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INTRODUCTION AND MATHEMATICAL PRELIMINARIES

In 2012 [5] Sedghi. S et. al introduced the concept of generalization of fixed point theorems in
S-metric spaces. Rahman M.U and Sarwar M discussed about the fixed point results of Altman
integral type mappings in S-metric spaces in [6]. Recently, Nihal Yilmaz Ozgur, Nihal Tas [4] are
discussed new contractive conditions of integral type on complete S -metric spaces. In 1984,
M.S. Khan, M. Swalech and S. Sessa [12] expanded the research of the metric fixed point theory
to a new category by introducing a control function which they called an altering distance
function. In 2002, Branciari in [16] introduced a general contractive condition of integral type.
Farshid Khojasteh et.al,[13] discuss some fixed point theorems of integral type contraction in
cone metric spaces.

In this paper we discuss generalised result on C -class function on new contractive
conditions of integral type on complete S -metric spaces.

Definition 1.1 Let X = beanysetand S: X x X x X —[0,0) be a function
satisfying the following conditions for all u,v,z,ae X.

1. S(u,v,z2)=0

© JGRMA 2018, All Rights Reserved 46



Arslan Hojat Ansari et al., Journal of Global Research in Mathematical Archives, 9 (2), February 2018, 46-73

2. S(u,v,z)=0 ifandonlyif u=v=z.
3. S(u,v,z)<S(u,u,a)+S(v,v,a)+S(z,z,a)
Then the function S is called an S-metric on X and the pair (X,S) is called an S

-metric space simply SMS.

Example 1.2 [3] Let X be a non emptyset, d isordinary metric space on X, then
S(x,y,2)=d(x,2)+d(y,z) isan S-metricon X.

Lemma 1.3 Let (X,S) bean S-metricspace. Then we have S(u,u,v)=S(v,v,u)

Definition 1.4 Let (X,S) bean S-metric space .

1. Asequence {u,} in X convergesto u ifandonlyif S(u,u,,u)—>0 as
n —oo. That is, there exists n, € N such that forall n>n,,S(u,,u,,u)<e& .Wedenote
this by limu, =uor limS(u,,u,,u)=0.

n—0 nN—oo

2. Asequence {u,} in X iscalleda Cauchysequenceif S(u,,u,u,)—0 as
n,m—oo. That is, there exists n, € N such thatforall nm>n,, S(u,u,,u.)<e.

3. The S-metricspace (X,S) iscalled complete if every Cauchy sequence is
convergent.

In the following lemma we see the relationship between a metricand an S -metric.

Lemma 1.5 Let (X,d) bea metric space. Then the following properties are satisfied:

1. S,(u,v,z)=d(u,z)+d(v,z) forall u,v,zeX isan S-metricon X.
2. u,—>u in {X,d} ifandonlyif u,—>u in (X,S,) :
3. {u.} isCauchyin {X,d} ifandonlyif {u.} isCauchyin (X,S,) :
4. {X,d} iscompleteifandonlyif (X,S,) iscomplete.
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Definition 1.6 [1] A mapping F :[0,00)> —[0,) iscalled C -class function if it is
continuous and satisfies following axioms:

(1) F(s,t)<s;

(2) F(s,t)=s implies that either s=0 or t=0;forall s,te0,0).

Note for some F we havethat F(0,0)=0.
We denote C -class functions as C.

