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Abstract: The dynamical relationship between predator and prey can be represented by the prey functional response which refers to the change
in the density of prey attached per unit time per predator as the prey density changes. In this paper, three-species food chain model with
Beddington—DeAngelis type functional response is considered and found solution both analytically and numerically. We investigate the Hopf

bifurcation and Chaos of the system at mortality rate ( 4 ) of predator with the help of computer simulations. Butler-Mc Gehee lemma is used
to identify the condition which influences the persistence of the system. We also study the effect of Harvesting on prey species. Harvesting
has a strong impact on the dynamic evolution of a population. To a certain extent, it can control the long-term stationary density of population
efficiently. However, it can also lead to the incorporation of a positive extinction probability and therefore to potential extinction in finite time.
Our result suggests that the mortality rate of predator species have the ability to control the chaotic dynamics.
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INTRODUCTION

The traditional mathematical model of predator-prey interactions consists of the following system of two differential equations:

j=P@%Fqu x(0)=x, 20,
d
;§=eFuJo—Dom 7(0) =y, 20.

(M)

X
where  and Y represent the prey and predator population sizes respectively, and functions P(x), D(y) describe the intrinsic

growth rate of the prey and the mortality rate of the predator, respectively. The function D) is assumed to be linear
— P(x) P(x) =ax X
(D(y) dy) ( ) ) EP(x)=axB—k%
U

, while the function has a linear or logistic expression. The

function F(x, ) is called “functional response” or “feeding rate” and represents the prey consumption per unit time. The model
assumes a linear correspondence between the prey consumption and the predator production through the positive constant e.
Among the most popular functional responses used in the modeling of predator-prey systems are the Michaelis-Menten type

X X
Fay)= 22 Fop =22
X 7TC and the ratio-dependent type xroy However, in some situations they predict unrealistic

population dynamics of the predator or the prey. The Michaelis-Menten type does not account for the mutual competitions among
predators [22], while the ratio-dependent type allows unrealistic positive growth rate of the predator at low densities [5, 16, and

F(x,y)= &
23]. The Beddington-DeAngelis functional response b+wx+y was introduced independently by Beddington [9]
and DeAngelis [2] as a solution of the observed problems in the classical predator-prey theory. It has an extra term in the
denominator which models mutual interference between predators and avoids the “low densities problem” of the ratio-dependent
type functional response. The Beddington-DeAngelis predator-prey model with a linear intrinsic growth of the prey population,
analyzed completely in [3], has the following non dimensional form:
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E_ x(0) = x, 20,
dt l+x+y

dy exy

-~ = 7—07’ 0)= 20,
g ey Y ¥(0) =y,

(i)

L . .. a,e
where ¥ and 7 represent the prey and predator population sizes respectively and the positive constants ~~~ and d represent
the generalized feeding rate, generalized conversion efficiency and generalized mortality rate of the predator respectively.

There are numerous studies on the effects of harvesting on population growth. In the context of predator-prey interaction, some
studies that treat the populations being harvested as a homogeneous resource include those of Agarwal and Pathak[12,13],
Chakraborty et al.[10], .Chaudhuri and Ray [11]. Recently, it is of interest to investigate the possible existence of chaos in
biological population. The subjects of chaos and chaos control are growing rapidly in many different fields such biological
systems, structural engineering, ecological models, aerospace science, and economics [1, 23]. Food chain modeling provides
challenges in the fields of both theoretical ecology and applied mathematics. Determining the equilibrium states and bifurcations
of equilibria in a nonlinear system is also an important problem in mathematical models. Gakkhar and Naji [23] investigated a
three species ratio dependent food chain (Holling- Tanner Type) model, they also found that there is ‘tea-cup’ attractor in the
system. F. Wang and G. Pang [5] studied a model of a hybrid ratio dependent three species food chain model and they also found
chaotic attractor in the system. R.K. Upadhyay [17] studied why chaotic dynamics is rarely observed in natural populations.
Many paper [22] studied a predator-prey model with the Michaelis—Menten functional response. Naji and Balasim [18] studied
dynamical behavior of a three species food chain model with Beddington-DeAngelis function response and investigated
bifurcation and chaotic behavior at conversion rate of prey from predator. Keeping this in mind here we considered Beddington-
DeAngelis response in our model and investigate the Hopf bifurcation and Chaos of the predator-prey system at mortality rate of
predator numerically. To the best of our knowledge, there are few literatures which have considered the mortality rate of predator,
but it has the ability to regulate the population dynamics significantly.

