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Abstract: Terminal Zagreb eccentricity indices were proposed analogously to Zagreb eccentricity indices. For a connected graph, the first
Terminal Zagreb eccentricity index is defined as the sum of the squares of the eccentricities of the terminal vertices, and the second Zagreb
eccentricity index is defined as the sum of the products of the eccentricities of all pairs of terminal vertices. In this paper we obtain results for the
terminal Zagreb eccentricity indices of line graphs.
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1. INTRODUCTION

Let G be a connected graph with vertex set V (G) = {vy, Vo, . . . ,v,} and edge set E(G) = {ey, €5, . . ., en}. The degree of a
vertex v in G is the number of edges incident to it and is denoted by d(v) or degg(v). If degree of v is one then v is called a pendent
vertex or terminal vertex. An edge e = uv of a graph G is called a pendent edge if d(u) = 1 or d(v) = 1. The line graph of a
connected graph G, denoted by L(G) is the graph whose vertices are the edges of G and two vertices of L(G) are adjacent
whenever the corresponding edges of G are adjacent. The distance between the vertices v; and v; in G is equal to the length of a
shortest path joining them and is denoted by d(v;, v; /G). For a vertex v; its eccentricity, e; is the largest distance from v; to any
other vertices of G.

The first and the second Zagreb eccentricity indices [6, 9] are defined as follows,

2
E,=EG)= D¢ (L)
v;eV (G)
E,=E(G)= > ee e (12)
vivjeV (G)
Analogously to Zagreb eccentricity indices, defining the first and the second Terminal Zagreb eccentricity indices as,
2
TIEG)= D& e (13)
Vi eVy (G)
T[E,(G)]= D e, e (1.4)
VivjeVr (G)

Where, V1 (G) ={vy, vy, . . ., } is the set of all pendent vertices of G.

Defining the set D,(G) as,
D,(G) = {v | degg(v) = 2 and one neighbour of v is pendent}.

2. EXISTING RESULTS
Many researchers have studied and obtained several results on Zagreb eccentricity indices of various graphs [1, 2, 3, 4, 5,
7,10]

Recently H. S. Ramane et. al. [8] have obtained expressions for terminal weiner index of Line graphs
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Theorem 2.1 [8]: Let G be a connected graph with n > 4 vertices and let Do(G) ={vy, V, . . ., Vg}. Then
TW(LG) = Yd(v,v,/G)+I9=2 C‘(q 1

1<i<j<q

Corollary 2.2 [8]: TW(L(G)) = 0 if and only if the graph G satisfies one of the following conditions. (i) G has no edge e = uv
where degg(u) = 1 and degg(v) = 2. (ii) G has only one edge e = uv where degg(u) = 1 and degg(v) = 2 (iii) G has no pendent
vertices. (iv) G has only one pendent vertex. (v) G has no vertex of degree 2.

Theorem 2.3 [8]: Let G be a connected graph with n > 4 vertices and G’ be the graph obtained from G by removing pendent
vertices of G. If p is the number of pendent vertices of G’, then

TW(L(G)) < TW(G') + 22P~2 p(p b,

Equality holds if and only if (i) G = Ky, 1 or (ii) G has no Bridge e such that one of the component of G—eisKys,s>2and G #
Kl! n-1-

Corollary 2.4 [8]: Let G be a connected graph with n > 4 vertices and G’ be the graph obtained from G by removing pendent
vertices. Let p be the number of pendent vertices of G'. If all pendent edges of G are mutually independent, then

TW(L(G)):TW(G’)+@.

3. TERMINAL ZAGREB ECCENTRICITY INDICES OF LINE GRAPHS

Theorem 3.1: Let G be a connected graph with n > 4 vertices and D,(G) ={vy, v, . . ., V¢}. Then the terminal Zagreb first and
second eccentricity index of line graph of G is,
TIE(LG)]= De’and T[E,(LG)]= D e.e;.
v; €D, (G) v,vJeDz(G)
Proof: Let G be a connected graph with n > 4 vertices and D»(G) ={v1, V2, . . ., Vg}.
Let Ex ={e1, &, . . ., &} be the set of pendent edges of G. We know that if &; = uve E,
where E; < Ey then degg(u) = 1 and degg(v) =2,i=1,2,...,q.
Consider two edges e; and e;with ;= uve E; and & = vwe E,.
Where, degg(u) =1 =degg(w) and degg(v) =degg(v),i=1,2,...,q.
Therefore e;and e; are the pendent vertices of L(G)
Therefore,

TIE(LG)]= Y&’ ad T[E,(L@G)]= e, =

vieD, (G) Vviv;eD, (G)

Corollary 3.2: T[E1(L(G))] = T[E2(L(G))] =0 if and only if the graph G satisfies one of the following conditions. i) G has no edge
e = uv where degg(u)= 1 and degg(v)= 2. (ii) G has only one edge e = uv where degg(u) = 1 and degg(v)= 2. (iii) G has only one
pendent vertex. (iv) G has no pendent vertices. (v) G has no vertex of degree 2.

