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Abstract

In this paper, some coupled coincidence and common fixed point theorems for two self
mappings have been derived which satisfy certain inequality involving a function of two variables
that measures the distance between points in ordered metric spaces. For particular choices of the
function several generalizations of many fixed point theorems which contain altering distance
functions may be obtained. Our results can be applied directly to study multidimensional fixed

point theorems which cover the concepts of coupled , tripled, quadruple fixed point etc.
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1 Introduction

Fixed point theory in metric and partially ordered metric spaces has a vast literature. The theory
of fixed points has become an important tool in non-linear functional analysis. In particular, there
has been a number of works on fixed points involving altering distance functions, see for example
[3, 4, 7, 8, 13, 18, 19]. Jha et. al [9] deals with survey work on some fixed point theorems by
altering distances between points in metric spaces. In [11], Marr defined the concept of convergence
in partially ordered metric space. Also, he tried to obtain a relation between metric space and
partially ordered metric space, and claimed that the fixed point theorems in metric spaces are the
particular cases of fixed point results in partially ordered metric spaces. On the other hand, the first
result on existence of fixed points in partially ordered sets was given by Ran and Reurings [16] who
extended the Banach contraction principle in partially ordered sets and presented some applications

to linear and nonlinear matrix equations.

Definition 1.1. [11] A partially ordered space is a set X with a binary relation <, which satisfy

the three conditions:
(1) z 2 for all x € X;
(2) 2 <y and y < z implies x < z for all x,y, z € X;

(3) x 2y and y <X z implies = y for all z,y € X.
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Definition 1.2. Let X be a nonempty set. Then (X,d, <) is called an ordered metric space iff:
(1) (X,d) is a metric space, and
(2) (X, =) is partially ordered.

Bhaskar and lakshmikantham [2] introduced the notion of a mixed monotone property and
a

coupled fixed point for contractive operator of the form F : X x X — X, where X is a partially
ordered set and then established some existence and uniqueness for fixed and coupled fixed points
of F (z is a fixed point of F if F(z,x) = z). They also illustrated these important results by
proving the existence and uniqueness of the solution for a periodic boundary value problem. In

[5] lakshmikantham and Ciric extended these results by defining the mixed g-monotone proper-
ty
and proved coupled coincidence and coupled common fixed point theorems for nonlinear contractive

mappings F': X x X — X and g : X — X in partially ordered metric spaces.

Definition1.3. [5] Let (X, <) be a partially ordered set and F': X x X — X and g: X — X. We
say F' has the mixed g-monotone property if F' is monotone g-non-decreasing in its first argument

and monotone g-non-increasing in its second argument, that is, for any xz,y € X,
x1,22 € X, g(21) = g(x2) implies F(z1,y) = F(z2,y)

and

y1,y2 € X, g(y1) = g(y2) implies F(z,y1) = F(z,y2).

If g is the identity mapping, we obtain the Bhaskar and lakshmikantham’s notion of a mixed mono

tone property of the mapping F'.

Definition 1.4. [5] An element (z,y) € X x X is called a coupled coincidence point of a mapping
F: XxX—>Xandg: X - X if

F(z,y) = g(x), F(y,x) = g(y).
Also, if g is the identity mapping, then (x,y) is called a coupled fixed point of the mapping F'.
Let C(F, g) be the set of all coupled coincidence points of F and g.

Definition 1.5. Let F: X x X — X and g : X — X be two single valued mappings. The mappings
F and g are said to be weakly compatible or w— compatible if they commute at their coincidence
points, i.e., if (z, y) € C(F, g) then g(F(z, y)) = F(gz, gy).

Definition 1.6. The mapping g is said to be F-weakly commuting at (z,y) € X x X if g%z =
F(gx, gy) and ¢°y = F(gy, gx).

Delbosco [6] and Skof [20] obtained fixed point theorems for self mappings of complete metric

spaces by altering the distances between the points with the use of a function ¢ : R
— R satisfying

the following properties:
1) ¢ is continuous and increasing,
2) ¢(t) =0 < t=0,

3) ¢(t) > Mt* for every t > 0, where M > 0, 11 > 0 are constants.
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The set of all such functions ¢ is denoted by ®. In [[20], Corol. 2] the following theorem was proved:

Theorem 1.1. [20] Let F be a self mapping of a complete metric space (X,d) and ¢ € ® such that
for every x,y € X,

P(d(Fz, Fy)) < ag(d(z,y)) + bo(d(z, Fz)) + co(d(y, Fy)), (1.1)
where, 0 < a+b+c < 1. Then F has a unique fized point.

Then, Khan et al. [10] generalized the above result by assuming stronger condition than (1.1)

without using definition (3) above.

Theorem 1.2. [10] Let F be a self mapping of a complete metric space (X,d) and ¢ : RT — R* an
increasing, continuous function satisfying property (2). Furthermore, let a,b,c be three decreasing
functions from R\ {0} into [0,1) such that a(t) + 2b(t) + c(t) < 1 for every t > 0. Suppose that T

satisfies the following condition:
¢(d(Fx, Fy)) < a(d(z,y))o(d(z,y)) + b(d(z,y)){o(d(z, Fx)) + ¢(d(y, Fy))}
+ c(d(z,y)) min{¢(d(z, Fy)), p(d(y, Fx))},

where, T,y € X and x # y. Then F has a unique fized point.

(1.2)

Rashwan and Sadeek [15] established a common fixed point theorem in complete metric spaces
which generalizes some results in [10]. In [[12], Corol. 2], Naidu and Visakhapatnam obtained the

following result theorems that generalize Theorem 1.2.

Theorem 1.3. [12] Let (X,d) be a metric space, F' be a self mapping on X, 6 : RT™ — [0,1] be
a monotonically decreasing function with 8(t) < 1 Vt € (0,00) and p be a nonnegative real valued

function on X x X with the following two properties:

(1) {p(xn,yn)}>>, is convergent whenever {x,}°%, and {y,}S2, are sequences in X such that

{d(zn,yn)}22, is convergent;

(1) for any two sequences {x,}22 1 and {yn 52, in X, the sequence {p(xn, yn) 22, converges to zero

iff the sequence {d(xn,yn)}52, converges to zero.

Suppose that

1 1
5 le, Fa) + ply, Fy)l, [p(z, Fy)p(Fz.y)] 3, (1.3)
for all x,y € X. Then for any x € X, {F"a} is Cauchy. For any xg € X, the limit of {F"xo}, if

it exists, is the unique fixed point of F.

p(Fx, Fy) < 0(d(z,y)) max{p(x,y)

The following lemma of Babu and Sailaja [1] will be used in the sequel.