This paper is organized as follows. We start in Section 2 by defining the three species population which consists of prey, predator
and top predator. The nonlinear system of differential equations governed this system is introduced. In Section 3, we discuss the
equilibrium states and their stability analysis of the three species predator-prey system in Section 4. In Section 5, we derive the
sufficient condition for persistence and we investigate the Hopf bifurcation and Chaos of the predator-prey system numerically in
Section 6. The main conclusions of the paper are summarized in section 7.

THE FOOD CHAIN MATHEMATICAL MODEL

In this section, we describe the three-species food chain model with Beddington-DeAngelis type functional response with prey,
predator and top predator. Such system can be described by the following set of nonlinear differential equations:

dx WX
— =a,x—bx’ —7y—qu; x(0) >0,
dt x+Dy+a,
d WX w, yz
Doy M TE ¥(0)>0, 2.1)
dt x+Dy+a, y+Dz+b,
dz W,z
dt y+Diz+b,
X,y z
where and are prey, predator and top predator population respectively. a,d,,b, , W, Wi, Wy, W3, ¢, D, Dy, a4,9, E

and bo are positive constants. 4 is the per capita rate of self reproduction for the prey. The parameter 2 measures how fast the
predator 7 will die when there is no prey to capture, kill and eat. b1 measures the intensity of competition among individuals
of species * for space, food etc. %o measures protection provided to prey by its environment, by measures protection provided
to predator by its environment, represents intensity of interference between individuals of the specialist predator and D,

represents intensity of interference between individuals of the top predator, Wi measures the efficiency of biomass conversion

w
from prey to predator, is the per capita rate of predation of the predator, W2 is the per capita rate of predation of the top
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C
predator, 3 measures the efficiency of biomass conversion from predator to top predator and is the death rate of the top

qEx

q
predator. Moreover, the catch rate function is based on the catch-per-unit-effort (CPUE) hypothesis. Here, ~ is the

catchability coefficient of the predator species and E s the harvesting effort.

To analyze the model (2.1), we need the bounds of dependent variables involved. For this we find the region of attraction in the
following lemma.

Lemma 2.1: The set
| 2(a, —qE) U
Q= [(an/aZ)30SX+y+stD
O ba 0
Where & 7 min{a, - gE,a,,c}

is the region of attraction for all solutions initiating in the interior of the positive octant.

(xooyO»Zo)_

X z . . e e ..
Proof: Let (x,,2) be any solution with positive initial conditions

From first equation of model (2.1), we get
dx
% < (a1 —qE)x -b,x’

t

By usual comparison principle, we have

lim sup x(t)s Ll
{00

1

forallt =0

-qgF
X, = Lo
bl

efine a function

W(t)dZ x() + y(0) +z(1)

W(1)

Computing the time derivative of along solutions of system (2.1), we get

aw._dx  dv | d=

dt dt dr dt’

S(al—qE)v—azy—cz,

Sz(al_qE)z_aW
bl

2

where a= min{al —qE, az’c}.

Applying a theorem in differential inequalities, we Qbtain
22a —qF wWix z 3
OSW(x,y,z)S I P 020>

ba exp((xt)
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t - o, —
o< < 2@ ~aE)
and for bo . Therefore all solutions of system (2.1) enter into the region
(] 20a, —gE) U
Q= [(x,y,z):OSx+y+ZsMg
U ba 0

This completes the proof of lemma.
EXISTENCE OF EQUILIBRIA

Equating the derivatives on the left hand sides to zero and solving the resulting algebraic equations we find four possible

- Eix.0.2 £,10,0,0
£ 0o 00 po) PO "600)
1 and

. The trivial equilibrium point always exists.
—-qE
g1 poE

b,

equilibria

The equilibrium point
as follows

exists on the boundary of the first octant. We show the existence of other equilibria

E,(%,7.,0)