Example 1.7 [1]The following functions F :[0,:0)° —R are elements of C, forall
s,te0,0):

(1) F(s,t)=s-t, F(s,t)=s=1t=0;

(2) F(s,t)=ms, 0<m<1, F(s,t)=s=s=0;

S .
(1+t)"’
(4) F(s,t)=log(t+a’)/(1+t), a>1, F(s,t)=s = s=0 or t=0;
(5) F(s,t)=In(1+a*)/2, a>e, F(s,)=s = s=0;

(6) F(s,)=(s+)™) | |>1re(0,0), F(s,t)=s = t=0;
(7) F(s,t)=slog,,,a, a>1, F(s;t)=s= s=0 or t=0;
1+s

2+s
(9) F(s,t)=sp(s), P:[0,0)—(0,1), and is continuous, F(s,t)=s=5=0;

(3) F(s,t)=

re(,o), F(s,t)=s = s=0 or t=0;

(8) F(sit)=s—( )(1%), F(s,t)=s=t=0;

(10) F(s,t) = S—L, F(s,t)=s=>t=0;
K+t

(11) F(s,t)=s—¢(s),F(s,t)=s=s=0, here ¢:[0,00)—>0,0) is a continuous
function such that ¢(t)=0<t=0;

(12) F(s,t) =sh(s,t),F(s,t)=s=s5=0, here h:[0,00)x0,00) — 0,00) is a continuous
function such that h(t,s) <1 forall t,s>0;

(13) F(s,t)= s—(%)t, F(s,t)=s=t=0.

(14) F(s,t)=%In(1+s"), F(s,t)=s=s=0.
(15) F(s,t)=¢(s),F(s,t)=s=s5=0, here ¢:[0,00)—>0,00) is a upper semi
continuous function such that ¢(0) =0, and ¢(t) <t for t>0,

(16) F(s,t) = re(,o), F(s,t)=s. = s=0 ;

_S
(1+9s)"’
Definition 1.8 () A function  :[0,00) —[0,) is called an altering distance function if

the following properties are satisfied:
(i) w isnon-decreasing and continuous,

(i) w({)=0 ifandonlyif t=0.
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Definition 1.9 [1] An ultra altering distance function is a continuous, nondecreasing
mapping @:P — P suchthat ¢(t)>0, te[0,20) and ¢(0)=0.

We denote this set with @,

Definition 1.10 [13] The set {a = x,, X..X, -+, X, = b} is called a partition for [a,b] if
and only if the sets {X._,,X }, are pairwise disjointand [a,b]= {U:Zl[xi_l, X, ) u{b}}

Definition 1.11 [13] The function ¢ :[0,00) — 0,) is called subadditive integrable
function if and only if for all a,b e P,

a+b

j S(t)dt < T{(t)dt + j;(t)dt

0

Example 1.12 Llet E=X =R,d(x,y) =|x—-y|,P=(0,0), and ¢{(t)= (t—ll) for all
+

t>0. Then forall a,beP,
a+b a b
i:ln(a+b+1),ji:|n(a+1),ji=|n(b+1) Since ab>0 , then
o (t+1) o (t+1) o (t+1)
a+b+1<a+b+l+ab=(a+1)(b+1). Therefore
In(a+b+1)<In(a+1)<In(b+1)

This shows that ¢ is an example of subadditive integrable function.

Theorem 1.13 [4] Let (X,S) be a complete S -metric space, he(0,1), the function
¢ :[0,00) > 0,0) be defined as for each &> O,j{(t)dt >0 and T:X > X bea
0

self-mapping of X such that

S(Tu,Tu,Tv) S(u,u,v)
ctydt<h j £(t)dt
0 0

for all u,ve X.Then T has a unique fixed point we X and we have |[imT"u=w,

N—o0

foreach ue X.

Theorem 1.14 [4] Let (X,S) be a complete S -metric space, the function
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¢ :[0,0) > 0,0) be defined as for each g>0,j§(t)dt>0 and T:X > X bea
0

self-mapping of X such that

S(Tu,Tu,Tv) S(u,u,v) S(Tu,Tu,v)
[ ¢wdt <h [ ¢®di+h, [ gt
° S(T?/,Tv,u) ma?({S(Tu,Tu,v),S(Tv,Tv,u)}
+hy [ ¢@dt+h, | S(t)dt
0 0

for all  uveX with non-negative real numbers h(ie{l1,2,3,4}) satisfying
max{h, +3h, +2h,,h, +h, +h,}<1. Then T has a unique fixed point we X and we have

limT"u=w, foreach ue X.