Lemma 1.1. [1] Suppose (X, d) is a metric space, let {x,,} be a sequence in X such that d(xy, Tpi1) —
0 asn — oco. If {x,} is not Cauchy sequence, then there exist an € > 0 and two sequences {my}
and {ny} of positive integers with my > ni >k, d(Tm,,Zn,) > € and d(Tm,—1,%n,) < €. By using

triangle inequality one can get:

d(xmw ‘rm«)ﬂ d(xmk,Jrla xnkJrl) — €

and

d(xnlk—lv xnk)v d(xmk ) I’nk—l) — €.
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Motivated by the result of Naidu and Visakhapatnam [12], we generalize Theorem 1.3 for two
single valued mappings F' : X x X — X and g : X — X having the mixed monotone property
and involving generalized altering distance functions and obtain coupled coincidence and coupled
common fixed point results for these mappings in partially ordered metric space. Under special
choices of the mapping p we can obtain a generalization of the result of Khan et al. [10] and many

others.

2 Main Result

Throughout this paper, unless otherwise stated, N is the set of all positive integers and R is the

set of all nonnegative real numbers.

Theorem 2.1. Let (X,d, <) be a partially ordered metric space, F : X x X — X be a mapping
having the g—mized monotone property, where g : X — X, F(X x X) C ¢(X) and g(X) is a
complete subspace of X. Suppose that for any x,y,u,v € X with gr =< gu and gy = gv we have

(61 (d(g, gu)) + 02 (d(gy, gv))]

p(gz, F(z,y)) + p(gu, F(u,v)) plgy, F(y,z)) + p(gv, F(v,u))
2 ’ 2 ’

. [p(g, F(v,u))plgv, F(y.2))] }

N =

p(F(2,y), F(u,v)) <

max {p(g:v, gu), p(gy, gv),

[N
=

[p(g, F(u,v))p(gu, F(z,y))]
(2.1)
where 01,05 : RT™ — [0,1] are decreasing functions satisfying

<1l, t>0

01(t) + 02(t) { 1 oi—o

and p is a nonnegative real valued function on X x X has the following properties

(1) {p(@n,yn)}>2, is convergent whenever {x,}nen and {yn}nen are sequences in X such that

{d(Tn,yn) 2, is convergent.

(i) {p(zn,yn)}>2, converges to p(x,y) whenever {x,}nen and {yntnen are sequences in X such

that {d(zy, yn) 22, converges to d(x,y).

(iii) for any sequences {xntnen and {yn}nen in X, the sequence {p(xn,Yn)}nen converges to zero

iff the sequence {d(Tn,yn)}nen converges to zero too.

From properties (ii) and (iii) of p, respectively, we note that p(z,y) = p(y,x) and p(z,y) = 0 iff
x =1y for any x,y € X.
Assume that X has the following properties:

1. if a non-decreasing sequence x, — x € X, then x, = x for all n;
2. if a non-increasing sequence y, — y € X, then y, =y for all n.

If there exist xo,yo € X such that grg = F(xo,y0) and gyo = F(yo, o), then F and g have a coupled
coincidence point in X, that is, there exists (x,y) € X such that F(x,y) = gx and F(y,x) = gy.



R A Rashwan et al, Journal of Global Research in Mathematical Archives, 5(4), 75-94

Proof. For the existence points xg,yo € X and using F(X x X) C ¢g(X), we can find z1,y; € X
such that gx1 = F(zo,y0) and gy1 = F(yo, zo). Also for 21,y; € X there exist x5, ys € X such that
gxe = F(x1,y1) and gys = F(y1,z1). Continuing in this way, we construct two sequences {gz, }n>0

and {gyn }n>0 in X such that
9Tn41 = F(xnvyn) and gyn+1 = F(ymxn) Vn > 0.
Since F' has the g—mixed monotone property, then gzg < F(x9,y0) and gyo = F(yo,xo) yield

gxo = gr1 and gyo = gy1
F(m(hyo) j F(xlayl) and F(yOJ(EO) t F(ylaxl)

= gxr1 X grs and gy =~ gyo

= 9Ty X gTp4+1 and gyYn = gYnt1 VN > 0.

If gv, = gzni1 and gy, = gyny1 for some n then gz, = F(zn,yn) and gy, = F(gyn,grn), ie.,
(Zn,Yn) is a coupled coincidence point of F' and g and this complete the proof. So from now on, we
assume that either gz, # gr,41 or gy, # gyn+1 for all n. Since gx,—1 =< gz, and gyn—1 = gyn,

then from (2.1), we have

p(gfrn,g:rn+1) = P(F(wnflvynfl)vF(l'nayn))

1
<3 01 (d(92n—1,92n)) + 02(d(gyn—1,9yn))] max {p(gfvn—l,gxn% P(9Yn—1, 9¥n),
P(92n-1, F(n—1,Yn-1)) + p(92n, F(@n,yn)) p(9Un-1, F(Yn-1,2n-1)) + p(9%n: F Yn, 2n))

2 ’ 2

Nl
W=

|

[p(gxn—laF(xnayn))p(g-rnvF(l‘n—lvyn—l)ﬂ ) [p(gyn—laF(yn7xn))p(gynaF(yn—laxn—l))]

< 5 [01(d(gzn—1,974)) + 02(d(9yn-1,9Yn))]

N | =

p(92n-1,920) + p(9Zn, 9nt1) P(9Yn—1,9Yn) + P(9Yns GYn+1)

max {p(yxn_l,gxn), P(9Yn—1,9Yn), 5 , 5

|

N|=

1
[p(9%0n—1, 9Tn41)P(92n, 920)] %, [P(9Yn—1, 9Yn+1)P(9Yn, 9Yn)]

< S [01(d(gzn—1,97n)) + 02(d(gyn—1, 9yn))]

DN | =

p(9n—1,97n) + p(9%n, 92ns1) P(9YUn—1,9Yn) + P(9Un, GYn+1)

maX{P(gxn1,9$n)7p(9yn1»9yn)a 2 ) 2
(2.2)

Similarly,

[01(d(9Yn, 9yn—1)) + 02(d(g2n, g—1))]

Do =

P(9Yn+1, 9Yn) <

0(9Yns 9Yn+1) + P(9Yn—1,9Yn) P(9Tn, 9Tns1) + p(9Tn—1,9%n)

max {p(gyn, 9Yn—1); P(9Tn, gTn—-1), 5 , 5
(2.3)
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Note that, if

p(9n—1,9%n) + p(9%n, 9%ns1) P(9Yn—1,9Yn) + P(9Yn, 9Yn11) }
2 ’ 2

p(g$n—17 gmn) + p(g'rnv gmn-{-l)
2

p(gxn—la gxn) + p(gxrm gwn-{-l)

