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"
Abstract: The aim of the present paper is to introduce a new subclass Z (A, B) of meromorphic starlike functions with
w,a
alternating coefficients in E= { z: 0<l| z | < 1} and investigate coefficients estimates, distortion properties and radius of convexity
*
for the class. Furthermore it is shown that the class Zw . (A, B) is closed under convex linear combinations, convolutions and

integral transforms.
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1. INTRODUCTION: Let A be the class of functions f normalized by

fl2)=2+> a,z" (1.1)

which are analytic in the open unit disk

E={zel:|7<1}.
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As usual, we denote by S the subclass of A, consisting of functions which are also univalent in E .We recall here the
definitions of the well-known classes of starlike function and convex function :

ST={feA:Re(Z;’(Z)j>O,zeE} (1.2)

(2)

and

CV:{feA:Re(l+%j>0,zeE} (1.3)

()

Let Whbe a fixed pointin E and A(w)= {f eHEE): fw)=f'(w)—1= 0} In[5], Kanas and Ronning introduced

the following classes

S,={ f€A(Ww): f isunivalentin E}.

ST, :{feA(w):Re(M]>O,zeE} (1.4)
f(2)

And

CVW={f eA(w):l+Re(MJ>O,ZEE} (1.5)
f(2)

Later, Acu and Owa [ 1 ] studied the class extensively.

The class ST, is defined by geometric property that the image of any circular arc centered at W is starlike with respect to

f(w), and the corresponding class C V., is defined by the property that the image of any circular arc centered at W is convex.

We observed that the definitions are somewhat similar to the ones introduced by Goodman in [ 3 Jand [ 4 ] for uniformly starlike
and convex functions, except that in this case the point W is fixed .

Let zw denote the subclass of A(W) consisting of the function of the form

1 - n
f(2) = Z—w+,,Z:1:a"(Z_W) (1.6)

The functions f* in Zw are said to be starlike functions of order f if and only

—(z—w)f'(2)
f(2)
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For some £ (0< B <1). We denote by ST, (f3) the class of all starlike functions of order / .Similarly, a function f in

Zw is said to be convex of order £ if and only

Re{—l—w >B., (z—w)eE). (1.8)
f'(2)

Forsome f# (0< f<1).Wedenote by CV, (f3) the class of all convex functions of order [

Let Zw . denote the class of functions of the form

1 0
f(2) = —+z " "a,(z—w)" ,a,>0 (1.9)
Z

n=1

that are analytic in E .

2. MAIN RESULTS

Definition 1: Let ZW 3 (A, B) denote the subclass of consisting of functions f{z) which satisfy

E=wi@ <‘A+B—(Z_W)f (2) (1.10)
f(2) f(@)
for -1<A<B,0<B<land ((z—wW)ekE).
2. COEFFICIENT ESTIMATES
Theorem 1: Let flz) = L+z (71)"71an(z—w)" ,a,>0  be regular in E. Then f{z) is in the class
= n=l
o0
D (AB)ifandonlyif », {(n+1)+ (A+Bn)}a, <B-A4. @.1)
n=1

for-1<A<B and0O<B<1.

1 i _ R *
Proof: Suppose that f(z) = ——+ Z (" lan (z—=w)" ,a,=0 isin Z (A, B) then
-w = w,a
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W+l nzo::(_l)n—l (n+1)an(z_w)n

arpEWI@ ) ]

f(2) (z—w)

Re(z—w) < |Z - W| for all (z-w), we have

<1 for all (z-w)€E. Since

— i )" (A+Bn)a, (z-w)"

i(l’l-l-l) a, (z—w)" )
=] <1 e-wep

2 B > armm ey -
- - +Bn)a, (z—w
(Z -w n=l1
N . (z-w) f'(2) . . o
ow choose the values of (z-w) on the real axis so that T is real. Upon clearing the denominator in (2.2)
Z
o0
we obtain S{n+1)+(A+Bn)}a, <B-A
n=1

