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Abstract

A linear map ¢ from a C*—algebra A to a C*—algebra B is positive if it maps
positive elements of A to positive elements of B. ¢ is completely positive if
for the corresponding linear maps ¢,, from the C*—algebra of n by n matrices
with entries from A to the C*—algebra of n by n matrices with entries from
B, ¢, is positive for all natural numbers n. ¢, is completely bounded if
every ¢, is bounded and the supremum of the norm of ¢, is finite for all
natural numbers n. In this paper we have considered the C*—algebras of
n by m matrices, constructed various maps between the C*—algebras and
characterized the cross-norms of the C*—algebras. We have established the
conditions for complete positivity and complete boundedness of the tensor
product of the maps on the C*—algebras.
Keywords : C*—algebras, Tensor products and Tensor cross-norms.

0.1 Introduction

The development of the theory of C*—algebras is an area that has attracted
a lot of concern from many Mathematicians. In 1955, Stinespring obtained a
theorem characterizing certain operator valued positive maps on C*—algebra
in terms of representations of those C*—algebras, what is called Stinespring
Representation theorem [9], [17] and asserted that if A is a unital C*-algebra
and ¢ : A — B(H) is a completely positive map, then there exists a Hilbert
space IC, a bounded operator V : H — K and a unital *-homomorphism,
7 : A — B(H) such that ¢(a) = V*r(a)V, for every a € A and that
16l = 8[| = IV*VI| = V]|, [17].

Naimark showed that every C*—algebra can be faithfully represented as a
subalgebra of B(#H). Every representation 7 of A on B(H) and vector x € H
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defines a linear functional f on A by f(a) = (7(a)z,x). Such a functional
is positive, (and is automatically continuous and contractive). There exists
a Hilbert space Hy, a vector xy € H; and a representation 7y of A on H;
such that f(a) = (7f(a)xs,zf) ,V a € A, [14]. This construction is known
as Gelfand-Naimark-Segal construction.

Let H be a Hilbert space, B(#) be the set of all bounded linear oper-
ators on H and H™ be the direct sum of n—copies of H. If M,(B(H)),
is the set of n X n matrices with entries from B(#) and B (H™) is the
space of all bounded linear operators on H™ then there exist linear maps
¢ : Mn(B(H)) = B (H™) such that ¢ is a x—isomorphism, for all n € N.
Moreover, this ¢ is a representation of M, (B(#)) on the Hilbert space H™.
Therefore, we can identify M, (B(H)) with B (H™). Thus M,(B(H)) =
B (?—l(”)). This identification gives a unique norm that makes the %-algebra
M, (B(H)) a C*-algebra [14]. This means that, for any subspace A of B(H),
M,,(A) is considered as a subspace of M, (B(H)) = B(H™ and hence M, (A)
is a C*-algebra. Thus, M, (A) C M, (B(H)) and hence M, (A) can be con-
sidered as an operator space.

Given a linear map ¢ : A — B, then we can define corresponding maps
On : M, (A) — M, (B) by
oOn([ai;]) = [P(a; )] for all n € N, [a; ;] € M,(A). ¢ is positive if it maps
positive elements of A to positive elements of B. That is, if ¢(AT) C ¢(B*).
¢ is completely positive if ¢,, maps positive elements in M, (A) to positive
elements in M, (B) for all n € N. ¢ is bounded if there is an M € R such that
llo(lai )|l < Mllai ]|l and ¢ is completely bounded if each | ¢, || is bounded
for every n € N and that the completely bounded norm |[|¢|| is finite, that
is, sup{||én|| : n € N} < co and we set

9lleb = sup{||¢n|l : n € N} < oo.

Let T : X — X be a map from the vector space X into itself, then the
norm of T" is given by ||T'|| = sup{||Tz| : |z|| < 1,2 € X}, [17].

Researchers have developed some forms of a completely positive map
¢+ Mp(A) — M,(B) on matrices. (Kraus) ¢(A4) = >,V AV}, where Vj
are matrices of the same appropriate size and (Choi) ¢(A) = >_, ; ¢i; EF AE;
where ¢ = [¢; ;] is a positive matrix and E; are matrix units of appropriate
sizes, [7], [5], [6].

