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Abstract: In this paper we prove some results on a distributive generated s-near ring w.r.t. a set of right complete orthogonal
idempotent. If A is an ideal of a s-near ring N in which left annihilators are distributive generated then % is a s-near ring. Also we
have that the classical near ring of left quotions of a s- near ring is also a s- near ring. Lastly we prove if N possesses strictly
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Gl either zero or simple for each tame N-group JOe;
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INTRODUCTION

t t

In a near-ring N with a right identity e if N = Z L, (Li < N) ande = Zei (ei el ) then €,,€, ,....,e, are orthogonal
i=1 i=1

idempotents and each €, is a right identity of each L, such that L; =N¢€, [2]. We see more decompositions induced by

idempotents in Fain [11] and Lyons [14]. The idea of near-rings in which N-subgroups form a chain gives rise to the notion of
strictly nearly ordered near ring [6] which leads us to the concept of what may be called a s- near-ring .

N is said to be s-near ring if for a set {e;,1 < i < n} of orthogonal idempotents N=Ne,;®Ne,® .... ®Ne, where N-subgroups
of each Ne; are linearly ordered by set inclusion.

A set of orthogonal idempotents whose sum is a right identity seems to carry some important characteristics. This relate the s-
character of near-rings together with linearly ordered principal N-subgroups in some special cases of projectivity.

Here we prove that if A is an ideal of a s- near-ring N w.r.t. a set of right complete orthogonal idempotents then % isa s-near
ring. Also classical near ring of left quotients of a s-near ring is also a s- near ring. Moreover if N possesses strictly projective N-

(K , t) J

](l,t+1)ei IS

group,in case of an invariant radical J(N) in the sense J(N)=J(N)N , then for each tame N-group J €, we find

either zero or simple.
Throughout our discussion, unless otherwise specified, N will denote a zero symmetric right near ring with 1 N.
1. DEFINITIONS AND NOTATIONS

The basic concepts which are used in this paper can be found in Pliz [18]. We now begin our discussion with some preliminary
definitions and examples..

Two subsets A and B of an N-group are said to be linearly ordered if either A € B or BEA.

If N-subgroups of an N-group E are linearly ordered then E is called a weak  sInr-group(wslnr) and if principal N-subgroups E
are linearly ordered then E is called a principal weak sInr-group (pwslnr). Near ring N is called a pwslinr if it is pwsinr as an N-

group.

For any two left subgroups A and B of N if we define AB as AB={ Y. finice a;b; , a;€ A, b;eB} then AB is a left N-subgroup in a
d.gnrN.If A=B then AA ={ Y rinite a;b; , a;€ A, bieA} . Clearly (AA)A # A(AA) .Inthis sense we call A(AA) as left 3- power
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of A, written as A%® . We consider4(*?) = 4. A¢t-D,
Consider the near-ring N = {0,a,b,c} with addition and multiplication defined by the following tables:

Table 1.1
+ 0 a b c 0 a b c
0 0 a b c 0 0 0 0 0
a a 0 c b a 0 a 0 a
b b c 0 a b 0 0 b b
C C b a 0 c 0 a b c

Here orthogonal idempotents are 0, a and b. Again No = 0, Na = {0, a} and Nb = {0,b}. Thus we see N= NO @ Na @ Nb. Also we
observe that Na and Nb are wsInr-N-groups. In this sense we call, N is a s- near-ring.
In other words we define,A near-ring N is a s- near-ring if for a set {e, e, ... ... e} of orthogonal idempotents of N, we have

N=Ne,®Ne,®...®Ne, where Ne, (i=1,2.....k)is a wslnr-N-group.

A set {el, €,y innne e, } of orthogonal idempotents of N is called a right complete orthogonal idempotents if e = iei is a
right identity of N. .
N = {0, a, b, c } isanearringunderaddition and multiplication defined by the following tables:
Table 1.2
+ 0 a b c 0 a b c
0 0 a b c 0 0 0 0 0
a a 0 c b a 0 a a a
b b c 0 a b 0 b b b
C c b a 0 c 0 c c c

Here orthogonal idempotents are 0 and b. Again, 0.b =0, a.b = a, b.b.=b, c.b=c. But b.a.=b,b.c.=b. Therefore b=0+b is a right
identity of N..Thus {0,b} is a set of right complete orthogonal idempotents of N.

Left annihilator of a € N is defined as 1(a)={n & N|na = 0}.

An N-groupkE is irreducible (simple) if it has no proper N-subgroup (ideal) of it [16 ].

