assume that }{ nu  is not Cauchy. Then there exists an 0>  and subsequences 

}{ km  and }{ kn  such that 1<< kkk mnm  with  

 ),,(
k

n
k

m
k

m uuuS  (2.4) 

and  

 <),,(
1k

n
k

m
k

m uuuS  (2.5) 

Hence using Lemma (1.3), we have  

 








),,(2<

),,(),,(2),,(

11

1111111

k
m

k
m

k
m

k
m

k
n

k
n

k
m

k
m

k
m

k
n

k
m

k
m

uuuS

uuuSuuuSuuuS
 

and  

 dttdtt
k

m
u

k
m

u
k

m
uS

k

)()(lim
0

)
1

,
1

,
1

(

0




 




 (2.6) 

Using the inequalities (2.1), (2.4) and (2.6) we obtain  

 

)))((),)(((

)))((),)(((

))(())((

00

)
1

,
1

,
1

(

0

)
1

,
1

,
1

(

0

),,(

00

dttdttF

dttdttF

dttdtt

k
n

u
k

m
u

k
m

uS
k

n
u

k
m

u
k

m
uS

k
n

u
k

m
u

k
m

uS

























 

So 0=))((
0

dtt


  or 0=))((
0

dtt


 . Thus 0=)(
0

dtt


 , which is a contradiction with our 

assumption. So the sequence }{ nu  is Cauchy. Using the completeness hypothesis, there exists 

Xw  such that  

 .=lim 0 wuT n

n 

 

From the inequality (2.1) we find 

 )))((),)((())((

),,(

0

),,(

0

)
1

,,(

0

dttdttFdtt
n

uwwS
n

uwwS
n

uTwTwS

  


 

 If we take limit for n , we get  
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 )).)((),)((())((

),,(

0

),,(

0

),,(

0

dttdttFdtt

wwwSwwwSwTwTwS

    

So 0=))((

),,(

0

dtt

wTwTwS

   or 0=))((

),,(

0

dtt

wTwTwS

  . 

 Thus 0=)(

),,(

0

dtt

wTwTwS

 , which implies that 0=),,( wTwTwS . Thus .= wTw  

 Now we show the uniqueness of the fixed point. Suppose that 1w  is another fixed 

point of T . Using the inequality (2.1) we have 

 )))((),)((())((=))((

)
1

,,(

0

)
1

,,(

0

)
1

,,(

0

)
1

,,(

0

dttdttFdttdtt

wwwSwwwSwwwSwwwS

    

 So 0=))((

)
1

,,(

0

dtt

wwwS

   or 0=))((

)
1

,,(

0

dtt

wwwS

  . Thus 0.=)(

)
1

,,(

0

dtt

wwwS

  

Using 0>)(
0

dtt


  we get 1= ww . Consequently, the fixed point w  is unique.  

 

Choosing hstsF =),( , 1<<0 h , ,=)( tt  in theorem (2.1) we have 

 

Corollary 2.2 [4] Let ),( SX  be a complete S -metric space (0,1)h , the function 

PP:  be defined as for each 0>)(0,>
0

dtt


  and XXT :  be a self-mapping of 

X  such that 

 dtthdtt

vuuSTvTuTuS

)()(

),,(

0

),,(

0

    (2.7) 

for all Xvu , . Then T  has a unique fixed point Xw  and we have wuT n

n

=lim


, for each 

Xu .  

 

 

Example 2.3  Let RX = , 10=k  be a fixed real number and function 
)[0,:  XXXS  be defined as  

 |)2||(|
1

=),,( uzvzv
k

z
zvuS 


 

for all Rzvu ,, . It can be seen that the function S  is an S -metric. Now we show that S

-metric can not be generated by metric  . On the contrary, we assume that there exists a 

metric   such that  

 ),(),(=),,( zvzuzvuS    (2.8) 

 for all Rzvu ,, .  
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 ||
11

10
=),( zuzu   (2.9) 

 Similarly, we have 

|)2||(|
11

20
=),(2=),,( uzvzvzvzvvS   and  

 ||
11

10
=),( zvzv   (2.10) 

 Using the equalities above equation (2.8), (2.9) and (2.10) we obtain 

||
11

10
||

11

10
=|)2||(|

11

10
uvzuuzvzv   

which is a contradiction, S  is not generated by any metric and ),( SR  is a complete 

S -metric space. RRT :  and 
4

=
u

Tu  for all Ru  PP:  where )(0,= P  as 

tt 2=)(   

Let tstsF =),(  for all )[0,, ts . Also define )[0,)[0,:,   by tt =)(  

and .
2

=)(
t

t   

 
))(())((=)))((),)(((

),,(

0

),,(

0

),,(

0

),,(

0

dttdttdttdttF

vuuSvuuSvuuSvuuS

  
 (2.11) 

From equation (2.11), we have  

 

0>
2

=

)2()2(=

))(())((=)))((),)(((

2
2

00

0000






















tdttdt

tdttdttdttF

 

for all 0> , T  satisfies the inequalities (2.1).  

 Rvuvuvu 


 ,||
121

1004
||

4(121)

100 22
 

T  has a unique fixed point 0.=u   

 

 

Theorem 2.4  Let ),( SX  be a complete S -metric space )[0,)[0,:   is an 

altering distance function, u  and CF , the function PP:  be defined as for 

each 0)(0,
0

?? dtt


  and XXT :  be a self-mapping of X  such that  
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)))()()(

)((),)(

)()()((())((

)},,(),,,({max

0

4

),,(

0

3

),,(

0

2

),,(

0

1

)},,(),,,({max

0

4

),,(

0

3

),,(

0

2

),,(

0

1

),,(

0

dtthdtthdtt

hdtthdtth

dtthdtthdtthFdtt

uTvTvSvTuTuSuTvTvSvTuTuS

vuuSuTvTvSvTuTuS

uTvTvSvTuTuSvuuSTvTuTuS



















 (2.12) 

for all Xvu ,  with non negative real numbers {1,2,3,4})( ihi  satisfying 

1=},23{max 321431 hhhhhh  . Then T  has a unique fixed point Xw  and we have 
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-metric space. From the inequality (2.12) we find  
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T  does not satisfy the inequality (2.1) in theorem (2.1). Indeed, if we take 0=u  and 1=v , 
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