n—

MAIN RESULT

Theorem 2.1 Let (X,S) beacomplete S-metricspace y :[0,00) —[0,00) isan
altering distance function, ¢ € ®, and F €C, the function ¢ :P — P be defined as for

each &> O,I{(t)dt >0 and T:X — X beaself-mapping of X such that
0

S(Tu,Tu,Tv) S(u,u,v) S(u,u,v)

w( [ <OA)<Fu( | ¢od)e [ c)dt)). (2.1)
0 0 0
forall u,ve X,Then T has a unique fixed point we X and we have |imT"u=w, for each

N—o0

ue X

Proof. Let u, e X and the sequence {u,} be defined as T"u, =u,. Suppose that

u, #u,,, forall n. Usingtheinequality (2.1), we obtain
$(Up U Unyq) $(Up_1Up_1.Up) $(Up_gUpg.Up)
v( | <) <Fp( [ cod)e( [ <@d)
0 0 0 (2.2)
$(Up_gUn1.Up)
<y ] o).
0
$(Up U Unq) $(Up_1:Un_1.Up)
S0 j S(t)dt < j S(tydt (2.3)
0 0
S (U Uy Ungg) S (U Ung)
Since j £ (t)dt >0, there exists r>0 suchthat |im I SM)dt=r.
0 nN—o 0

If r>0,thentake limitfor n—o,weget w(r)<F(w((r),o(r))
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So w(r)=0 or ¢(r)=0. Thus r =0, which is a contradiction. Thus, we conclude
that r =0, thatis,

s (un 'Un 'un+l)

im [ <®dt=0,

N—o0
0

n—

since for each &> O,_[{(t)dt >0, implies limS(u,,u,,u,.,)=0.
0

Now we show that the sequence {u,} isa Cauchy sequence.
Assume that {u,} is not Cauchy. Then there exists an £>0 and subsequences
{m} and {n,} suchthat m, <n, <m,, with

S(umk Up, »U )¢ (2.4)

Ny
and

S(u )<& (2.5)

my ’umk ’unk—l
Hence using Lemma (1.3), we have

S(umk—l ! umk—l ’ unk—l) < Zs(umk—l ! umk—l ' umk )+ S(unk—l ! unk—l ! umk )
<2S(u, ,u, ,U.)+&
k-1 Mg’ My
and
S(umk—l'umk—l'umk—l) £
lim [ <@de< [t (2.6)
0 0

Using the inequalities (2.1), (2.4) and (2.6) we obtain

S(umk ,umk ,unk )

v(Jcmay <y | ¢ay)
U, ~1'Um, -1 Yn, 1)

< F(y( | £ (t)dt), o( | £ (t)dt))

0 0

<F(y(J¢t)adt), p(J¢ @)dt)

S( S(

u u u )
my —1"my =1""n -1

So w(I{(t)dt) =0 or (p(j{(t)dt) =0. Thus J.g“(t)dt =0, which is a contradiction with our
0 0 0

assumption. So the sequence {u.} is Cauchy. Using the completeness hypothesis, there exists

we X such that
limT "u, = W.

n—

From the inequality (2.1) we find

S(Tw,Tw,urHl) S(w,w,un) S(w,w,un)

v( | COAy<F( [ <tdd.e( [ ¢@d)

If we take limit for n— o0, we get
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S (Tw,Tw,w) S (w,w,w) S (w,w,w)

v( [ COI<FE( [ ¢od)e [ c@d).
S(Tw,Tw,w) S(Tw,Tw,w)
So w( j St)dt)=0  or ¢ j S(t)dt)=0.

S(Tw,Tw,w)

Thus [ £(t)dt=0, which implies that S(Tw,Tw,w)=0.Thus Tw=w.