2

max {p(gscn—l, 970 ),P(GYn—1,9Yn)>

= p(9xn_1,9%,) <
= p(97n—1,97n) < p(gTn, 9Tn11)-

But we have from (2.2) and by using the properties on 67 and 6
1 . .
P20, gTn11) < 5 (02 (min{d(gzn—1,92n), d(gyn—1, 9yn)}) + 02 (min{d(gn—1, 92n), d(gYn-1, 9yn)})]
p(92n-1,9%0) + p(9%n, 9Tn+1)
2

= p(gxnyg$n+1) < p(gzn—hgfbn)-

By a similar way, we can get antonym inequalities if we assume that

max {pcqxn1,gxn>,p<gyn1,gyn>, ploznven) tolszngznes) ptavmvamm) tolovmainss) }

_r (gyn —1 ,gyn) +p (gyn ,gyn+1)
= S )

Hence

1

P9, gn 1) < 5[0 (min{d(gn 1, gn), d(yn-1,yn)}) + 02 (min{d(gzn—1, 7). d(yn-1,9n)})]

max { p(g2n—1,9%n), P(9Yn—1,9Yn) }

1

p(gyn7 gynJrl) S 5 [91 ( min{d(girnflv gxn)a d(ynfla yn)}) + 92 ( min{d(gxn,l, gxn)a d(ynflv yn)})]

max { p(gn—1,9%n), P(gYn—1,9Yn) }-

That is

P(!]xn, ganrl) + p(gyn; gyn+1) S [91 ( min{d(gajnfl ) gxn)v d(ynfla yn)}) + 92 ( min{d(gxnfl ) gmn)v d(ynfh yn>}>]
max { p(gTn—1, 9%n), P(9Yn—1, 9Yn) }
P(9Tn, 9Tn11) + P(GYn, gYn+1) < [01 (min{d(gz,—1,920), d(Yn-1,Yn)}) + b2 (min{d(gzn_1,92n), d(Yn-1,yn)})]

[p(92n-1,9%n) + P(GYn—1,9Yn)]-
(2.4)

Note that for any two real numbers a, b, max{a,b} < a+b.
Therefore, we have {p(92n, 9%n+1) + P(9Yn, 9Yn+1) o2, is decreasing sequence of positive real

numbers bounded below by zero. Then, there is some s > 0 such that

im [p(9%n, 9Zn+1) + P(GYn, Gyn+1)] = s.

n— oo

Now we claim that s = 0, for this purpose we assume s > 0 and discuss two cases to obtain a

contradiction.

Case(I) If one of the two equalities x,, = &1 Or Yy, = Yn—1 holds, say x, = 2,_1.

In this case we have p(z,,, Tp—1) = 0, min{d(gz,—1, 92n), d(Yyn—1,yn)} = zero and
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91(min{d(g$n—1,g$n),d(yn—hyn)}) + 02(min{d(gxn—hgxn)ad(yn—layn)}) = 1. Then Eq.
(2.4) yields

P(9Tn; 9Tnt1) + P(9Yn, GYn+1) <
(61 (min{d(gzn_1,92n), d(Yn_1,Yn)}) + O2(min{d(gzn_1,92n), dYn_1,yn)})]
max {p(gn—1,9%n), P(9Yn—1,9Yn) }
< p(9Yn—1,9Yn)
< %[91(min{d(gwn—z, 9%n—1), d(Yn—2,Yn—1)}) + b2 (min{d(gen—2, gzn—1), d(yn—2, yn-1)})]
max {p(g=n -2, 9Tn—1), P(9Yn—2, 9Yn—1) }
< % (01 (min{d(g2, 2, 920 —1), d(Yn—2,yn—1)}) + O2(min{d(gzn 2,920 1), d(Yn—2, yn—1)})]
[p(9n -2, 9Tn—1) + P(9Yn—2, 9Yn—1)]

< = [p(92n—2,9%n-1) + P(9Yn—2, 9Yn—1)].

| =

Taking the limit as n — oo above, implies s < %57 which contradicts with s > 0.

Case(II) If x,, # 2,1 and Y, # Yn—1, then

01 ( min{d(gmn,l ) gmn)v d(ynfl, yn)}) + 02 ( min{d(gmn,l 3 gl’n), d(ynfla yn)}) <1

and
P(gTn; 9Tni1) + P(9Yn: GYnt1) < p(9Tn—1,9Tn) + p(9Yn—1, 9Yn)-
Again by taking limit of both sides as n — oo we get a contradiction.
Therefore, s = 0 and limy, o [P(92n, 9Zn+1) + P(9Yn, Gynt1)] = 0.
Jim_ p(g2n, grni1) = lm p(gyn, gyni1) = 0. (2.5)
By virtue of property (iii) of p, we have
Jim_d(gan, geasr) = lim d(gyn, gyn+1) = 0. (2.6)

Now we shall show that {gx,} and {gy,} are Cauchy sequences in (X,d). Suppose the contrary,
that {gx,} and {gy,} are not Cauchy sequences. Then, Lemma 1.1 implies that there exist € > 0

and two sequences {my} and {ny} of positive integers (for all positive integer k, my > ny) such that
(g mycs 9Tni)s AGTmi4 15 98ni11) A(GTnys GEmyct1)s A(GTnpt1, GTm,) = €

and
A(gYmis 9Yni)s AGYmi+15 9Ynit1)s AGYnics GYmi41)s A(GYni 115 9Ymy) = €.

Using property (i) of p yields

p(gxmk , gxnk)a p(gxmk+17 gmnk+1)a p(gajnka gwmk+1)> p(gxnkJrl»gxmk)v (2 7)

P(GYmis 9Yni)s P(GYmp+15 9Yni+1)s P(GYni> 9Ymy+1)s P(GYnp+15 9Ymy) — 7 > 0.
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Since my, > N, SO gTm, = 9Tn, and gyn, =< gTm,, now we can use Eq. (2.1).

p(xm;le; (Enk+1) = p(F("Emka ymk)a F(xnkaynk)) <
1
5 101 (d(9my, 920, ) + 02(d(9Ymy, > GYn,,)) | max {p(gxmk 29T ) s P(GYmn s GYny. )

p(gxmmF(xmmymk)) +p(gxnk7F('1:nk’ynk)) p(gymka(ymkvmmk)) +p(gynk7F(y”k’xnk))
2 ’ 2 ’

N

[p(g$mwF(xmwynk))p(gxnka(mmkvymk))} ) [p(gymk’F(ynk’znk))p(gynk’F(ymk7l‘mk)):|é}

1 , .
<3 [61 (min{d(9Zmy 9Ty ), A(GYmy» GYny,)}) + O2(min{d(gzm, , 920, ), A(GYmy> 9Yni)})]

p(gxmk ) gmm;ﬁ—l) + p(gxnk ) gxnk—i-l)
2 )

max {p(gxmk s 9%, )5 P(GYmi > 9Yny,),

(Y GYmi+1) + P(9Yny s GYny+1)
2 )

SIS

1
[0(9m, s 9 +1) (9 ns s 9Tms+1)] 25 [P(9Ymi> GUni+1)P(GYny s GYmi+1) ] 2 }

(2.8)

Taking the limit superior as k tends to infinity and using ( (2.5) and (2.7)) to get
1. : .
7 < 5 limsup [0 (min{d(gzm,, g, ), d(gyms 9ym.)}) + 02 (min{d(gm, , g7u.), d(gym., yn.)})]
—00
max{t,7,0,0,7,7}

T<T.