If the vectors a; and b; are orthonormal bases of H and KC, then the vectors
a; ® b; form an orthonormal basis of H ® KC. The algebraic tensor product of
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two Hilbert spaces H and K has a natural positive definite sesquilinear form
(scalar product) induced by the sesquilinear forms of H# and K. So in partic-
ular it has a natural positive definite quadratic form and the corresponding
completion is a Hilbert space H® K, called the (Hilbert space) tensor product
of H and I [17]. If a norm ||.||, on H ® K satisfies the condition

|21 ® Tally = |21l |22l ¥ 21 € H, 20 € K,

then it is called a cross-norm on H ® K. The completion of H ® K under a
cross-norm 7y is denoted by H ®- K.

Takesaki [15] studied cross-norms and asserted that if 4; and A, are
unital C*-algebras and « is a C*-cross-norm on A4; ® Ay, then ||z ||im < |||,
for all z € A; ® Ay and ||2||max > ||2]|4

In our work, we have determine the tensor products of elements of the
C*—algebra of n by n matrices, determined and characterized the cross norms
of these C*—algebras in relation to the maps constructed between them. We
have also investigate the conditions for complete positivity and complete
boundedness of the tensor products of the constructed maps. We therefore
arrange our work in the various sections in the following order:

1. Introduction; 2. Preliminaries; 3. Main Results.

0.2 Preliminaries

Definition 0.2.1. A Banach x-algebra is a * -algebra A together with a
complete submultiplicative norm such that

la*]l = llall (a € A).
Definition 0.2.2. A C*—algebra is a Banach x-algebra such that
la*all = a*|* (a € A).

Definition 0.2.3. An n-tuple of operators (7'1,...,7n) is said to doubly
commute provided that T;T; = T57T; and T;T} = T;'T; forall i # 7 .

Remark 0.2.4. Doubly commuting operators is a natural setting for generaliz-
ing the theory of spectral sets from a single-variable theory to a multivariable
theory is the theory of tensor products of operator systems.
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0.3 Main Results

Given an arbitrary C*-algebra A, by Gelfand Naimark Segal, A is a closed
self-adjoint subalgebra of B(H) for some Hilbert space H. This implies that
M, (A) is a closed self-adjoint subalgebra of M, (B(H)) and hence M, (.A) is
a (C*-algebra.

Let M,,(A) and M,,(B) be unital C*-algebras of nxn matrices with entries
from A and B respectively. Then their tensor product can be made into a
x-algebra by setting ([15;] @ [Si;])* = [T5;]* @ [Si;]*, where [T};], [Si;] € M,.(A).

Let [T};] € M, (B(H)). Then the norm of [T};] can be approximated by

Proposition 0.3.1. Let M, (A) and M,(B) be unital C*-algebras of n x n
matrices with entries from A and B respectively [T;;] € M,(A) and [S;;] €
M, (B) be positive with nonnegative entries then, [T;;] ® [Si;] € M,(A) ®
M, (B), where [T;;]®[S;;] is a block matriz of size n* xn? and ||[T;;]®[Si;]|| =
ISl

Proof. Let [T;;] € M,(A) and [S;;] € M, (B) then,

{ Tll T12 e Tln \I ( Sll 812 e Sln \I
[E] 2 [SZ] _ T21 T22 T2n ® 521 522 SQn
k Tnl Tn2 T Tnn ) k Snl Sn? Snn )
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( ( Tllsll T12SH e Tlnsll \I ( TIISH T12811 e Tlnsll
Tlell T22S11 TQnSH T21511 TQQSH TQnSH
| : :

: k Tnlsll TnQSll e Tnnsll } k Tnlsll TnQSll e Tnnsll

= | : :
| ( Tllsnl TIQSnl e nlSnl \l ( THS’rm TIQSnn TlnSnn
| T21 Snl T22Sn1 T2n nl 21Snn TZQSnn TZnSnn
k k TnlSnl TnQSnl e TnnSnl ) k lsnn TnQSnn TnnSnn )