An N-group E is called semi simple if it is the direct sum (or sum) of simple ideals [16]. The near ring N is semi simple if N is
semi simple as an N-group.

An N-group E is called tame N-group [18] if any N-subgroup of E is an ideal of E.
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The radical J, (N) is defined to be the intersection of all the annihilators of irreducible N-groups and J(N) is the intersection of all
the maximal left ideals of N which are also maximal as left N-subgroups [16].If 1& N,it is seen that j,(N) = J(N)(= ))[17].
Radical J is called D-regular if for each a ¢ J, we have ax €J such that a=ax . The radical of E is defined as
J'=n{M M is an ideal maximal as a N — subgroup of N}.

An N-group E is called semi-simple if it is a direct sum of simple ideals.[16]
The near-ring N is semi-simple if N is semi-simple.

N is called strictly semi-simple if N is direct sum of irreducible left ideals[16]. Clearly strictly semi-simple near- rings are semi-
simple.

N-group E is projective if for any N-groups A, B and for any epimorphism o: A—B and homomorphism p: A—B, there exists a
homomorphism y : E—A such that ay=p.

A short exact sequence (s.e.s)0—>A—>B—f—>C—>0 almost splits if there is a splitting homomorphism g : C—B such that fg =
I (identity). The s.e.s splits if there is a normal splitting homomorphism. N-group E is strictly projective if every s.e.s
splits.Clearly, a strictly projective N-group is projective.

A right near-ring ch containing N as a subnear-ring is called a classical near-ring of left quotients of N w.r.t. a semigroup S of

distributive non-zero divisors of N if and only if

(i) 1e CCE , (i) elements of S are invertible in ch and (iii) for each xe CCE there exists seS such that sxeN.

2. PRELIMINARIES

Lemma 2.1: If left annihilators of N are distributively generated then for any set {el, €,y ennen €y } of orthogonal idempotents,

k
[ Y6 | =lle)nie) N ....l(er).
i=1

Proof: Let xel(e;) Nl(ey) N .....l(ex)
Then xe; = xe, =+ =xe, =0
Now x € l(e;) = X = Xfinite 151, Where sy; € S; and E(el) =< Sl >,Sl is a set of distributive elements of N.

Aseach s;; € l(e;) ,wehave sj,e; =0,foralli.
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Kk [
Then we have X(Zei) =0=>xe IKZEJ
i=1 i=1

[
Thus I(e;) N 1(e5) N .. () S 1D € )evrmiorie 0)

i=1

[
Conversely, suppose yel( Z €)
i=1

k
Theny = Zi di where d; €T and I(Z:ei )=<T > ,Tisaset of distributive elements of N.
finite =

k
Nowd; € I( D e,) foralli.
i=1

K
> d; l(Zei>:O:>di e ((e,), foralli

i=1
Similarly, we get d;el(e,), ...., d;el(ey),. for all i.

Hence yel(e;)NI(e,) ... Nl ey) .

k
Thus 1| > e | i(e)Ni(ey) . NI(Er) oo (ii).
i=1

From (i) and (ii) we get the result.

Lemma 2.2 : If left annihilators of N are distributively generated and {ej 1<) < k} is a set of right complete orthogonal
idempotents of N then an ideal | of N can be imbedded to le, @......®D le,

Proof: Define a mapping f 11 —le, @....@lg , by f(x)=(xe,xe,,.....x¢g ),

For x,ye land neN, f(x+y)=f(x)+f(y) and f(nx) =nf(x)

k
As e= e, isarightidentity, fis1-1.
j=1
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Thus f is an N-monomorphism and so | is embedded in le, ©..... Iek.

Notel:Aslisanideal, le, @le, &..... @Iekgl Thus I;Iel@....@lek.

2
3. Main results

Theorem 3.1: If N is a s- near-ring w.r.t. a set of right complete orthogonal idempotents such that left annihilators of N are
distributively generated then for an ideal A of N, % is a s-near ring.

Proof: Let S={e;,1 <i <n} be a set of right complete orthogonal idempotents of N. Then N=Ne,®Ne,® .... Ne, where
each Ne; is a wslnr N-group.

As Ais an ideal of N, Ae; is an ideal of the N-group Ne, foralli=1,2,.....n.

