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Abstract: Studies on bilateral shifts have been done with a lot of consideration on norms and adjoints. In this paper, we give a special focus to
spectrum of bilateral shifts. We show that if no X, vanishes, then 7(\W) = {b DJW) < |b|S(VV)} If finitely many X, vanish, then

(W) = {0} U (W), where W 'the right shift with is weights X,.,;, X .. , where X, is the last zero weight. If finitely many X,
vanish then Z(W) = {b : [o] < s(W) .
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INTRODUCTION

Studies on the properties of bilateral shifts have been done by many mathematicians. Most of the work done
by these mathematicians is on the properties such as norms, adjoints. The spectrum of bilateral shifts has
been an interesting area research for both finite dimensional and infinite dimensional Hilbert spaces.

Basic concepts
Definition 2.1: A complete inner product space is called a Hilbert space.

Definition 2.2: A left shift operator acts on a one sided infinite sequence of numbers by

o0

S":(a,,8,,8,,..) > (a,,8,,8,,..) and on a two sided sequence by T :(a, )i —(a.,)

Definition 2.3: A right shift operator acts on a one sided sequence of numbers by
S:(a,,a,,8,,..) > (0,a,,a,,..) and on a two sided sequence by T *: (a, )*. —(a, )", .
Definition 2.4: A bilateral shift operator is a shift operator which is both left sided and right sided.
Definition 2.5: The spectrum of an operator T denoted as o (T) is defined as

o(T) ={A e C:T - AlisnotinvertibleinB(X )}
MAIN RESULTS

Lemma 3.1: Let B be a bilateral weighted shift with weight sequence { 5 ,, },.., and let

K=lim B, then

m—oo
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B =K.
o,(B)=¢, 0, (B )={1eC:|1 | <K}
o.(B)={1€C:|A |<K}, 0. (B)={2eC:[A=K },

o(B)=c(B)={1eC :|/1| <K}
o.(B)=¢, 0,(B")={1eC: |4 =K},
r(B={1eC:|l <K} TI(B)={1eC:1=K}
Proof:
. Weprovethat|B|=K .So o @) cg?<C A=Ky

ii. For all 2 €C, we need to prove that N( A I-B)={0}. We suppose that there exists xe H such that (4
I-B)x=0. Then B x=)"(Bx,e,)e,=>_ Bna(X.en)e, = D A(x.e,)e, . Hence A(x,e,;)=0and
m=1 m=2 m=1

B..(xe,,)=A4(xe,) forallm=>2. Since g, #0 forall m>1, so x=0. This is to say that N( A I-B)={0}.
Therefore, o, (B)=¢, we prove that o, (B)” ={4 e C:|4| < K}. Suppose that 0<|4,| < K. We set

o A
a,=land «,,, =—— forallm>1.

m

) ] o ] A
Since lim Zmel ) — Jim 0

m—+oo

ﬂ 00
= % , hence x, = Zamem e H(x, = 0). It follows that

m=1

m m

(41 —B")x, =0and 4, ec,(B"). We see that Oe o, (B").S0 {1 € C || <K} = (B"). On the other
hand for || = K, we show that N (A1 —B") ={0}. Suppose x € H and B"x = Ax. Then we have

i(B*x,em)em = %:(B*x,em)em = i/l(x,em)em and
m=1 m=1 m=1

. 2

D I% Bt <A N = K7

m=1

- 2 . 2
For;|(x,ﬂmem+1)| < K2;|(x,em+1)| = K2(||x||2 —|(x,el)|2,
so (x,e) =0. From the fact that (X, £.e,.,) = A(x,e,,) and S, #0 ¥Ym=>1, we have (x,e,,)=0 Vm=>1.
Hence x=0 and o ,(B") c{1eC: 1 <K}.
iii. Forevery AeC,we have R(Al —B) =(N(Al —B")) L. Hence R(Al —B)=H ifand only if
Ae o, (B™) . From (ii) above, it follows that o, (B) = ap(B*) ={1eC: 1< K}. Since
o,(B) co(B) ={A€C:|4 <K} and o(B) is a closed set, so o(B) =o(B") ={A e C:|4 <K}. For
o,(B)=4¢, hence o (B)={1C || =K}
iv.  Forevery AeC,wehave R(I —B" =(N(Al —B)) L=H. It is evident that &, (B") = (B )=¢.