Conversely, suppose that (2.1) holds for all admissible values of A and B.
We have
H(f.f) = [e=wf'(+f()| = |Af(2)+ B(z—=w) f'(2)| 23)

S n—1 n 1 S n—1 n

> (=) (n+Da,(z—w)"|-|(B-A) — > (=1)"'(A+Bn)a,(z—w)

n=1 (z—w -1

or
lz—w] H(f, /)<Y D a, |z—w"™ —(B—A)+> (A+Bn)a,|z—w|"
n=1 n=1
=S+ D+(A+Bn)} a,|z—w[" ~(B-A)
n=l1
Since the above inequality holds for all 0 < |Z - W| =r<l1 letting r —1
o0
we have Z{( n+1)+(A+Bn )} ay <(B—A) by (2.1). Hence it follows that f (z) is in the class ZWQ(A,B)
n=1
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1 2 .
Corollary 1:  If the function f(z) = ——+ Z (-p"" a,(z—=w)" ,a, >0 isinthe class z (A, B) then we have
Z—w w,a

n=1

. B-A
"S (n+1)+(A+Bn)

(nz=1)

The result is sharp for the function

1 n-1 B_A _ n
L@ =0+ D (n+1)+(A+Bn)(Z W)

3.Distortion properties and Radius of convexity

1 < _ n
Theorem 2. If the function f(z) = ——+ Z (-»" lan(z —-Ww)
Z— n=l1

l_B—_Arg|f(Z)|£l+ B-A

e ——— &
r 2+A+B r 2+A+B

The result is sharp.

Proof: Suppose that f(z) & Zw . (A, B) By Theorem 1

We have
o0
B—A
a <
; n 2+A+B
n=1

1 = 1 n
Then | f(2)|=| ——+D (-v""a,(z—w)

2.4)

(2.5)

,a, >0 is in the class ZW ., (A,B) ,then we have

3.1)

(3.2)

Ay z—w
1 B-A
r 2+A+B
1 - 1 (B-A)
Also, > — z—w 2—————r
o £ |z—w| Z;a e r 2+A+B

The result is sharp for the function
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[ n-1_(B—A4)
IR Sl () o A
fe)=—+ X )T
n=1
Theorem 3. If the function f(z) = L—Fi (- 1)"_1an(z—w)" ,a, >0 is in the class ZZQ(A,B) then f(z) is
_w »f

n=1

meromorphically convex of order § (0 < § < 1) in |Z - w| <r=r(A,B,0) where

1-8)(n+1)+(A+Bn) %-ﬁ-l
r(A,B,0) = Inf {—}

(B—A) n(n+2-48)
n>1

The result is sharp.

Proof: Let f(z) is in. Zw . (A,B) Then by Theorem 1 we have

OZO: (n+1)+(A+Bn)an 1

=1 B-A

(3.3)

It is sufficient to show that

L @=mf(z)

T

<1-6. G4

for |Z — W| <r(A,B,0) wherer(A,B,0) is specified in the statement of the Theorem. Then

‘2+ (z—w)f"(z)|= ,,Z:;(_l) e Gemw
o |-l

0 n+l

Zn (n+1)an|z—w|

< n=1
- 0
1- Zn a,
n=l1

n+l

=W

This will be bounded by (1—0) if

i n(nl+—25_5)anlz—wl”“31 (3.5)
n=1 -
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By (3.3) it follows that (3.5) is true if

nn+2-0)

n+1<(n+1)+(A+Bn)
1-6 B

(B—A)

, m=1).

o= w

or

— %n—l)
|z—w|£{(1 5){(n+1)+(A+Bn)}} =D, 56

(B—A)n(n+2-9)
Setting |Z - w| <r(A,B,0) in(3.6),the result follows. The result is sharp for the functions

1

f(z)= (=)

C(z-w)

(B—A)
(n+1)+(A+Bn)

(z=w)" 3.7

4. CONVEX LINEAR COMBINATIONS

*
In this section we shall prove that the class ZW . (A, B) is closed under linear combinations.