Define a mapping

f.NeNgglNeZEB ...... ®Ne, = e @Aez ®D.... EBAen by
fnyey, ..., nyey) = (M€, My85, e voe oo .. Mp€y,) Where N, =N.€, + A€ Then clearly f is an N-

epimorphism.
Again, Ker f= {(ne,,......ne, )| f(ne,,.....ne,)=(0,....0)}

=A , byLemma2.2

Now define another mapping

N Ne,  Neg
— x —>— by
A Ae  Ag

(n+ A e, +Ae )| nag, + A,

;this mapping is welldefined as Ae; is an ideal of Neg,

Also, (N+ A)+(n, + A)) (e, + Ag,)_(n+ AXag, + Ae, )+(n, + A)(n, ce, + Ag,)
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and ((n+A)((n"+ AN, + Ag ) = ((n+ A"+ A))ce, + Ag)

Ne, .
Thus A_ is an— -group forall 1<i<n.
€

Suppose Rl and Rz be two N -subgroups of N_ei . Then K, and K, are N-subgroups of Neg,. As each Ng, is a wslnr, N-
group, therefore K, < K, (say) :>Rl c Rz

. N . N . .
Thus Ne,; isawslnr —~ —group, forall 1<i<nand hence - Isa s near-ring.

Consider N=Ne,;@®Ne,® ....®Ne, where each Ne; is a wslnr N-group ande;’s are orthogonal idempotents . If Q is the
classical near ring of left quotients, then clearly Q = Qe,;®Qe,® ....®Qe,. Also as each Ne; is a wsinr N-group and for any
ideal K of Q we have, ST (KN N) = K] ] so each Qe;isawslnr Q — group. Thus we have

Result 3.2: The classical near ring of left quotients of a s-near ring is also a s-near ring.

In the following result N is a pwsinr and left annihilators of N are distributively generated.
Also N satisfies the acc on left N-subgroups and each summand of N is a strictly projective N-group with invariant radical J(N)
such that J(N) = J(N)N.

e,
Result 3.3: If N is a s- near-ring w.r.t. a set {€;,1 <i <Kk} of right complete orthogonal idempotents then ]] L s either zero

(l't‘”)ei

. (.4

or simple for each tame N-group J e, t=0.

Proof: Here N=N€,® N€e, ®....®Ne, whereeachN€;,1<i<kisawslnr N-group.
Now J( Neg, )=J(N) Ne, [13]

=(J(N)N) €,=J(N)e,=Je,, where J(N) =J

e
Then Je, is the unique ideal maximal as N-subgroup and so each J—' , iIs an irreducible N-group for all i=1,2,......k.
e.

Define a mapping

Ne Ne
0:Ne,@....0Ne, > 1 @.. @ K py

Je, Je,
d(ney,...... ,nnen):(nlel, ...... nnen),where ne, =n,e, +Je,
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Clearly ¢ is an N-epimorphism.

Also ker ¢={(n,e,,......ne, )| d(ne,,.......ne, )= (0.....0)}

{ne,,......ne. ) ne elel<i<k} =J, ®...®J, =J, bylemma22
o NaNog Ne,
17 U, Je,

N
J being invariant, T is a near-ring.

Define another mapping

Ne,

: >—1
175 e,

oc(n,niei)z nnee,

It can be easily seen that o is well defined

Ke, N Ne,
Suppose —— be a proper — sub-group of ——.
Je. J Je

. Ke, Ne, = -,
Then Ke, is a proper N-subgroup of Ng, .hence J_ is an N-subgroup of J_ which is a contradiction.
€. e.

Ne, .= N
Thus —— is an irreducible — -group.
Je, J

By lemma 3.5[ 6], J(“HJ is an ideal of J(“).

Therefore, J(g’t-'_lj e, isan ideal of J(&t] e,
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/,t
Me, J( )e
be an — -subgroup of

J(f,t+1)e

J(Z,Hlje '

Now suppose

/,t
Then Me, is an N-subgroup of J( j e, (cN).

/,t /,t
As for each t >0, J( ) e, is atame N-group, therefore M€, is an ideal of J( ) e,

Me, = N J(“)ei
=——— is — ideal of ——
J(z,t+1)ei J J(f,t+1jei
Thus E -subgroups of & are ideals, t>0
g SRR ) e
J e

N N
Hence T is the direct sum of irreducible left ideals. Therefore T is semi-simple and has the dcc on left ideals[15].

(4.t)

e N

Therefore ————— is semi-simple as — -group [15]. As each Ne, are wslnr, therefore
(£,t+1) J
J €

l,t

J( Jei . .

————— s either zero or simple.

(,t+1)

J e
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