0

Now we show the uniqueness of the fixed point. Suppose that w, is another fixed
point of T . Using the inequality (2.1) we have

S(w,w,wl) S(W,w,wl) S(W,W,Wl) S(w,w,wl)
w( | <a=p( [ <OI)<FE( [ ool [ ¢t)d)
S(W,W,Wl) S(W,W,Wl) S(w,w,wl)

So w( j SM)dt) =0  or ¢ j £(t)dt) =0. Thus j £(t)dt = 0.

0

Using .[g“(t)dt >0 weget w=Ww,.Consequently, the fixed point W is unique.
0

Choosing F(s,t)=hs, 0<h<1,w(t)=t, intheorem (2.1) we have

Corollary 2.2 [4] Let (X,S) be a complete S -metric space he(0,1), the function

¢ P — P bedefined as foreach &> O,.[g“(t)dt >0 and T:X — X be aself-mapping of
0

X such that
S(Tu,Tu,Tv) S(u,u,v)
ctydt<h j £(t)dt (2.7)
0 0

forall u,ve X.Then T has a unique fixed point we X and we have [|imT"u=w, for each

N—o0

ue X.

Example 2.3 Let X =R, k=10 be a fixed real number and function
S: X xXxX —[0,0) be defined as

z
k+1
for all u,v,zeR. It can be seen that the function S is an S-metric. Now we show that S

-metric can not be generated by metric p. On the contrary, we assume that there exists a
metric p such that

S(u,v,2) = (v—=z|+|v+z-2u])

S(u,v,z) = p(u,z)+ p(v,2) (2.8)
forall u,v,zeR.
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10
uz)=—|Uu-z2z 2.9
pUu,z) 11| | (2.9)
Similarly, we have

S(v,v,z2) =2p(v,2) :%(lv—z|+|v+z—2u ) and

10
v,2)=—|v-z 2.10
pv,2) 11| | (2.10)
Using the equalities above equation (2.8), (2.9) and (2.10) we obtain

10 10 10
—(lv-z|+|v+z-2u))==—|u—=2z|+=—|v—u|
11 11 11
which is a contradiction, S is not generated by any metric and (R,S) is a complete

S -metric space. T:R—>R and Tu:% for all ueR ¢:P—>P where P=(0,0) as

gt)y=2t
Let F(s,t)=s—t for all s,te[0,0). Also define ¢, :[0,00) >[0,0) by w(t)=t

t
and t) =—.
o(t) 5

S(u,u,v) S(u,u,v) S(u,u,v) S(u,u,v)
Fw( | ¢®de( [ ¢®d)) =y( [ cod)-o( [ <ty 2.11)

From equation (2.11), we have

Fy(J¢d), o @d) =w(fc@d)-e(¢®)

:wﬁmm)—¢@mm)

2
2 &

=g°——>0
2
forall £¢>0, T satisfiesthe inequalities (2.1).
100 [u—v[< 4><100|u—v|2 Yu,veR
4(121) 121

T has a unique fixed point u=0.

Theorem 2.4 Let (X,S) beacomplete S-metricspace y :[0,00) —[0,00) isan
altering distance function, ¢ € ®, and F €C, the function ¢ :P — P be defined as for

each g?O,I{(t)dt?O and T:X — X beaself-mapping of X such that
0
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S(Tu,Tu,Tv) S(u,u,v) S(Tu,Tu,v) S(Tv,Tv,u)
p( [ ¢dy <Fh [ codieh, [ ¢dt+h, [ ¢t
° max{S(Tu,Tg,v),S(Tv,Tv,u)} 0 S(u,u,v) 0
+h, | SMd)ph [ SE)dt+h, (2.12)
S(Tu,Tu,v) 0 S(Tv,Tv,u) mag{S(Tu,Tu,v),S(Tv,Tv,u)}
¢Mydt+h, [ ¢tdt+h, | £ (t)dt))
0 0 0

for all uveX with non negative real numbers h(ie{l1,2,3,4}) satisfying
max{h, +3h, +2h,,h, +h,+h,}=1. Then T has a unique fixed point we X and we have
limT"u=w, foreach ueX.