Tllsll T12511 o Tlnsll o Tllsln TlQSln T Tlnsln
T21511 TQQSll T2n511 T2n51n T2251n T2n51n
I : : |
| Tnlsll Tn2511 e Tnnsll Tnlsln TnZSln e Tnnsln |

= 1 .. : I
: Tllsnl TIZSnl e Tnlsnl Tllsnn T12Snn e TlnSnn :

I T21 Snl TQQSnl TQnSnl T2187m T22Snn TQnSnn I
\ Tnlsnl TnQSnl e TnnSnl TnISnn TnQSnn e TnnSnn /

Since T;; and S;; are nonnegative, we have ||[T;;]®[5,;]]| = (ZZ]':1 HTijSin2> ? =
(3t T lS5102) ™ = (S0 (1T)?) * (St (18l)2) ™ = T ISl
O

Remark 0.3.2. Suppose H™ and K™ are the direct sums of n-copies of the
Hilbert spaces H and K respectively, h, K’ € H™ and k, k' € K™, then we
obtain an inner product on H™ ® K™ by setting

(h@k W @K) = (h,h) g (k, K ) joimy-

Thus the completion of H™ & K™ with respect to this inner product is a
Hilbert space.

Proposition 0.3.3. Let H™ and K™ be the direct sums of n-copies of
the Hilbert spaces H and K respectively, h € H™ and k € KM™. Let also
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[T3;] € M,(B(H)) and [S;;] € M,(B(K)) be operators on H™ and K™ such
that [Tj;)h = h, that is M, (B(H)) + B(H™). Then, ([T};] ® [Si;])(h @ k) =
([T3]h) @ ([Si;]k) defines a bounded linear operator on H™ @ K™,

Proof. Let H™ and K™ be the direct sums of n-copies of the Hilbert spaces
H and K respectively, h € H™ and k € K™. Then for any arbitrary
operators [T;;] € M,(B(H)) and [S;;] € M,(B(K)), we have

Ty1hy + Tiohy 4 - + Thh
To1hy + Thohg + -+ - + Ty hg

(
L7 na Tm)k
(

Sork1 + 522k2 + -

Tnlhl + TthQ + : ‘|‘ Tnnh nlkl ‘|‘ Sngkg +

ZJZ:I lehj \I ( z%d Sly J \I
> i1 Iajh; 5 > i1 S25k;

> i1 Tujh; } k > i1 Snik; }

T
\I ( Siiky +512k;2 +-
) L

> i1 Thjk; \
" Thh;
l Z]—1: 25105 2?21 Sljkj I
: ZZ:l Tnjh; :
: 21 Tijh; :
" Tyh;
I 2]—1. 2374 2;;1 Sok; 1
= : I
1\ 21 Tughy I
I : |
: ( > i1 Thjhy :
S Tyhy |
I ’ 1. o Ej:l Sniki 1

Wson ) )
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221 Sijk; \I ( 22:1 Ti;hjShik; \I
1 S1jk; > i—1 Tojh;Sijk;
>

>

>
j=1 Lnh 2251 515k j=1 LnhiShik;
> i1 Tijhy D20y Sajk; > i1 Tjh;Sajk;
Zj:l Tthj Zj:l S2jkj Z]—l TthJS%kJ
> et Tnghy 377, Saik; > i1 TnjhjSask;

2 =1 1131k

J=1

|
|
|
|
|
|
|
|
|
i1 Tojhj Snjk; :

> i1 Tojhy 75y Snik;
\Z?:l Tnjhj:Z}Ll Snik;j / \Z}L Tn;‘hjsnjkj /

1T WS IR = (zzj,lzl DI Tz-jhjSukj”Q) L (S S 1Tk )
(S0 ISk ) < (S (T IS s 2) =

St (TSI )2) * = (s (VTS D2 5y (s s 1)) =

1 1 1
S (T llS0)2) (S sl l)?)* = (S0 s (T llS1)2) 1A
|.
1
If we let ¢ = (z;fj,,zl(ymju||slj\|)2)2 < o, then we obtain ||([T};] ®

-

TN /N

SN @ R = (751 ® (S0l < (S a (T 1S5 12) 18 o k] =
c|h®@k||. Thus ||([T;;]®[S;]) (hREK)| < c||h@k||, hence [T;;]®[S;;] is bounded.
We now show linearity. Let «, 8 be scalars and h, k € h® k. Then h and
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k are n2-dimensional elements of B(H™) and B(K™) respectively.