Existence of

Here X7 are the positive solutions of the following algebraic equations
a ~bx -2 =0, (3.1)
(x +Dy + ao)
—a. + wx —
Ly S
(x +Dy+a0) (3.2)
From equation (3.2), we get
y= (Wl _az)’?_aoaz
Da,
Putting the value of Yin equation (3.1), we get
—2 = -
Db, w,x +{w(w1 —az)—D(at1 —qE)Wl}x —aOaZW—O. 33)
Equation (3.3) has unique positive solution ¥ = x , if the following inequalities hold
W(Wl_az)>D(a1_qE)W1,W1 >a2’a1 >qE_ (3.4)

And for Y to be positive, we must have

5> %%

w —a,

e Eix,p,0) . »
Hence the equilibrium 3 ( 2L ) exists under the above conditions.

Existence of E4 (fc’ JA/ Z )
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X, 7 z . . : . .
Here *> and “ are the positive solutions of the system of algebraic equations given below

a, —bx—-—"—— WB} -gE =0,
(X+Dy+ao) (3.5)
W, X w,Z

“C T GeDyva,) (G+Di+h)

W3)A’ _
—ct+, 2 =0.
“CG+Dz+n,)

Straightforward computations show that

0,
(3.6)

(3.7)

bi* +ayb k- (fc + aOXal —qE)
(a, —qE)D - w—b,Ds

_bio + (W3 _C)@lfcz +a,b X - ()? +a0Xa1 —qE))
D, cD, ((a1 —qE)D —w—le)?) '

y

b

z

Putting the value of Y and Z in equation (3.6), we get

Bx*+B,%x’ +B,x* +B, i+ B, =0, 38

where

B, = D1Db12W3W1 B, = Dbw,(ww, —a,w=w, (al _CIE)D) = Dbw,(wyDya,b, + D, (a1 —qE)W3) +ww, (wy —o)b,

B, =-waya,D,bw; = (WW —HWTW (al B qE)D)(W3D1aob1 +D, (al - qE)"Vs )_
b Dwwya, (al - qE)DI +wwab, (wy -c)+ sz{bole ctwiayb —cab - (W3 - ch] - qE)}’

B, = wwzao{bolec +wba, —ca,b, - (w3 - ch1 - qE)}+ w,w’b,c
= b, (al —qE)Dcwzw—w3w2wa0 (a1 —qE)+ca0 (al _qE)sz

By = w’wya,byc = ww,a,b, (al - ‘]E)DC —ww,wyd; (al - qE)+ ca, (al _qE)sz
L F® = Bx* +B,x’ + B,x* + B,x + B
F(O): ww,a,c(why + (al - qE)ao) T wwya, (al B qEXbocD +wya,) <0
—qE -qE % —qE % -qE % -qE
Fﬁll q %Blgl] q §+Bz 1 q %'*'33 1 q §+B4 1 q E“BS >O.
H b H b, b b b,

E4 is F (x)>0 and F (x)

Now, the sufficient condition for the uniqueness of
—qF —qE —qF —qE

P S s 0P 0 g

E b, H b, b, b, .

Hence the equilibrium E, (x’ Vs Z) exists under the above conditions.

is defined at equilibrium point E, as

4. Stability Analysis
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Now, in order to investigate the local behavior of model system (2.1) around each of the equilibrium points, the

. .V . :
variational matrix = of the point (x’ Vs Z) is computed as,

az —gE=2bx- wi{Dy+a,) ~ (wx2 +a0wx) 0 E
iy 1 (x+Dy+a0)2 (x+Dy+a0)2 L
B le(Dy+a0) —a + Wlxec"'ao) _ sz(DlZ"'bo) _ Wz)’(y"'bo) E
0 (x"'Dy'"ao)2 i (x+Dy+a0)z (y+Dlz+b0)2 (y+Dlz+b0)z L
O 0 wyz\Djz +b, et Wsy(y+bo C
- (-+Dz+h ) (+Dz+h )
Let Vi i=1234 denote the variational matrix at E; 1=1234 respectively.

Hence

Bﬂl—qE 0 g E

h=10 0 —a

H o 0 —cE

The characteristic equation of 4 is

(@, —gE - a, +7\Xc+)\)=O.

The eigenvalues are A =a,=gE\, =-a, and Ay = —c’ ) £, is always a saddle point.