nN—0

Proof. Let u, € X and the sequence {u,} be defined as [imT"u, =u, Suppose that

N—o0

forall n. Using the inequality (2.12), the condition (S2) and Lemma 1.3 we get
S(un U ,un+1) S(Tunfl'T“nfl'Tun)

v( | <may =w( [ cmdy

0

u, #u

n n+1

S(Un—l'un—l'un) S(un,un,un)

<Fp(h, [ ¢@®d+h, [ c@t

0
S(Up41UniUng) max{S (U U Up_1):S (U g.Up g Un )}

+h, j C(t)dt+h, j £(t)dt),

0 0

S(un—l'“n—l’“n) S(un,un,un)

o, [ <Odt+h, [ ¢t

0
S(Up41Uni 1) max{S (U U Up_1):S (U pq.Up g Ug

+h [ ¢@dt+h, | £(t)dv))

0 0

S(Up_gUn_gbp) S(Up g Un 11

=F(h, [ <¢md+h, | @

0 0
max{S (U U Up_1):S (U g .Up g Un S(Uy_gUn_g:Up)

+h, | cOd oy, [ ¢

0 0
S(Up4qUn g Ung) max{S (U U Up_1):S (U g.Up g Un Y

thy [ c@dt+h, | £ (t)dr)
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$(Up_gUn1.Up) 28 (Up g, Un4q0Un)
<F(, [ <¢@di+h, [ St
S(un—l’un—l’un;) S(un+l'un+l’unj)

+h, j C(t)dt+h, j S(t)dt

0 0

S(Up g Ung1iUy) S(Uy_gUp_g:Up)

+h, [ cmddet [ gt

0 0
25Uy g Ungg ) S(Up_gUn_gUp)

+h, j £(t)dt+h, j Z(tydt
S(un+l'l?n+1‘un—1) S(“n+10'“n+1’“n)

+h, [ ¢®dt+h, [ @)

0 0

$(Up_gUn1.Up) $(Up U Un )
=F(h+h+h) [ ¢@dt+@h+h) [ <),
S(un—l'un—l'un)o $(Up U Un ) "

phy+h+h) [ ¢Mdt+@h+h) [ <(0dt)

0 0
S(Up Uy tn ) S(Up_g:Up_g:Up) S(Up_q:Up_g:Up)
. . h,+h
whichimp lies t dtsM t)dt = t)dt (2.13
p j Cdes o j 10 j Snydt  (2.13)

S(un 'un ’un+1)
Since j S(t)dt>0,
0
S(un 'un 'un+1)

so there exists r>0 suchthat |im .[ St)dt=r.

nN—+c0
0

If r>0,then take limit for n—>o, we get
w(r) < F@w(r),o(r))
So w(r)=0 or ¢(r)=0 . Thus r=0 , which is a contradiction. Thus, we conclude that

S(Up U Up )

r =0, thatis, lim _[ £(t)dt =0, since foreach &> O,J.g(t)dt >0, implies
0

N—o0

o

lim S(un’un!unﬂ) =0.

n—

By the similar arguments used in the proof of Theorem (2.1), we see that the sequence {u,} is