() () (o) (o)
h2 kg OChQ ﬁk’Q
([T ® [S45]) | @ : + B : (73] ® [Si]) . + .
L) L)) Lo ) L))
ahy + Bk \
Oéhg + 5]{72
= ([Tl & [Sy)) :
ahy2 + Bk, )
Tllsll TIQSll Tlnsll Tllsln TlZSln Tlnsln
T21511 T22511 T2n511 T2151n T2281n T2n51n
I : : |
hy + Bk
: Tnl‘Sll TnQSll Tnnsll Tnlsln TnZSln Tnnsln : ( gh; 4 gk;
I ' I :
Tllsnl TIZSnl Tnlsnl THSnn T12Snn TlnSnn k
: TZISnl T22Sn1 TQnSnl T2ISnn T22Snn T2n57m : ath + ﬁkﬂg /
\ Tnlsnl nZSnl TnnSnl TnISnn Tn2Snn TnnSnn /
T11511(ahy + Bkq) T12S11(ahy + Bkq) T, S1n(0hy + Bk1)
T1.511( Oéhg + Bk2) T53511(ahy + Bks) T, S1n(thy + Bka)
: |
nlsll(ah + /Bk ) THZSll(ahn + Bkn) Tnnsln(ahn + ﬁkn) |

nlSnl @th + ﬂknz)

T11511(ahy) + 111511 (Bkq)
T1511(achs) +T21511(6k2)

|
’
|

Tn1S11(ahy, ) + Tn1511(Bkn)

k Tn1Sni(ahy2) + T1Sn1 (Bk,2)

© JGRMA 2018, All Rights Reserved

TngSnl (Othnz —+ ﬂ/{)nz)

TnnSnn(ahn2 + Ban )
T3, S1n(ahy) + 110,510 (Bk1)
Ty, S1n(aths) + To, 510 (Bks)

|

Tnnsnn(ahn2> + TnnSnn(ﬁkn2> }
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nlsll(ﬁk )

k Tnl Snl (ﬂkrﬂ)

111811 (M)
151811 (h2)
|
|

k
{ T11511(723
|
I

T S11(kn)

anlSn:l(k )
= o[T] @ [5;

Hence [T};] ® [S;;] is linear.

Notes and Comments

i) (h) + B(T;] @

T12511(Oéh1)
T22511(06h2)

Tn2811(ahn)

TnQSnl (Ozhn2)

TIQSll(ﬁkl)
TZQSH(B]{:Q)

Tn2sll(ﬁkn>

Tn2 Snl (ﬁan )

T12511(h)
152511 (ha)

TnZSll (hn)

Tn2sn1 (hn2>

T12511 (k1)
15511 (k2)

Th2S11(kn)

nZSnl (k )

Tlnsln(ahl)
Tanm(Oéhz)

Tnn Sln (ahn)
Tnn S,m (Ozhn2 )

TInSIn (/Bkl)
TQnsln (BkQ)

__—/\____/

Tnnsln (ﬁkn)

Tnn Snn (5kn2 }

Tlnsln hl
T2nsln h2
I
I

Tnnsln( n)

Tlnsln(k1>
TZnSIn(k2>

|
Tnnsln(kn) |

Tnn Snn (]'{7712 ) )

[5i5]) (k)

]

Let A and B be C*—algebras, H and K be Hilbert spaces, T' = [T};] €

M, (A) = M,(B(H)) and § =
1.

[Sij] € My (B) =

M, (B(K)) then,

T3] ® [Si5] € Mi(A) @ My (B) and |[[T3;] @ [Sisl[| = I[[T3]II1[TSis]]]

2. [T;;] ® [Sij] is a bounded linear operator.
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