1 and f (2)= !

=W z—w (n+1)+(A+Bn)

(B—A)

Theoremd. Let f ( z) =

Then f{z) is in the class ZW . (A, B) if and only if it can be expressed in the form

o0
anzl
f(Z)Z Z //Lnfn(z) where 7\’” 20 and n=0
n=0

y Sl
Z /Infn(Z) with ,1]12() and n=0

Proof: Let f (z)

Then
HOS WO NACE WAAS
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o 1 © 1 n-l B-A
=(1—Z ;L"jz—w-i-z A, Z_—w+(1) (n+1)+(A+Bn)

1 = n-l (B—A) )
- z—w+;(_1) (n+1)+(A+Bn)(Z_W)

& (m+1)+(A+Bn) (B-A)
Since z B—A A (n+1)+(A+ Bn)

n=1

By Theorem 1, f(2) is in the class ZW ., (A,B)

Conversely, suppose that the function f{z) is in the class, Since

a < (B-4) o on=123 ...
! (n+1)+(A—Bn)
Setting A, :W% (n=1)

and A, :1—5“1”

n=l

It follows that f(z)z iﬂ,n £, (Z)
n=0

This completes the proof of the theorem.

S.Integral Transforms

.
In this section we consider integral transforms of the functions in Zw . (A,B)

1 < _ 0 *
Theorem 5. If the function f(z) = —+Z (-n" 1an(z—w) ,a, >0 is in the class then E (A, B) the integral
z— w,a

n=l

1 *
transforms F,(z) = C'L uf (uz)du.(0 < ¢ <o) are inthe class Zw (A, B)

1 > _
Proof: Suppose that f(z) = ——+ E (-n" 1an(z—w)" ,a, >0
Z

n=l

is in ZVM(A’ B) Then we have

F.(2) =] uf uz)du
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1 = ca
- DT (z—w)"
Z—w ,,le( ) n+c+1( )
Since

<l.

i(n+1)+(A+Bn) ca, _ (n+1)+(A+Bn)an
B-A n+c+1 B-A

n=1

By Theorem 1, It follows that F(z) is in the class Zw . (A,B)

Remark 1. In the above theorems, putting w=0,4 = f(2a —1) and B = f8

where 0< a < 1 and 0< 8 < 1, we get the results by T. RamReddy,P.ThirupathiReddy and R.B.Sharma [8].

CONVOLUTION PROPERTIES

Robertson [9] has shown that if

f(z)= l—I— ian z" and g(z)= l—l— ibn 7" arein ZY then so is their convolution
< n=l )

< n=l

1 *
(f*g) (Z): —+ Zan b, z" . We prove the following results for functions in zw ., (A,B)
< n=1 ’

1 0

Theorem6. If the functions f (Z)=
=W

1 00

+Z (—1)nan(z—w)" and g(z):

1

=W

_|_

0

n

(—l)nbn (z—w)" are in
=

Z:/,a (A,B)then (f*g) (Z)= — Z (—l)ni1 a,b,(z—w)" isin the class Zza (A,B)

n=1
Proof: Suppose that f(z) and g(z) are in Z; . (A,B)

By Theorem 1, we have

i(n+l)—l—(A+Bn)a <1

B-A "

n=1

o i(nJrl;r(fj;Bn)bn <1
n=1 -

Since f(z) and g(z) are regular in E, so is (f *g)(z).

Furthermore,

© JGRMA 2012, All Rights Reserved
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i(n+1)+(A+Bn) b < > (n+1)+(A+Bn)anbn
n=l1 B_A 1 B—A

n=

S[i(n+l)—0—(A+Bn)an} |:i(n+1)+(A+Bn)bn}

n=1 B-A n=1 B-A

<I.

Hence by Theorem 1, (f *g)(z) is in the class Zw . (A,B)
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