Cauchy. Then there exists we X such that [imT"u, =w, since (X,S) is a complete S

N—o0

-metric space. From the inequality (2.12) we find
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S (un U ,Tw) S (Tun_l,Tun_l,Tw)
v( [ <dy =y [ cmdy
° S(?Jn—l'un—l'TW) S(up, upW)
<Fw(h, [ ¢@dt+h, [ <t
S(Tw,Tw,u,_4) ° max{S(un,un,u:&),S(TW,TW,W)}
+h, j S(t)dt+h, j Z(t)dt),
0 0
S(Up_q:Up_g.TW) S(up upW) S(Tw,Tw,u,_4)
oy, | ¢Od+h, [ c@dt+h, [ gt
0 0 0
max{S(un,un,unfl),S(Tw,Tw,w)}
+h, | £ (t)dv))
0
Taking limit for n— o and using Lemma 1.3 we get
S(Tw,Tw,w) S(Tw,Tw,w) S (Tw,Tw,w)
v( [ cd) <Fl(th+h) [ ¢Od)elh+h) [ <bd)
° S (TW,TW,V?/) S(Tw,Tw,w) 0
<p((y+h) [ ¢cdy<y( [ <My
S(Tw,Tw,w) ’ S(Tw,Tw,w) ’
so y((hy+h) [ ¢@®d)=0 ore((h+h) [ <(tdt)=0.
0 0
S(Tw,Tw,w)
Thus _[ Z(t)dt =0, which implies that S(Tw,Tw,w) =0. Thus Tw=w. Now we
0

show the uniqueness of the fixed point. Let w, be another fixed point of T . Using the
inequality (2.12) and Lemma 1.3, we get

S (w,w,wy) S (Tw,Tw,w, )
v( | <) =w( [ <t
’ 0s»(w,w,wl) S (w,w,wy) S (wy, Wy, W)

<Fhy [ ¢Odieh, [ ¢di+h [ @t
nwx{s(w,w,m?),s(wl,wl,wl)} ° S (w,w,w ) °

+h, | SWd),eh, [ St
S (w,w,wy) ’ S (wy,wy W) ’

+h, j £(t)dt+h, j £(t)dt

0 0

max {S (w,w,w), S (wy ,wy ,wy )}

+h, | ¢ (t)d)

0
which implies
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S(W,W,Wl) S(W,W,wl) S(W,W,Wl)
w( | ¢Od) <F@(h+h+h) [ c@d),e(h+h+h) [ S@)dD)
S(w,w,wl)
<p((h+h+h) [ <ty
S(W,W,wl) 0
<y( ] <@y
S(w,w,wy) ’ S(w,w,wy)

so y((h+h+h) [ ¢@®d)=0 or p((h+h,+h) [ £(®)dt)=0. Thenwe obtain

S(w,w,wl)

j S(t)dt=0

0
thatis, w=w, since h +h,+h, <1.Consequently, T has a unique fixed point we X.

Choosing F(s,t)=hs, 0<h<1, w(t)=t, (replace h, with hh )in Theorem (2.4)

we have
Corollary 2.5 [4]Let (X,S) be acomplete S-metricspace he(0,1), the function

¢ P — P bedefined as for each £70, I{(t)dt?o and T:X — X beaself-mapping of X
0

such that
S(Tu,Tu,Tv) S(u,u,v) S(Tu,Tu,v)
j S)dt <h j S(t)dt+h, j £ (t)dt
0 S(T?/,Tv,u) ma?({S(Tu,Tu,v),S(Tv,Tv,u)}
+hy [ ¢@dt+h, | S(tydt
0 0

for all uveX with non negative real numbers h(ie{l1,2,3,4}) satisfying
max{h, +3h, +2h,,h, +h, +h,}<1. Then T has a unique fixed point we X and we have

limT"u=w, foreach ue X.

n—

Example 2.6 Let X =R be the complete S -metric space with S -metric space defined
in example (2.3). Let us define the self mapping T:R—>R as
2u+39 ue(0,3
Tu= i
90 otherwise
forall ueR anddefine a function ¢ :P—>P where P=(0,0) as {(t)=2t

jg(t)dt = jztdt =£2>0 £>0.
0 0

T satisfy the inequality (2.12) in theorem (2.4) for h, =h, =h, =0, h, :% and the inequality

(??) in theorem (2.7) for hy=h,=h,=0,h, :% .Hence T has a unique fixed point 90. But
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T does not satisfy the inequality (2.1) in theorem (2.1). Indeed, if we take u=0 and v=1,
then we obtain

y/(ljoztdt) =100<F (W(hiztdt), (p(hj.tht)) < W(hfztdt) <9h

which is a contradiction since h e (0,1)

