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INTRODUCTION

The Saint-Venant principle (see [4], [14]) is expressed in the planar theory of elasticity as a prior estimate
for a solution of a biharmonic equation satisfying homogeneous boundary conditions of the first boundary
value problem in the part of the domain boundary. Such energetic estimates were obtained first in [7], [5].
These estimates do not take into account character of transformation of the body form at moving off from
those part of the bound where exterior forces are applied. In [10], another proof of the Saint-Venant’s
principle in the planar theory of elasticity was given. The energetic estimate obtained in this connection
considered character of transformation of the body form. As a corollary of this estimate, the uniqueness
theorem for the first boundary value problem of the planar theory of elasticity in unlimited domains and also
Pharagmen-Lindelof type theorems were obtained. Some Pharagmen-Lindelof type theorems were proved
for equations of the theory of elasticity in [16] and for elliptic equations of higher order in [2]-[9]. The Saint-
Venant principle for a cylindrical body was proved in [15]. An analog of the Saint-Venant principle,
uniqueness theorems in unlimited domains, and Pharagmen-Lindelof type theorems were obtained for the
system of equations of the theory of elasticity in [12] in the case of space with boundary conditions of the
first boundary value problem. For the mixed problems similar results were derived in [13].

In the present paper, the analogy of the Saint-Venant principle is established for the generalized
solution of the third order pseudo elliptical type equation. Also uniqueness theorems are obtained for
solutions of the first boundary value problem in classes of functions increasing in infinity depending on the

geometric characteristics of the domain Q =D xQx (0,T), were D<= ={x:x, >0}, Q is bounded

domain. Boundary value problems for the third order pseudo elliptical type equations in bounded domains
were considered in [8].

We shall note else work [6], [1], which by means of principle Saint-Venant’s is studied asymptotic
characteristic of the solutions of the third order equations of the composite type and dynamic systems.

e 1. Notations and formulation of the problem

Consider in the unlimited domain Q the equation
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Lolu+ Lu+Mu = f(x,y,t)
where
lu=u, +a" (U, +ao()u,  Lu=b"(x)u,, +b'(X)uy,
Lou =, —a” (X)u,, +a'(x)u,, +ag(x)u,
Mu = c"’q(x)uypyq

We suppose here and later on that the summation is carried out by repeating indexes, all coefficients
in (1) and their derivatives are bounded and measurable in any finite sub domain of the domain Q . Also we

+cP (Quy +Co(X)u.

suppose that boundary of Q is smooth or piecewise-smooth. We assume that the operators L,, M are
uniformly elliptic, i.e.

a'=al, RléP<alss <alsl, V(xyheQuaQ, veel™™
P =c®, py|&P< aijgigj <w|EF, V(xyt)eQuaQ, vEel™™L (2
Let G=DxQ and v(X) = (vxl,...,vxn,v 1,...,vym,vt) is a vector of the inner normal of Q in
the point (X, y,1).
We break up the bound of Q .Denote
o, ={(x,y,t) €8G x(0,T): &*v, =0},
o, ={(X,y,t) e6Gx(0,T): akvk > 0},
o, ={(X,y,t) e6Gx(0,T): akvk <0},
Consider in Q the boundary value problem
Lolu+ Lu+Mu=f(xy,t),
Ulo=0, a“u, |, =0. 3)
Define the operator d :
du=(b" +a*a) —aga’ +al)u,, + (' +ad —a'a +a'a—a)u, +
+(8g, —apag)u =d"u,, +d'u, +du.
Assume that the condition
d'=d", | &P <nlEF VXY )eQuaQ, vEel ™™ (@)

holds.
Let

Q,=0n{(x,y,t):0<y, <7}, G, =0Gn{y:0<y, <1},
oy, ={(X.y1) €dG, x(0,T): av, =0},
o, ={(x,y,t) €0G, x(0,T): akvk >0},
o5, ={(x,y,t) €8G, x (0,T): a"v, <0}

For some h >0, define
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Gon, =% YD) €0y, p((X,Y,1),00,,)>h}, o). =0,,, Opp..

Let E(Q,) be a set of functions UeCZ(@) such that v=0 in 6G, x(0,T) and akuxk =0 on

h
0y, VO, V0o, forsome h>0.

We denote as H (Q,) the Hilbert space obtained by closing E(Q,) with respect to the norm
1

2
ij 2 2 k ij
| ul H(QT):{I(dljux,uxj +Uy Uy +U7+U )dxdydt— [« vka‘uxluxjds} :

Qz' 62,‘[

where
. 1 . 1 o m 1
d =—=a'a) —=a' +a’a' +d" ——a",
1T TR 2
df =df', B IEP<AIEE <BIEP, V(XY eQuaQ, VEeD ™™,
Now consider bilinear form
a(u,v) = j[aka”uxiuxjxk +aijuxiuxjt +(aka:fj —ociak)uxiuxj +
Q;

] i _ il TP pg P_Pd
d Uy Uy +(d —dxj)UUxi +(axi +a +a )Uint +c™hu, vy +(c —Cy, )uvyp +
p pg i gl
U, + (o + 8, )uy, +(cyp —Cy—Cyry, +d+d +diy )uvdxdydt.
Definition. If u(X,y,t) e H(Q,) forany 7 <o and

a(u,v) = [ fodxdydt (5)
Q
for an arbitrary function v e E(Q,), U|ST:O where S =Q N{(X,y,t):y, =7}, then the function

u(x, y,t) is said to be a generalized solution of the problem (1), (3) in the domain Q .