By a similar way we can get same inequality for {gy,}. This is a contradiction. We deduce that
{z,} and {y,} are Cauchy sequences.

Note that, 01 ( min{d(gzm, , 92n,. ), A(9Ymy> 9Yn, ) }) +02 (min{d(9Tm, , 9Ty, ), A(GYmr, 9y, )}) <1V k €
N =

limsup (01 (min{d(g2m,, 9Tn,. ), A(gYm,., 9Yn,,)}) + O2(min{d(gzm,, 92n, ), A(GYmy> 9y, ) })] <1

k—o0

Since g(X) is complete, so there exist points gz and gy in g(X) such that
9T, — gr and gy, — gy as n — oo. (2.9)

Now we show that (x,y) is coupled coincidence point for F' and g. For this purpose we shall use
(2.1) with w = z,, and v = y,,, then take limit superiors on both sides as n tends to infinity and use

the property (i7) of p.

p(F(2,9), 9Tn+1) + p(F(y, @), gyn+1) < [01(min{d(gz, gzn), d(gy, gyn)}) + 02 ( min{d(gz, gzn), d(gy, yn)})]
plgz, F(z,y)) + p(gTn, 92n+1) p(9y, F(y,2)) + p(9Yn, 9Yn+1)
2 ’ 2 ’
[p(92, g n11)p(g2n, F (2, 9)]%, [p(9Y: 9ynt1)p(gYn, F(y,2))]* },
p(E(@,y), gz) + p(F (y,x), gy) < lim sup 01 (min{d(gz, gxn), d(gy, gyn)}) + 02 ( min{d(gz, gz,), d(gy, yn)})]

max { p(gx, gzn), p(9Y, G¥n);

max { plgz, F(z,y)) plgy, F(y,)) )
2 ’ 2
plgz, F(z,y)) + p(gy, F(y,x))].
2

<[
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Note that, since d(F(z,y), gTn+1) — d(F(z,y), gx), then property (ii) of p implies

p(F(x,y),92n+1) = p(F(x,y),g9z) as n — oo.

From the above inequality we have p(F(z, ), 62)+p(F(y, z), gy) = 0 = p(F(z,3), gz) = p(F(y, ), gv)
0= F(x,y) = gr and F(z,y) = gx. Hence (z,y) is a coupled coincidence point for F' and g. O

Remark 2.1. We can replace the conditions on the set X by the continuity of the commutative
mappings F' and g.

Indeed, g(gzn+1) = g(F(zn,yn)) = F(92n, gyn) and g(gyn+1) = 9(F(Yn,2n)) = F(9yn, g2n). Tak-
ing limit at n — oo and using (2.9) implies, g(gz) = F(gz,gy) and g(g9y) = F(gy,gz). That is

(g9, gy) is a coincidence point for F' and g.

The conditions of Theorem 2.1 are not enough to prove the existence of coupled common fixed
point for the mappings F' and g. We apply an additional conditions to obtain the following common

fixed point theorem.
Theorem 2.2. By adding to the hypotheses of Theorem 2.1 one of the following conditions,

(a) F and g are w—compatible, lim, ., ¢"x = u and lim,_, g"y = v for some (x,y) € C(F,g),
u,v € X and g is continuous at u and v. Also consider that g"x < ¢g"T'x and g™y = ¢g" Ty

for all n.
(b) g is F-weakly commuting for some (z,y) € X x X, g*x = gz and g*y = gy.

(c) g is continuous at (x,y) for some (x,y) € C(F, g) and there exist u,v € X with lim, ., g"u = x

and lim, . g"v = y.
(d) g(C(F,g)) is singleton subset of C(F,g).
then F and g have a coupled common fixed point.

Proof. Suppose that (a) holds. Since Theorem 2.1 ensure the existence of at least one coupled
coincidence point for F' and g, say (z,y) € C(F,g), then the two limits lim,,_,~ ¢" and lim,,_, - g"y

exist and equal u and v (res.), for some u,v € X. By using the continuity of g at v and v, we obtain

u= lim ¢""'2z = lim g(¢"z) = gu (2.10)
n—00 grr—u
and
v= lim ¢g"Tly = lim g(g"y) = gv. (2.11)
n—oo gry—v

From F' and g are w-compatible, gz = F(z,y) and gy = F(y, x), we can get

g(g(x)) = g(F(z,y)) = F(gz, gy) (2.12)

and

9(9(y)) = 9(F(y,r)) = F(gy, gz).

Thus,

(97, gy) € C(F, g).
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Again by the w-compatibility of F and g and Eq. (2.12), we obtain that
9(g*x) = g(F(9z, 9y)) = F(g°x, *y).
Similarly, we have
9(9*y) = F(9%y, g*).
So,
(9°z,9°y) € C(F,g)
Continuing this process, we can get that
9"z = F(ga12,9""'y), g"y=F(g" 'y.¢" ') (2.13)
and
(¢"z,g"y) € C(F,g) for all n > 1. (2.14)

Since, {g"z} is non-decreasing sequence and g"z — u = gu € X, then ¢"x < gu V n, also we have

n—1

gy < guV¥n. Put x = g¢g" 'z and y = ¢" 'y in Eq. (2.1) yields

p(g"z, F(u,v)) = p(F(¢" 'z, 9" 'y), F(u,v)) < %[91 (d(g"x, gu)) + 02 (d(g"y, gv))] max {p(g"x,gu)vp(g"y,gv),

p(g"z, F(g" 'z, 9" 1Y) + p(gu, F(u,v)) plg™y, F(g" 1y, 9" 'x)) + p(gv, F(v, u))
2 ) 2 ’

[p(g"x, F(u,v)p(gu, F(g" 'z, 9" 'y))] 2, [p(g"y, F(v,u))p(gv, F(g" 'y, g" a))] é}

(2.15)

N

Similarly,

p(9"y, F(v,u)) = p(F(g" 'y, 9" a), F(v,u)) < %[91 (d(g"y, gv)) + 02(d(g9"z, gu))]| max {p(g”y79v)7p(g”m,QU),

p(9™y, F(g" ty, 9" 'x)) + p(gv, F(v,u) plg™x, F(g" 'z, 9" 1y)) + p(gu, F(u,v))
2 9 2 b