The variational matrix for ~2 is,

b -gr) -, @l s
B (a0b1(+ a, = q)i) E
a, —qk
v, = 0 —a, + 1 ! 0
’ E 0 ’ (aob(l)+al_qE) _CE
v, A= _(a1 _qE)>)‘2 == A = —q. + (a1 _qE)Wl
3 2
The three eigenvalues of matrix ~ are and a, = qE+ab, .

From the above variational matrix £ it is found that the equilibrium point E, is locally asymptotically stable provided
a, —qk a, —qE
(1 Q)Wl <a (1 Q)Wl >a,

2
@, ~gE +a,b, and saddle if %1 qE +ah

The variational matrix about another equilibrium point =3 is

EFH a, 0 E

Vi= [y ay, anC
HO 0 033E

where
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(leyz +a0w1)7) g = (waf2 +a0w7c) _ DwJ/2 +a,w,y

= _E_2b*_ 9 - ’ - ’
PR rnra ) T G yra ) Groyva)

-2
wx” ta,wx _

—a, * sy =7 7W2)7 33 =
(c+Dy+a,) (v +2,)

Wy
—-ct+,———.
O +b,)

£ _C+7Wi (an ta, )i \/(an _azz)z +4a,a,, £,
The three eigenvalues of matrix are ()/ * bO) and 2 is locally unstable
- e+ Wiy a, tay <0 E, rTyoz
in direction because ()7 + bo ) is always positive and if , is saddle point in plane.

However, for the positive point E, (x’ Vs Z) the variational matrix is
Ebll b, 0 E

Vi= [y by byl
HO by, b33E

b =a _qE_2b)3_(Dw1J72+aow1fi)b =—MZ) =Dw1j;2+a0w1j/
b Y G+Dp+a,y " G+Dpra, Y " (+Dpa, )

b =—a Wlfc(fc+ao) _ sz(D12+b0) b =— Wz)}(f"'bo) b = Waf(le"'bo)
2

CGeoreay Genien) T Genzen) T (oD )
b = —c+ Waﬁ(ﬁ"'bo)
33

=—c .
y+ D, z+
where ()/ D,z bO)z
By the Routh-Hurwitz’s condition, Ey is locally asymptotically stable provided the following conditions are
> > > : =
satisfied: 4, >0,4; >0, and 44, A3’Where 4,1 =123 are the coefficients of the characteristic equation of

V, =[b,1si, j =1,2.3.

N+AN+A4N+4,=0

>

with
Al = _bll _bzz _b33 , Az = bllbzz + bnbss + b22b33 - blzbzl - b23b32> A3 = b12b21b33 _b11b22b33 + b11b23b32-

%%Sgll%qupcel;sistence means the survival of all populations in future time. Mathematically, persistence of a system means that

strictly positive solutions do not have omega limit points on the boundary of a non-negative cone. A population x(1) is said to

: . . . 0 >0, x(0)>0 lim inf x(¢) > 3.
be uniformly persistent if there exists an independent of such that (-~ We say that a system

persists uniformly whenever each component persists uniformly. Stability theory of ordinary differential equations is used to
analyze the model.

THgren e £,

—-gE +
a, =qE +ab, holds, then the system (2.1) persists (does not persist) if exist (does not exist).
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Proof: To prove this theorem, we have to show that there are no omega limit points on the axes of orbits initiating in the interior

u u (0V)
of positive octant. Suppose  is a point in the positive octant and 0 (u) is the orbit through  and  is the omega limit set of the

o)

u
orbit through . Note that is bounded.

We claim that E, does not belong tow (u) If £ Dw (u)’ then by Butler McGehee lemma (Butler et al., 1986) there exists a

1% K s s
point in w (u) nM (El ) where M (El) denote the stable manifold of El. Since 6 (v) lies in w (u) and M (El) in the
-z
Y plane, we conclude that 6 (V)is unbounded, which is a contradiction.

E, D(’o(“) E, Dw(u) (al _qE)Wl
a, —qE +a,b,

E
>a2 2

Now, we show that if , the condition implies that is a saddle point and

MS(EZ) X—Zz

is the plane, again we conclude that an unbounded orbit lies in ( ), a contradiction.