From (ii) and (iii), it follows that o, (B") ={2eC:| =K and [ [(B") ={A1eC:|4 <K}
© JGRMA 2017, All Rights Reserved 2
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V. Since o, (B) = [(B)-0,(B) and &,(B) =¢, so (B)=0,(S) ={A € C:|4| < K}. In order to
characterise 7(B), the following concept and notations are needed. Forany T € B(H),
I(T)=inf{|[Tx| :|X| =1} is defined as bound of T. Therefore for every x e H , we have [Tx|>I(T)|x| . We

1 1
have lim __ [I(T")]" exists. Let r,(T) =lim,__[I(T")]". Particularly for our operator B, we have that,

L(Bm) = infk>l|ﬁkﬂk+l"'ﬂk+m+l| = |ﬂ1ﬂ2ﬁm| for a” m 2= 1
Bl +1Bal + -+ 1By
+°° m

1
nB)=1lm, . |BfB..Bulm =lim =lim,,..|B.| = K It follows that if 1 e 7(B),

then || > r,(B) = K since 6o(B) = 7(B), where 5o(B) is the boundary of &(B), therefore
z(B)={1eC:|1=K}.

Theorem 3.2: Let A be a bilateral weighted shift with weight sequence {“m }:Ho and we let

K=1lim_ || and K =M. |0l Then

L A=K

. o,(A)=¢

ii. o, (A)={1eC:k<|l<K]

iv. o, (A={1eC:k=<|l<K}o (A)={1eC:|]=korK}o(A) =c(A)={1eC:k<|]<K]

V. o, (A)=¢0,(A)={1eC:korK}[(A) =4 TI(A)={1eC:k<[A <K}

vii. T(A)={1eC:k<|]<K}I(T)={1eC:|A =korK}

Proof:

i. To prove that | A= K , we show that o(T) = {1ec: 4] < K}

ii.  Forevery1eC,we have to prove that N (Al — A)x = {0}. Now suppose that there exists some
X € H such that (Al — A)x =0. Then

Ax= D (Axe,)e, = > an(xe, )e, = > A(xe,)e, . Hence A(x.e,)=a, (xe,,) forall

m=—w

m=0,£1+2,... when A4 =0 since «, =0 for all m,s0 x=0

Suppose A0 and || < K. From A(x,e,) = a,_ (X.€,), we have the following formulas

(x,em)z%(x,eo) forallm=1.........ocoeveeve] (1)
And (x,e ) =L(x,e0) forall m>1................ (2)
O
In (1), we let b, = % .Then lim |Tg“i| =lim .. ||0;“|| :ﬁ. Hence when |4 < K, ﬂbm|} is an

increasing sequence. So lim, .. [o,|>0. Since lim___[(x,e,)=lim  _[b.|*|(x.&)=0,s0 (x,&)=0.
Now from (1) and (2), we have (x,em ) =0 forall m=0,£1,%2,.... This means x =0. Suppose |/1| =K, From
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|a71a . a7n| KM
FaaPaliy o Y<
PR

x =0 from (1) and (2). We have shown that for all 1 € C,N(Al — A) = {0}. Hence o, (A) = ¢.

(2) we have |(x,e, ) = (x,e_, ) =|(x,e_, ] =0.50 (x,e,)=0. We can see that

iii. Suppose 4 €C and X € H such that A"x = Ax . Similarly we have A(x,e,) = a(X, e,.,) forall
m=0,£1,%2,... And we have shown that if [ 1| <k or|4] =k then x =0. In this case, 1 ¢ o, (A"). Suppose