[p(g"y, F(v,u)p(go, F(g" 'y, g 2))] 2, [p(g"x, F(u,v)p(gu, F(g" 'z, 9" 'y))] é}

(2.16)

[N

Adding Equations (2.15) and (2.16) and taking limit superior, imply

p(u, F(u,v)) + p(v, F(v,u)) <limsup [6;(min{d(g"z, gu),d(g"y, gv)}) + O2(min{d(g"z, gu),d(g"y, gv)})]

n—oo
0+ p(gu, F(u,v)) 0+ p(gv, F(v,u))
2 ’ 2 ’

}

lim sup [01 ( min{d(g"x, gu), d(g"y, gv)}) + 6 ( min{d(g"x, gu), d(g"y, gv)})}

1
2 n— o0

max {o,o, pgv, F(v,1)), p(gu,F(u,v))}.

max {p(u, gu), p(v, gv),

N

(o, F(u, 0))p(gu, )], [plv, F(v,u))plgv, v))]

<
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This occurs only if p(u, F(u,v)) = p(v, F(v,u)) = 0. That is, u = F(u,v) and v = F(v,u). Hence
(u,v) is a coupled common fixed point of F' and g.

Suppose that (b) holds. Then for some (z,y) € X x X, gx = g(g9z) = F(gz,gy) and gy = g(gy) =
F(gy, gz). Hence (gz, gy) is a coupled common fixed point of F and g.

Suppose that (c) holds. It follows from the continuity of g at x,y that z = lim, s ¢g""u =
limgny e g(¢"u) = g = F(z,y) and y = gy = F(y,z). Hence (z,y) is a coupled common fixed
point of F' and g.

Finally, suppose that (d) holds. Say C(F,g) = {(,v), (u,v), ...}, we have g(c(F,g)) = {(9z,9y)}
and g(C(F,g)) = {(z,y)} for some (z,y) € C(F,g), i.e., v = gv = F(z,y) and y = gy = F(y, x).

Hence (z,y) is a coupled common fixed point of F' and g. O

From Theorem 2.1, one can obtain the following corollary which is a generalization of Theorem
2 in [14].

Corollary 2.1. Let (X, =,d) be a partially ordered metric space and F : X x X — X be a mapping
having the g—mized monotone property, where g : X — X and F(X x X) C g(X). Suppose that for

|

any z,y,u,v € X with gr <X gu and gy = gv we have

[N

Y(d(F(2,y), F(u,v))) < a1 (d(gz, gu)) [w(d(gm,gu)) + a1 [v(d(gz, F(u, )¢ (d(gu, F(z,y)))]
+ b1 (d(gz, gu)) [¢(d(gz, F(z,y))) + ¥ (d(gu, F(u,v)))]
+ az(d(gy, gv )[ (d(gy, gv)) + ¢z [w(d(gy,F(v,U))W(d(gv,F(yvx)))]ﬂ
)

+ ba (d(gy, gv)) [¢(d(gy, F(y,x))) + ¢ (d(gv, F(v,u)))],
(2.17)

where ¥ is an altering function and a;,b;, i = 1,2 are decreasing functions from [0,00) into [0, 1)
such that ai(t) + aa(t) 4+ bi(t) + ba(t) < 1 for every t > 0, ¢; are constants in [0,1] such that
a1(t)(I4+c1) +a2(t)(1 +c2) <1 Vit > 0. If X has the following properties:

(1) if a non-decreasing sequence x, — x € X, then x, < x for all n and
(ii) if a non-increasing sequence y, — y € X, then y, = y for all n.

and there exist xo,yo € X such that grg = F(xo,y0) and gyo = F(yo,20), then F and g have
a coupled coincidence point in X, that is, there exists (x,y) € X such that F(z,y) = gz and
F(y,z) = gy.

Theorem 2.3. Let (X, X) be a partially ordered set and d be a metric on X, that is, (X, =<,d) is
an ordered metric space. Let F': X x X — X be a mapping having the g—mized monotone property,
where g : X — X and F(X x X) C g(X). Suppose that for any z,y,u,v € X with gr < gu and
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gy = gv we have

(4P, F(0,) ) < 0 (dlae,g0)) g, )
Y (dlgz, F(x,y)) + ¢(dgu, F(u,v))
2
+c (d (gz, gu ) min {z/J( (gz, F(u, v)),l/)(d(gu,F(x,y))} (2.18)
+ as (d(gy, gv)) ¢ (d(gy, gv )

¥ (d(gy, F(y, ) + ¥ (d(gv, F(v,u))
2

min {¢) (d(gy, F'(v,)), v (d(gv, F(y, 7))},

where 1 is an altering function and a;,b;, ¢;, i = 1,2 are decreasing functions from [0, 00) into [0, 1)
such that a1 (t) + az(t) + b1 (t) + b2(t) + c1(t) + ca(t) < 1 for every t > 0 and a1(t) + az(t) + b1(t) +
ba(t) + c1(t) + c2(t) =1 if t = 0. If X has the following properties:

—|—b1(d gz, gu)

+ b2 (d(gy, gv))
v))

+ c2(d(gy, g

(i) if a non-decreasing sequence x,, — x € X, then x, <z for all n and
(ii) if a non-increasing sequence y, — y € X, then y, = y for all n.

and there exist xg,yo € X such that grg = F(xo,y0) and gyo = F(yo,x0), then F and g have
a coupled coincidence point in X, that is, there exists (x,y) € X such that F(x,y) = gz and

F(y,z) = gy.

Proof. For the existence points zg,yp € X and using F(X x X) C g(X), we can find z1,y; € X
such that gx1 = F(xo,y0) and gy1 = F(yo, zo). Also for z1,y; € X there exist x2,ys € X such that
gra = F(x1,y1) and gys = F(y1,21). Continuing in this way, we construct two sequences {9, }n>0

and {gyn }n>0 in X such that
9Tn+1 = F(zy,yn) and gyni1 = F(Yn,zn) ¥n > 0.
Since F' has the g—mixed monotone property, grg = F(xo,yo) and gyo = F(yo, o), then we obtain

gxo = gr1 and gyo = gy1
F(z0,90) 2 F(21,91) and F(yo,z0) = F(y1,71)

= gr1 = gre and gy1 = gy2

= gTn X gTnt+1 and gYn = gYni+1 Vn > 0.