E, Dw(u)_ eEs Doo(u)

, for otherwise, since 3 is a saddle point which follows from the condition

Vo w)n M (E) M (E,) x=y

w
—c+ Y50
y+
(y bO) , by Butler McGehee lemma there exists a point  in . Now is the

Next,

plane (if ay +ay < 0) implies that an unbounded orbit e(v) lies in® (u)’ which is a contrary to the boundedness of the
system.

Thus, w (u) lies in the positive octant and system (2.1) are persistent. Finally, since only the closed orbits and the equilibria form
3

the omega limit set of the solutions on the boundary of Ry and system (2.1) is dissipative, by main theorem in Butler et al. (1986)

this implies that system (2.1) is uniformly persistent.

NUMERICAL SIMULATION FOR CHAOS AND BIFURCATION

Numerical integration is used to investigate the global dynamical behavior of the system (2.1). The objective is to show Hopf
bifurcation and to explore the possibility of chaotic behavior in system (2.1). If we write the autonomous system (2.1) in the form:

V=F(v,})
v=(x,»,2),k =(ay,a,,a,,b,,b,,w,w,,w,,w;,c,D,D,,q,E)

where

We say that an ordered pair Vo, Ho)

(i)F(VO’I“IO) =0

is a Hopf bifurcation point if,

(if) J (v, W) (VosMo)s Ay = a(v,p) £ Ib(v, )

has two complex conjugate eigenvalues 2 around

(1) a(vy, Ky) = 0,6(vy, Hy) # 0

(iv) The third eigenvalue As(vo, 1) 70

Extensive numerical simulations are carried out for various values of  parameters and
for different sets of initial conditions. We take the parameters of the system (2.1) as

a, =1,b, =1,w=1.667, D =0.334,a, = 0.334, w, =1.667,w, =0.05,q =0.5,E =0.5,D, = 0.5,
b, =0.6,c=0.01 and w, =0.05.

We consider the system
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dx _ ) 1.667xy

e . A —(0.4)0.

di 7 (++0334y+0334) ©0.4Y0.5)x

dy _ _ 1.667xy _ 0.05yz ( 6 1)
di 7T (k+0.334y+0334) (+0.52+0.6) '
dz __ 0.05yz

i T 05+ 0.6)

The system (6.1) always has nonnegative equilibria £, (0’0’0) and E, (0'75’0’0). The system (6.1) has positive equilibria
E,(%.5.0) and E (.5 ’Z)ifand onty it %2 U (0’0'9).

Now take 92 =0.2443 1, =(0.334,1,0.2443,0.6,1,1.667,1.667,0.05,0.05,0.01,0.334,0.5,0.5,0.5)

v, =(0.07400681,0.191381,0.331051)

The coordinates of 2 and the corresponding eigenvalues are

A, =0.0000027 £0.357738i and A, =—0.00169963.

In this way ordered pair (vl SHY) is satisfied above all conditions (i-iv). So ordered pair (vl SHY) is Hopf point.

\

Top,Predator(z) —>

0.24

\ 0.18
0.328 0.16 Prey(x)

0351 Top Predator(z) ]

Predator(y)

Population >
§
L

Prey(x)

L L L L L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800 200C
Time(t) >

Figure (1)
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oo ¥(0) = 0.07,3(0) = 0.16,2(0) = 0.33, 4, =1,b, =1,w=1.667,D =0.334,a, =0.334
a, =0.2443,w,1.667,w, =0.05,D, =0.5,b, =0.6,c =0.01,w, =0.05,¢4 =0.5,E£ =0.5

a4, =0.2<0.2443 M, =(0.334,1,0.2,0.6,1,1.667,1.667,0.05,0.05,0.01,0.334,0.5,0.5,0.5)

Fo
The coordinates of E4 and the corresponding eigenvalues are Vi = (0.0592976,0.189132,0.313058) ,
A, =0.00186926 + 0.333809i,A, = -0.00162342 . . A, .