P4

m

k < |/1| < K, we choose Py =0, =1 and we let p,,, = forall m=012,.. *and A =

aQ,,,
p) for all

-1 +00
N=-1-2,... \We can show that Xo = quem + Z_; Pn€m € H(X, #0)

iv.  ForeveryAeC,wehave RUI —A') = (N(Al — A*))* . Hence

o (A =0c,(A)= {/1 eC:k<|i< K} directly from (ii) and (iii). Suppose k=0. Since the spectrum of an

operator is a compact set, then o:(A) = c(A") ={1eC: 4] < K}and o,(A)={1eC: 4] = OorK }. We let

k>0 and |/1| < 0. We turn to prove that A € p(A), where p(A) is the regular set of A. Infact forall xe H,

we have [ (21 — A)x| = || — ||| —(Z|a ’l(x,e, ) j —|]|x| = (k =|2[|¥|} So Al —A is bounded below

by k —|4. Moreover, R(AI — A) = (N(Al — A"))" = H follows from (iii). Hence 4 e p(A) . Because of the
compactness of the spectrum, we know that o(A) = o(A") = {l eC:k<)a< K} and

o.(A) ={1eC:|1 =korK}

V. ForeveryleC,since R(A —A") = (Nl —A)* =H or o, (A") =T(A") = ¢. From (iii) and (iv),
we have o, (A") = {1 eC:[2|=korK} and 7(A") = {2 eC:k <[2| <K},

vi.  Sinceo, (A)=T(A)-oc,(A), hence T'(A) = {/1 eC:k<|al< K} follows from (ii) and (iv). Because

the weight sequence of A has no zeros, so A is injective. From (ii) it is true that 7(A) = {/1 eC:|4= korK}.

Theorem 3.3: If no x,, vanishes, then z(W) = {o: j(W) s|b|s(\N)}. If finitely many x,, vanish, then
7(W) ={0}uz(W"), where W " is the right shift with weights x
If finitely many x_ vanish then z(W) = {b || < s(\N)}.

where X, is the last zero weight.

m+1? m+21 ’

Proof: If j(W)=s(W), then z(W) is contained in and equal to {b:|b| =s(VV)}. Suppose no X,, vanishes
and j(W) <b<s(W). Since z(W) is closed and has a circular symmetry, then b € z(W) . We choose

numbers p,q such that j(W) < p <b < q<s(R) and suppose & > 0. We choose m such that (%J <& andn

1 a
such that |X,,;...X,,n|m >b. We choose a such that (E) € ¢ and ¢ such that r >m+n and

1
|Sp11--Spial2 < P. We define z = z; by

r+1-"
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Zn+1=1
X Xey -
zS:”;sfHHlfk+zgs£r+a+1

z, =0 If s<n+lors>r+a+l

bs—n—l bs—n

s=n+1

r+m+1 X ... X X X
Then Wz —bz = Z [ n+l s Psi1 n+lrNs—1 psj

And hence
"\NX _bX||2 - |Xr+a+1|2|zr+a+1|2 +b?

< W+l

Also

I N e i 5 A

Zr+a+ — Xr+ "'Xr+a p
/ l 4"‘(@“

1+Zr+a+2
W, b < w|p —LHZea

SO ” ” | n+m+1|2 +|Zr+1|2

Zr+a+1

2‘2

< W max

| n+m+1| r+l

a

bex(W)
And so

Now suppose infinitely many Xm vanish and suppose 0<b<S(R) The last assertion of the theorem will

follow if we show that necessarily P €7MW)  we choose g such that P <d<SW) Given € >0 we choose
1

m such that ©/@)" <& and n such that a--Xnm )™ > A \we let s be the first index greater than n+m such
that % =0 We define 2 = (z:) by

Zn+l:1
7 _an r1|'|:n+Z<r<S
r— brn—l
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z, =0 gr<ng r>s
X g X m
nen We b2 =8, Wbz = g ]2 .0, =0l (9075 17

—bz
So |NVZ %”<bg and bEﬂ'(R)

If finitely many *» vanish, then W is the orthogonal sum of W' anda nilpotent operator, and

(W) =zW")U {0} applying the earlier argument of non-zero weights to W

assertion.

, we have the second

CONCLUSION

Our main focus has been on the study of the spectrum of bilateral shift operator on a finite dimensional
Hilbert space. This result also holds for an infinite dimensional Hilbert space.
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