If gz, = g2p41 and gy, = gyn41 for some n then gz, = F(zn,yn) and gy, = F(gyn, gzy), i-e
(zn,yn) is a coupled coincidence point of F' and g and this complete the proof. So from now on, we

assume that either gz, # gxn1 Or gyn # gyn+1 for all n. Since gz, < grp41, then from (2.18), we
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have

V(d(gn, grni1)) =¥ d(F xn—layn—l)aF(Invyn))) < a1 (d(gan—1,g20)) 1 (d(g2n-1, 970))

( gxn—lyF(xn—layn—l))) +'(/)( (gl‘n, (xnayn)))
1(d gTn—1,9Tn D)

l(d gTn—1,9Tn min {1/J( gTp— lvF(mnayn)))7w(d(9$n7F(xnflaynfl)))}

)
)
+ a2 (d(gyn—1, gyn)) ¥ (d(gyn—1, gyn))
) (
)

Y(d(gyn—1, F(Yn-1,2n-1))) + ¥ (d(gyn, F (Yn, Tn)))
2

(d(
+ ca(d(gyn—1, 9yn)) min {¢ (d(gyn—1, F (Yn, xn))), ¥ (d(gyn, F(yn-1,2n-1))) }

b2 (d(gYn—1, 9Yn

<a (d(gxn 1, gxn))w(d(gmn,l,gxn))

+b1(d G 17g;5n )’l/)(d gm"_l’gx") J;¢(d(g$n»g$n+l))
)

1(d 9Tn—-1,3dTn mln{¢( 9Tn— 1agzn+1));¢<d(g$nvgxn))}

+ a2 (d(gyn—1,9yn)) ¥ (d(gYn—1, 9yn))

))v(d(
+ b2 (d(gyn-1, 9yn) )w(d 9Yn—1,9Yn );w(d(gymgynﬂ))
(2.19)
(e )
)

min {z/;( (9Yn—1, gyn+1)) ) w(d(gyn, gyn))}

Sal( (gl'n 1vgxn) ( (gxnfl,gxn))

w( gxn—lvgxn) + ¢(d(gl‘n> gxn—i-l))
2

+ c2(d(gYn—1, 9Yn)

+ bl( 9Tn—-1,dTn

V(d(gyn—1,9yn)) + U (d(gyn, 9Yn+1))
5 .

)
+ a2 (d(9Yn—1, 9Yn)) ¥ (d(9Yn—1, 9Yn))
)

+ b2 (d(9yn—1, 9Yn
By a similar way we have
U(d(gyn, 9Yn+1)) < a1(d(gYn—1,9Yn)) 0 (d(gYn—1,9Yn))

) O(d(gyn—1, 9yn) + ¥ (d(gYns gyn+1))
2 (2.20)

+ b1 (d(gyn—1,9Yn)

+ a2 (d(92n—1,974)) ¥ (d(9Tn-1, 9n))

) Y(d(g2n—1,92n)) + ¥ (d(9Tn, gTni1))
5 .

+ b2 (d(92n—1, gzn)
Adding the two above equations (2.19) and (2.20) implies

O(d(g2n,gTni1)) + U (d(gyn, gyn+1))

- (al (Agn 1, gn)) + a2 (d{gon 1, gn)) + by (d(9zn—1,9%y)) ‘;bg (d(gﬂcn_1,9xn)))d}(d(g%_hg%))
+ (az (d(gyn—1,9yn)) + a1 (d(gyn—1,9yn)) + ba (d{gYn-1, 99)) ;bl (d(gyn_l’gyn))>w(d(gyn—1,gyn))
N (bl(d(gxn—1,gxn)) ;bz (d(gzn-1,g2n) )1/} (9msgms1))

N <b2 (d(gyn—1,9yn)) ;rbl (9Yn—1,9Yn) >¢ (99 gms1))

. Since, ay,as2,b; and by are all decreasing
Consider, p,_1 = min {d 9Tn—1,9%n), d(GYn— 1,gyn)
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functions, then we have

Pn—1 < d(gxn—lvgxn)
< d(gyn—1, gyn) (2.21)
= al(pnfl) 2 ay (d(gxnfla gmn))

> a1 (d(gYn—1,9Yn)).-

The same argument can also be for as,b; and bs.

w(d(gxnagxn+l)) +1/1( ( 9Yn, g yn+1))

< 1(pn—1) + az(pn—1) + ulent) J2r b2(pn_1))¢(d(9xn—lvgxn))

ba(prn—1) + b1(pn-1)
2

¥ (d(gan, gTni1))

+ Pn—1) + a1(pn-1) +

(bl (pn—1 +bz(/>n 1)
E )

)w(d(gyn-l, 9yn))

+

V(d(gYn, gYn+1))-

bo(pp_ +b n_
+ zp 1 1(p 1))

Hence,

Y(d(gTn,9n11)) + ¥ (A(gYns gYn+1))
< (a1(pn-1) + a2(pn-1) + b1(pn—1)/2 + b2 (pn—1)/2) b (d(gzn—-1, 91))
+ (az(pn—-1) + a1(pn—-1) + b2(pn-1)/2 + b1(pn-1)/2) b (d(gyn—1, gyn))

+ (01(pn—1)/2 + ba(pn-1)/2) | ¢ (d(92n, 9Tn11)) + ¥ (d(9Yns GYn11))

(d(gTn,92n11)) + Y (A(gYns gYn+1))

a1(pn—1) + az(pn—1) + b1(pn—1)/2 + b2(pn—1)/2
1= b1(pn-1)/2 = b2(pn-1)/2

a2(pn—1) + ai(pn—1) + b2(pn-1)/2 + b1(pp-1)/2
1= b1(pn-1)/2 — ba(pn-1)/2

IA

Y(d(gzn—1,92n))

U(d(gyn—1,9Yn))

+

Y(d(g2n,gTni1)) + U (d(gyn, gyn+1))
ai(pn—1) + az(pn—1) + b1(pn—1)/2 + ba(pn—1)/2
- 1 =b1(pn—-1)/2 = b2(pn-1)/2

Let H(pn_l) = al(p"’1)Tiig?;gii;r/bzlﬁl;ZE;,zﬁT/[);(MA)/2 <landm, = 7/)(d(g$n7g$n+1))+w(d(gyn,gyn+l))'

1/}(d(gxn—17 gxn)) =+ 1/J(d(9yn—1, gyn)) :

Then we have

Tn S 9(pn71)7—n71 (2 22)

< Tp—1-

Note that 6(pn,—1) can not equal zero for all n. For, if 0(pp—1) = 0 = ¢(d(gzy, gTni1)) +
w(d(gyn,gynJrl)) = 0. ie., d(gzn, grny1) and d(gyn, gyn+1) equal to zero, but we assumed from
before that at least one of them don’t equal zero.