’ . All eigenvalues have not negative real parts, only has negative

=02

real part, so E, is always saddle point at 4,

TogPredator(z) —>

0.04
Prey(x) 0.06

0.29
Predator(y)

Figure 2(a)

0.338

0.325 0.33

0.315 0.32
0.1 0.295 0.3 0.305 0.31
: Predator(y) ———>

Figure 2(b)
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I o
o o o =

Top Predator(z) —>
o 1
w
[}

0.3
Predator(y) g o5

0.15

Figure 2 (c)

Top Predator(z)

Predator(y)

01} Prey(x) v
}

0 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 200C

Time(t) ——>

Population ——>

Figure 2 (d)

Figure (2)
Herex(o) =0.07, y(0) = 0.16,2(0) = 0.33, a, =1,b, =1,w=1.667,D =0.334,a, = 0.334
a, =0.2,w,1.667,w, =0.05,D, =0.5,b, =0.6,c =0.0L,w, =0.05,¢ =0.5,E =0.5

3D view of the chaotic attractor {Fig 2(1), 2(b), 2(c)}.Sensitive dependence on initial conditions {Fig 2(d)}

=0.4>0.2443 |, =(0.334,1,0.4,0.6,1,1.667.,1.667,0.05,0.05,0.01,0.334,0.5,0.5,0.5) 1, .
v, =(0.134339,0.197307,0.378454)

But if we take %
coordinates of E, and the corresponding eigenvalues are

A, =-0.0137069 0.410251i,A, =—0.0019016
=04

. All eigenvalues have negative real parts, so equilibrium point

locally asymptotically stable at 4,
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Top Predator(z) —>
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Figure 3(a)
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Figure 3(b)
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Figure 3(c)
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Figure (3)
Herex(o) =1,»(0)=0.5,2(0)=0.3, g, =1,b, =1,w=1.667,D =0.334,a, =0.334
a, = 0.4,w,1.667,w, =0.05,D, =0.5,b, =0.6,c = 0.0, w, =0.05,¢ =0.5,E = 0.5

X, ¥,z
Phase portrait of the system (6.1) showing that E, is locally asymptotically stable {Fig 3(a), 3(b), 3(c)}. approach to
their equilibrium values in finite time {Fig 3(d)}.
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Figure 4(a)

Herex(o) =1L y(0)=0.5,2(0)=0.3, g, =1,b, =1,w =1.667,D = 0.334,a, = 0.334

a, =0.2,w,1.667,w, =0.05,D, =0.5,b, =0.6,c =0.01,w, =0.05,¢ =0.8,E =0.5
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Figure (4)

Here (@ = 1.y(0) =0.5,2(0) =03, 4, = 1,5, =1,w=1.667,D = 0.334,4, = 0.334
a, =0.2,w,1.667,w, =0.05,D, =0.5,b, =0.6,c = 0.01,w; =0.05,¢ =1.3,E = 0.5

a, =0.2443

It has been showed numerically that the only Hopf point is found when in four digits. E, is unstable when

a, <0.2443 and stable when 42 >0.2443 .The numerical study presented here shows that, using the parameter a2 a5 control,
it is possible to break the stable behavior of the system (6.1) and drive it to an unstable state. From comparing the figure 2(d) and

=0.2

. q . q
4(a), we get system become stable at 4, when we increase the value of = but we can’t increase the value of =~ greater than

1.2 pecause at 1-3the population of top predator become extinct, see figure 4(b). So it is possible to keep the population levels
at a required state using the above control. A typical chaos just as we observed. The unique character of chaotic dynamics may
be seen most clearly by sensitivity to initial conditions. That is, a small change in initial conditions may lead to different dynamic
behaviors.

CONCLUSION

We have considered the dynamic behavior of a three-species food chain with Beddington —DeAngelis type functional response.
We have obtained conditions for the existence of different equilibria and discussed their stabilities in local manner by using
stability theory of differential equations. The system persists under condition derived by Butler McGehee lemma. We have also
observed in the numerical simulation that the dynamics of a population may dramatically be affected by small changes in the

value of the parametera2 , at the same time. All our important mathematical findings are numerically verified in section 7.5 and
graphical representation of a variety of solutions of the system (2.1) are depicted using MATLAB. Our numerical study shows

that, using the parameter 25 as control, it is possible to break the stable behavior of the system and drive it to an unstable state.
Also it is possible to keep the levels of the populations at a stable state using the above control. It is well known that natural
populations of plants and animals neither increase indefinitely to blanket the world nor become extinct (except in some rare cases

and due to some rare reasons). Hence, in practice, we often want to reduce the predator (y)to an acceptable level in finite time.
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