Theorem 2.7 Let (X,S) beacomplete S-metricspace y :[0,00) —[0,00) isan
altering distance function, ¢ € ®, and F €C, the function ¢ :P — P be defined as for

each g?O,_[{(t)dt?O and T:X — X beaself-mapping of X such that
0

S(Tu,Tu,Tv) S(u,u,v) S(Tu,Tu,u)

v( | ¢OA)<Fh [ cdi+h, [ ¢Mdt+h,
0 0 0

S(Tu,Tu,v) S(Tv,Tv,u) S(Tv,Tv,v)

j £(t)dt+h, j £(t)dt+h j £(t)dt

0 0 0
max{S(u,u,v),S(Tu,Tu,u),S(Tu,Tu,v),S(Tv,Tv,u),S(Tv,Tv,v)}

+hy | £ (b)),

0
S(u,u,v) S(Tu,Tu,u) S(Tu,Tu,v)

plh, [ ¢Odt+h, [ cdt+h, [ ¢t
S(Tv,Tv,u) S(Tv,Tv,v)

+h, j £(t)dt+h, j £(t)dt+h,
0 0
max{S(u,u,v),S(Tu,Tu,u),S(Tu,Tu,v),S(Tv,Tv,u),S(Tv,Tv,v)}

S (t)dt)) (2.14)

for all u,ve X with non negative real numbers h(ie{1,2,3,456}) satisfying
h,+h,+3h, +h, +3h,,h, +h, +h, +h, =1, Then T has a unique fixed point we X and we

have limT"u=w, foreach ue X.

N—o0

Proof. Let u, € X and the sequence {u,} be defined as [imT"u, =u, Suppose that

N—o0

u #u, forall n. Usingthe inequality (2.12), the condition (S2) and Lemma 1.3 we get

n n+1
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S(un'un'un+1) S(Tunfl'T“nfl'Tun)

v( [ <y =w( [ cmdy

0
S(Uy_gUn_gtp) S(up U Up_g)

<Fw(h, [ ¢@di+h, [ c@t

0 0

o

S(upUg.Up) S(Up4qUnsgUng) S(Up1Unggtn)

+h, j C(t)dt+h, j £(t)dt+h, j £(t)dt+h,

0 0
Max{S (Un_g Un_g:Un : S (U U Uy ). S (U U U S (Up g U g 2Un g 1S (U g U g U )b

¢ (t)de),

S(un—l’un—l’un) S(un'”n’un—l) S(un,un,un)

oy, [ ¢@dt+h, [ ¢@di+h, [ c@dt
S(“n+1'“n+1(’)“n71) S(un+l'u:+1’un) ’

+h, j £ (t)dt+h j £ (t)dt+h,

0 0
max{S (Uy_g Upn_g:Up S (U U g ) S QUL UG UL ) S (U g U g U9 ) S (U g U g U}

¢(t)dt))

0

S(Up_g:Up_1:p)
<F@((h +h,+h,+h;) I g (t)dt+(2h, + h, + 2hy)

0
S(Up,qUng1Uy) S(Upy_gUn_gtp)

SMd),p((h+h, +h,+h) [ (bt
i S(un+l,un+l,un) ’

+(@h+ho+2h) [ C@dt)

which implies

s (un ’un 'un+1)

¢(tyd

S(Uy_gUn_g:Up) S(Upy_gUn_g:Up)

h,+h, +h, +h, _
ts(1—2h4—h5—2h6) ! Stydt=h ! Sydt  (2.15)

0
S(un'un’uml)
£ (t)dt >0, so there exists r>0 such that
0

s (un 'un 'un+1)

im [ ¢@dt=r.