That means, {7,},>0 is monotone decreasing. Therefore, there is some ¢ > 0 such that

lim,, oo 7 = 0. We claim that § = 0. Taking the limit as n — oo of both sides of (2.22), we
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get
6 < e(pn—l)(s
=6=0as 0<0(pp_1) <1
Therefore,
lim 7, = lim [¢(d(gzn, 92n41)) + 9 (d(gyn, gynt1))] = 0. (2.23)

By virtue of the fact that v is continuous and ¢ (¢) = 0 < ¢ = 0, we have
Y( lim d(gan, grnia)) = lim $(d(grn, grni1)) = 1(0) =0
= lim d(g9xn,9Tn+1) =0
n—oo
and (2.24)
Y( lim d(gyn, gyn+1)) = Hm ¥(d(gyn, gyn+1)) =0
= lim d(gyn, gyn+1) = 0.

Now we shall show that {gz,} and {gy,} are Cauchy sequences in (X, d). Suppose the contrary,
that {gx,} and {gy,} are not Cauchy sequences. Then, Lemma 1.1 implies that there exist € > 0
and two sequences {my,} and {ny} of positive integers (with for all positive integer k, my > ny) such
that

d(9Tm,, s 9%n,,)s A9y 11, 9Tny41)> AGYmi > 9Yny.) s A(GYmp+1, GYny+1) = € (2.25)

and

lim sup d(g2n,,, gTmy+1), imsup d(92n, +1, gTm,, ), imsup d(gyn,, , gYmy+1), imsup d(9Yny +1, 9Ym, ) < €

k—o0 k—o0 k—o0 k—o0

(2.26)
Since my > Ny, SO gTm, = 9Tn, and gyn, =< gTm,. Also, by (2.18) we have

w(d(gxmk+1a9$nk+l)) = 1/J(d(F(xmmymk)7F($nk7ynk))> <a (d(gmmk7gxnk))w(d(gxmk7g‘rnk))

) O(d(gxm, F(@m,, ym,))) + ¥ (d(92n,, F(2n,, Yn,)))
)) m

+b1 (d gmmkugxnk 2

+c (d 9Tmy, s GTny, min {w( gmmk’F(Inkvynk)))vw(d(g‘rnkvF(Immymk)))}
(d(9Ym 9Yny))

Q(d 9Ymy s 9Yny, )
) ( (9Ymi, I ymk7xmk)))+w(d(gynk’F(y'ﬂk7xnk)))
))
)

b2 (A(9Ymy » GYn,, 5

(cl(
2(d gymmgynk min {w( gymka(ynmxnk)))’¢(d(gynk7F(ymk7xmk)))}
1(d(9xmka9x"k ) ( (g‘rmk’gwnk))

¢( gxmk7gxmk+1) +¢(d(9$nkvgxnk+1))
2

min {,(/)( gxm;wgxnk+1))7w(d(‘qxnkagmmk-‘rl))}

1 (d gwmk ) .gwn;C

C1 (d 9Tmy, s GTny,
2(d

U(A(GYmy > GYmr+1)) + U (A(GYny s GYni+1))
2

min {4 (d(9Ymy, 9Yny+1)), Y (A(9Ynys GYmi+1)) }

)
)) m

9Ymi> Y)Y (A(GYms» GYns.))
+ b2 (d(9Ymi > 9Yns.))
)

+ c2(d(gYm > GYns
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lﬁ(d(gﬂﬂmk“, gznk—&-l)) <a (,0)1/1 (d(gxmk y Gny, ))

w(d(gmmk ) gwmk—i-l) + w(d(gﬂ%k ’ gwnk—i-l))
2

+ c1(p) min { Y (d(gZm, , 9Tny+1) ) Y (A(9Tny s GTmy+1))
+ az(p)Y (d(gYmy, 9Yny,))

V(d(9Ymps 9Ym+1)) + 0 (d(9Yne> GYnp+1))
9

+ ca(p) min {4 (d(9Ymy,» 9Yny+1)) > ¥ (A(9Yni> GYmi+1)) }-

+b1(p)

(2.27)

+ b2(p)

Where, p = min {d(g:vmk,gxnk),d(gymk,gynk)}. Taking the limit superior as k tends to infinity,
using ( (2.24) to (2.26)) and all properties of ¥ in above, we get

$(0) +9(0)
2

P(e) < ar(p)ip(e) + bi(p) + c1(p) min {¢(e), 9 (e) }

+an(pp(e) + () LT o) min (0(0), w10)

< [a1(p) + az2(p) + c1(p) + c2(p) |1 (e)

By a similar way we can get same inequality for {gy,, }. This occurs only if e = 0, this a contradiction
because we have € > 0. We deduce that {gx,} and {gy,} are Cauchy sequences.
Since g(X) is complete, so there exist points gz and gy in g(X) such that

gxn, — gr and gy, — gy as n — oo. (2.28)

Now we show that (z,y) is coupled coincidence point for F' and g. Using triangle inequality and the

fact, for any sequence of real numbers {a,}, o < a,Vn = a < liminf, o a, give

d(F(x,y),gz) < d(F(x,y), gTns1) + d(gTni1, g2)

< lim sup I:d(F(x7 y)a g-rn-i-l) + d(gxn-‘rla gx)}

n—oo

<limsup d(F(z,y), 9Tn+1)

n—oo

w(d(F(%y)agﬂﬁ)) < limsupz/)(d(F(a?,y),gxn+1))

n—oo

and

Y(d(F(y,),9y)) < limsupy (d(F(y,z), gyn+1)).

n—oo

Hence

Y(d(F(x,y), gz))+(d(F(y, z), gy)) < lim sup Y(d(F(2,y), g2ni1)) +limsup Y(d(F(y, ), gyn+1))-
(2.29)

Suppose that X has the properties (i) and (i¢), i.e., {gz,} being increasing and gx,, — gz for all n
implies gz, < gz Vn. Also {gy,} being decreasing and gy, — gy for all n implies gy, = y Vn. Now
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consider

Y(d(F(2,y), gznt1)) + U (d(F (y, ), gyns1)) < a1(d(gz, gz,)) ¢ (d(gz, g20))

¥ (d(gz, F(z,y))) + ¥ (d(g2n, gTni1))
2

+ 1 (d(gz, grn)) min{y (d(gz, g0 11)), ¥ (d(gen, F(2,9)))}

1 (d g, gTn

+ az (d(gy, gyn)) ¥ (d(gy, gyn )
(

V(d(gy, Fy,2))) + ¥ (d(gyn, 9Yn+1))

)~
)
)
) ;
)
)
)
)

+ b2 (d(g9y, gyn

min{v (d(gy, gyn+1)), ¥ (d(gyn, F(y, x))) }
¥ (d(gy, gyn )
W (d(

2(d 9Y, 9Yn
a1 (d(gy, gyn

gyv Y,z ) +¢( (gynvgyn+1))
2

+ c1(d(gy, gyn)) min{e (d(gy, gyn+1)), ¥ (d(gyn, F(y,2)))}
+ az(d(gz, gz,)) ¢ (d(gz, gn))