2. Energy inequalities
Theorem 1. (Analog of the Saint-Venant principle) Let —-1< a:fi +a +3,<0;
O=d, —Edf_x, +ldi_ Ly Len —C,<6,<0, V(Xy,1)eQuUaQ. If u(xydt) s
2 %027 2 e 2
generalized solution of the problem (1), (3) and f(X,y,t)=0 at y, <7,, then for any 7; such that
0<r7, <r,, takes place
[ E(u)dxdydt <®*(z,7,) [ E(u)dxdydt (6)
Q Q,
where E(u) =d"u, u, +c™uy u, +u’-6u’.
Here ®d(z,7,) is asolution of the problem
O'=—pu(r)®, 1,<1<71, (7)
d(z,,7,) =1,
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() is an arbitrary continuous function such that

-1
O<u(r)< ir’]lf j E(v)dxdy'dt j P(v)dxdy'dt| ¢, (8)
T ST
Y = (Y2, Y31-- 1 Ym),
P(v)=—-cMov, + 1(Cl —cld )02 (9)
o Yp 2 yq !

N is the set of continuously differentiable functions in the neighborhood of S_T which are equal to zero in
S, N (8G, x(0,T)).
Proof. Assume in (5) v=u,(¥Y(y,)—-1) where Y(y)=P(r,7,) if 0Ly <7,
Y(y) =0(y,,7,) if 7; <y, <75, and W (y) =1if 7, < y,.
U, €E(Q,), Iuy,—ulq,—0, ueH(Q)

Then
a(u —Up, +Up, U, (Y-1)=0in Q_.
Therefore
a(uy,,u,(Y-1) =4, in Q, (10)
where 6, =—a(u—u.,u.,, (¥ -1).
It is obvious that 6., — 0 at m—>oo. Integrating by parts (10), we have
[ E(uy)(¥Y -Ddxdydt < [ P(u,,)¥'dxdydt + &,
Q, Q,
Hence
[ E(u,)(¥ —-Ddxdydt< [ P(u,)Pdxdydt+ 5, (11)
Q, Q,- Q
The estimation (6) follows from (8) and (11) at M —»co.
Now we will estimate £(Y,) in case when S_ can be included to the (n+ m)-dimensional

parallelepiped which smallest edge is equal to A(7). Suppose that

msax{(%cl - ci‘: jo} =y(7), njsrilxcpl = B(7).

T

Applying the Friedreich and Cauchy-Bunyakovsky inequalities, we have from (9)

[ %(c1 —cij)uzdxdy'dt <

S

[ P(v)dxdy'dt| <

ST

[ cPov, dxdy'dt(+

T T

1
2 2
,B(r){ | uzdxdy’dt} Lj uipdxdy’dt} +y(7) [ v?dxdy'dt <

S

T

[mr)a(r) 7(r)ﬂz(r)j [ E@)dydt
)0 T Yo S
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Therefore we can set
1
u(z) =72, (7B@AE) + 22 (D) (7))
If (C1 — ZCZ1 ) <0in S_, then y(z) =0. Consequently

7o
p()A(z)’

. N . M .
Examples. 1. Letat Y, > 7; >0, the domain Q lies inside the rotation body | y'|< 7(y1 +1), i.e.

u(r) = (12)

A(Y;) £M(y, +1), M >0. We have from (15)

7c(y;)

M(y, +1)°

ﬂ()ﬁ).

u(y;) = c(y,)

Suppose that ¢(X;) = = const > 0.
In this case, from the inequality (6) we have

7C
[ E(u)dxdydt < ®*(z;,7,) [ E(u)dxdydt < n+l [ E(u)dxdydt.
3, Q. +1) g

2. Consider an example of Q for which

2

Ay,) < 7;0[(y1 +1)"‘1T1 ,  k=const>0.

It is clear that if kK >1, the domain Q is narrowing at X, — oo. If K =1, then A(X;) < zC and this case
includes domains lying in the band with the width zzC. If 0 <k <1, then Q can be extended respectively
at X; — oo. For this kind of domains, we can assume
p(y) < (y, +D
Then the estimate (6) is valid for considered domains if
O (zr,,1,) = 2exp[—(r2 +1)* + (7, + D" ]

As a corollary of the Saint-Venant principle, we have the uniqueness theorem for the problem (1), (3)
in unlimited domain Q for classes of functions increasing in infinity depending from A(7).

Theorem 2. Let f(X,y,t)=0 in Q and conditions of theorem 1 hold. If u(x,y,t) is a
generalized solution of the problem (1), (3) in Q and for a sequence 7,, =00 at m—»o0 and some
I. = const >0,

[ E(u)dxdydt < &(z,)O(K, 7p,) (13)
QTm

where &(z,,) >0 at 7, >0, thenu=0in Q,.
Proof. We have from (6) considering (13)

[ E(u)dxdydt <@ (r.,7,,) [ E(u)dxdydt < £(r,,) —0
Qr* Qz’g

at 7,, —> 0. Hence U=0in Q.
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Further for any fixed I, > I, we have

m m n
j u(s)ds j u(s)ds j u(s)ds
d(r,7,,)=€" =gt e” =cd(r,7,,).

Therefore

[ Eu)dxdydt <d(r,,z,)) [ E(u)dxdydt <@(r,,7,))e(z,) DR, 7,,) =
Qy o

ce(r,) >0 at 7, —>oo.

Hence, U=0 in er. Since I; was chosen arbitrary, U=0 in Q.
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