N—+o0

If r>0,then taking limit for n—o0, we get w(r) <F(w(r),o(r))
So w(r)=0 or ¢(r)=0. Thus r =0, which is a contradiction. Thus, we conclude

that r =0, thatis,

s (un 'Un 'un+l)

im [ ¢®dt=0,

N—o0

o
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n—0

since foreach ¢ > O,I{(t)dt >0, implies limS(u,,u,,u,.,)=0.
0

By the similar arguments used in the proof of Theorem (2.1), we see that the sequence
such that [|imT"u, =w, since (X,S) is a

N—o0

{u,} is Cauchy. Then there exists we X

complete S -metric space. From the inequality (??) we find
S(up, up . Tw) S(Tup_q.Tu_4.TW)

v( [ <dy =y [ S
" S(?Jn—l'un—l'w) $(up .U Un_q)
<Fw(h, [ ¢@dt+h, [ @t
S (Un Uy W) 0 S (TWvTW’Un,l) 0 S (Tw, Tw,w)
+h, j C(t)dt+h, j C(t)dt+h, j S(t)dt
max{g(unfl,unfl,w),s(un,un,unflo),s(un,un,w),S(Tw,Tw,unil),g(Tw,Tw,w)}
+hg Z(t)dt),
0
S(up_q:Up_1.W) S (U U Uy _g)
ph, [ ¢dt+h, [ ¢t
S(uy, ,un(,)w) S (TWvTW!Uni) S (Tw,Tw,w)
+h, j S(t)dt+h, j £(t)dt +h j £(t)dt
max{g(unil,unil,w),s(un,un,unflo),s(un,un,w),S(TW,TW,unfl),g(Tw,Tw,w)}
+h ¢(t)dt))
0
If we take limit for n— o0, using Lemma 1.3 we get
S(Tw,Tw,w)

S(Tw,Tw,w) S(Tw,Tw,w)

v( [ cOd) <Fl(th+h+h) [ ¢dt),e(h+h+h) [ <(bdt)

S(Tw,Tw,w)

<y((h+h+h) [ C(Odt)
S(Tw,Tw,w) °
<y( [ <@y

S (Tw,Tw,w) S(Tw,Tw,w)
So w((h,+h,+h) j S)dt)=0 or g((h, +h, +h,) j S(t)dt)=0 . Thus
0 0

S(Tw,Tw,w)

J £(t)dt =0, which implies that S(Tw,Tw,w)=0. Thus Tw=w Now we show the

0
uniqueness of the fixed point. Let w, be another fixed point of T . Using the inequality (??)

and Lemma 1.3, we get
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S (W,W,Wl) S (TW,TW,TWl)

p( | ¢od) =y( | <@dy)

S(w,w,w, ) S(w,w,w)
<Fp(h, [ ¢@dt+h, [ <@
S(w,w,wl) 0 S(Wl,wl,w)0 S(Wl'wl’wl)

+h, j £(t)dt+h, j £(t)dt+h, j £(t)dt

max{S (W,W,wl), S(w,w,w),S (w,w,wl),S (Wl'Wl'W)'S (Wl'Wl’Wl)}

+h | £ (b)),
S(w,w,w,) N;wm

plh, [ ¢@dt+h, [ c@dt
S(W,v(v),wl) S(wl(,)wl,w) S (wy. Wy, W)

+h, j S(t)dt+h, j C(t)dt+h, j £(t)dt

max{S (W,W,Wl), S(w,w,w),S (w,w,wl),S (Wl,wl,w),S (Wl,wl,wl)}

+hy | £ (t)dt))
which implies
S(w,w,wl) S(W,W,Wl) S(W,W,wl)
w( | <) <Fl((h+h+h+h) [ ®d),p(h+h+h+h) [ @)
S(W,w,wl) S(w,w,wl)
<p((h+h+h+h) [ cOdy<p( [ ¢y
S (w,w,wy) S(w,w,wy)

So w((h+h;+h,+hy) I Fdt)=0 or o((h,+hy+h, +h) I ¢(t)dt)=0. Then we

obtain
S(W,W,Wl)

j S(t)dt=0

0
thatis, w=w, since h +h;+h,+hs <1.Consequently, T hasa unique fixed point we X.
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