1#(07(9907 F($7 y))) + "/)(d(gxna gxn-i—l))
2

+ ca(d(gx, gn) )min{w(d(gm,gscnﬂ)),w(d(gxn,F(x,y)))}

+ b1 (d(9y, gyn

2(d 9T, gTn )
(a(

Setting p = min {d(gm, gzn), d(gy, gyn)}, then taking the upper limit as n tends to infinity and using
(2.24 and 2.26) with the continuity of ¢ and ¥ (0) = 0 give us

limsupy (d(F(x,y), gny1)) + lirr;supw(d(F(y, ), 9Yn+1)) <

lim sup by (d(gz, gz,)) Y(d(gz, F(z,y))) + Tim sup b (d(gy, gyn)) Y(d(gy, F(y,x)))

w(d(gy,j(y, x))) + Timsup ba (d(g2, ga) w(d(gx,f(w,y)))

b1 (d(g, gn)) ;L ba (d(gz, gn)) } b(d(gz, F(z,y)))

{bl (d(gy, gyn)) + b2(d(gy, 9yn))

+ limsup by (d(gy7 gyn))
n—oo

< limsup [

n—oo

+ lim sup

n—roo

5 } ¢ (d(gy, F(y,z)))

By using (2.29) with the help of, for any sequence of real numbers {a, }, a, < a¥n = limsup,,_, . a, <

a we have
bi(d(gx, grn)) +ba(d(g2, gzn)) _ bi(p) + ba(p)
° o2 (2.30)
li?jO%p by (d(g, gzn)) 42rb2 (d(gz, gzs)) . bi(p) er bg(p).
and
D (d(F (). 92)) + 0 (AP (. 2).09) < IO (age P, 0)) + v (dlow. F(w.2)

This shows that 1/J(d(F(:E, Y), ga:))+1/) (d(F(y, x), gy)) =0= w(d(F(z, Y), gz)) = 1/J(d(F(y7 x), gy)) =
0=d(F(z,y),g9z) = d(F(y,z),gy) = 0= F(z,y) = gz and F(y,z) = gy. Hence (z,y) is a coupled

coincidence point for F' and g. O

If we consider ay(t) 4 aa(t) 4 by (t) 4+ ba(t) + c1(t) + ca(t) < 3 for every t > 0 in Theorem 2.3, we

get the following remark.
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Remark 2.2. We can prove Theorem 2.3 by another way, directly from Theorem 2.1 as follows

Proof. Let 1 od in Theorem 2.3 equal p. Define 61,605 : RT — [0,1] as 01(t) = a1 (t) + by (t) + c1(¢)
and 03(t) = aa(t) + ba(t) + c2(t) if ¢ > 0 and 61(0) 4+ 02(0) = 1. Then p is a nonnegative real valued
function on X x X having properties (i) to (iii) as in Theorem 2.1 and 61, 62 are decreasing functions
on RT with 01(t) + 02(t) < 1 for all ¢ > 0. Under this considerations, contraction condition (2.18)
yields to

Y(d(F(2,y), F(u,v))) < [a(d(gz, gu)) + bi(d(gz, gu)) + e1(d(gz, gu))]

max {w(d(ga:, gu)), ¥ (d(gz, F(z,y))) ‘2F ¥ (d(gu, F(u,v))) |

min {¢ (d(gz, F(u,v))), ¥ (d(gu, F(z,y))) }}

+ [(lz(d(g% gv)) + bg(d(gyvgv)) + 02(d(gy,gv))]
max {Qp(d(gy’ gv)), w(d(gya F(y, .73))) + ¢(d(g’U, F(U, U)))

2 b)
win {(d(gy, F (v, w)), (d(gv, F(y, m>)}}

61 (d(g, gu)) max {p(gx’ ), plgz, F(z,y)) -QF p(gu, F(u,v)) 7

p(F(x,y),F(u,v)) <

DN | =

min { p(gz, F(u,v)), p(gu, F(z, y))}}

plgy, F'(y,x)) + p(gv, F(v,u))
2 b

1
+ 502 (d(gy, gv)) max {p(gy,gv),

min {p(gy, F(v,u)), p(gv, F(y, :z:))}}

< =[61(d(gz, gu)) + 02 (d(gy, gv))]

e { (g g, PE LI EO), i g, P 0). pla, Pl )

plgy, F(y,x)) + p(gv, F(v,u))
2

N |

p(gy, gv)), ,min {p(gy, F(v,u)), p(gv, F(y, w))}}

< = [6:(d(gz, gu)) + 02(d(gy, gv))]

ax {p(%gu)’p(gy’gv)% plgz, F(z,y)) ;rp(gw F(uw))’ p(gy, F(y,x)) ;rp(guF(v, U))7

(g, F(u,0)), plgu, F(a, )] 2 [olgy, F(v,), plgv, Py, 2))] }

All conditions of Theorem 2.1 hold, then Theorem 2.3 follows from Theorem 2.1. [

DN | =

N
ol

Here, we derive some consequences for Theorem 2.1.

Corollary 2.2. The result of Theorem 2.3 remains valid even If we assume that the functions a;, b;

and c;,i = 1,2 are increasing instead of decreasing.

Proof. The proof of this corollary is same as that one of Theorem 2.3 under some changes. If we

consider p,_1 in Equation (2.21) as

prn—1 = max{d(9zn—1,9%n), d(gYn—1,9Yn)}
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Therefore, we have

Pn-1 > d(gTn—1,97n)

> d(gyn—1,9Yn)
= a1(pn-1) > a1 (d(gzn—1,92n))
> a1 (d(gyn—1, 9yn))-

Doing the same argument for p in Equations (2.27) and (2.30) and complete the proof as in Theorem

2.3 implies same result. O

Now, a consequence of Theorem 2.3 by taking F(x,y) = fa where f: X — X, is the following

corollary which is the ordered version of Khan et al.’s Theorem 1.2.

Corollary 2.3. Let (X, =) be a partially ordered set and suppose that there exists a metric d on X
such that (X, d) is a complete metric space. Let f : X — X be a nondecreasing given mapping such
that

Y(d(z, fz) + ¥ (d(u, fu)
2 (2.31)

w(d(fx,fu)) < a(d(x,u))z/)(d(x,u)) + b(d(a:,u))
+ c(d(x, u)) min {¢(d(x, fu),w(d(u, fa:) },

for x,y € X with x < u, where v is an altering function and a,b,c are decreasing functions from
[0,00) into [0,1) such that a(t) + b(t) + c(t) < 1 for every t > 0. Assume either f is continuous or
X has the following property, if a nondecreasing sequence x,, — x € X, then x, < x for all n. If

there exists xog € X such that o < f(xg), then f has a unique fixed point.
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