Theorem 3.3: Let G be a connected graph with n > 4 vertices and G’ be the graph obtained from G by removing pendent vertices
of G. If p is the number of pendent vertices of G’, then

TIE(LG)Is Ye’+ Sel adT[E(LG)s De.e+ Ye.g

vieD, (G) vjeVr (G') {vi v;}=D, (G) i vi3eVy (G)
Equality holds if and only if (i) G = ky 4 or (ii) G has no bridge e such that one of the component of G—e iskys s> 2 and G #k;,

n-1-

Proof: Let Dy(G) ={v1, V2, V..., V}. The number of pendent vertices of G'is at least g. If p is the number of pendent vertices in

G'then p > q. from Theorem 3.1,
TIE(LG)]= > e’< De’+ De’ and

vieD, (G) vieD,(G)  vijeVy (G)
TIE,(LG)]= De.e;< De.e+  Ye.g
{vi,v;}cD, (G) {vi,v;}cD, (G) Vi i3V (G)
Therefore,
2 2
TIE(LG)]s D'+ Do adTE(LG)I< De.e+ Ye.g
vieD,(G)  vjeVy (G)) vk (G)  {vwlVr (G)
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For equality we consider the following cases:

Case I: for G = Ky, p.;0bviously equality holds .

Case Il: If G # Ky, pqand if there is an edge in G such that one of the component of G—e is Ky s , $>2 then ¢ = p.
Therefore

Yoeg'= defad  Se.e= Se.g

v;eD, (G) VjeVvr (GY) {vivj}eD, (G) e ideVr (G)
i.e., T[EL(L(G))] = T[E+(L(G))] and T[EA(L(G))] = T[E2(L(G))]

Conversely, let G contains a bridge e such that one of the component of G —e is Ky s, 5>2
Therefore p > q.

> oef< Yef R
vieD, (G) vjev; (G)
From Theorem 3.1
TIE(LG)]= Y&’ < De andT[E,(LG)]= Ye.e< e
vieD, (G) vjeVvr (G) {vi.vj}eD,(G) i videvr (G)
By Eg. (3.1), g<p
T[EL(L(G))] < T[E1(L(G")] and T[E,(L(G))] < T[Eo(L(G))]
Which is a contradiction.
This completes the proof. o

Corollary 3.4: Let G be a connected graph with n > 4 vertices and G’ be the graph obtained from G by removing pendent vertices
of G. If p is the number of pendent vertices of G'. If all pendent edges of G are mutually independent, then
T[EL(L(G))] = T[Ex(G)] and T[Ex(L(G))] = T[EA(G)]

Proof: Follows from the equality part of Theorem 3.3. o

4. Terminal Zagreb eccentricity index of line graphs of some graphs

Let the vertices of G be vy, Vs, ..., v,then G is the graph obtained from G by adding n new vertices v/, v, ..., v, and
joining vitov;anedge, i=1,2,...,n.

Theorem 4.1: Let G be a connected graph with k pendent vertices, then
TIE(LG)]= Y e ad T[E(LG)I= e &
vieD, (G*) {vi vj}cD,(G")
Proof: If G has n vertices of which k are pendent vertices, then G* has n pendent edges of which k pendent edges are such that for
eache;=uv,i=1,2,....k.
deg,. (u) =1landdeg,. (V) = 2

L(G+)(u) =deg,. (u) +deg,. (V) —2=1.

L(G") has k pendent vertices.
We know that pendent vertices of G* are mutually independent, from Corollary 3.4,

TIE(LG )= D&’ ad T[E(LG)]=  Dee,- o

vieD, (G") {vi.v;}cD,(G")

Therefore deg

Theorem 4.2: T[E, (L(S; )] = T[E/(K; )] and T[E,(L(S; )] =T[E,(K,,)].
Proof: Star graph S, has n — 1 pendent vertices S; has n pendent vertices and L(S;) has n — 1 pendent vertices. Therefore

terminal Zagreb eccentric indices of L( S,f ) is same as the terminal Zagreb eccentric indices of K ;.
Therefore, the result follows. a

Theorem 4.3: Let G be a connected graph with k pendent vertices and H, = L(Httl) ,t=1,2, ... Where Hy = G and H; = L(G")
then,

TEMI=Y 6+ and TE(H= (e +Die, +D.

I<i< j<k
Proof: As G has k pendent vertices from Theorem 4.1, the graph H; has k pendent vertices, t=1, 2, ...
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k
Therefore, T[E,(H,)]=T[E,(L(G' )] =D (e +1)°-
i=1
k
By induction, let T[E, (H, ,)] = T[E,(L(H;,))] = " (& +t 1)
i=1

Therefore T[E, (H,)] =T[E,(L(H )] = zk][ei +(t-1)-1)%

i=1

Hence, T[E,(H,)] = Y. (e, +1)"
Similarly, T[E,(H)]= Z(ei +t)(ej +1). o

I<i<j<k

References:

[1] Kinkar Ch. Das, Dae-Won Lee and Ante Graovac “Some properties of the Zagreb eccentricity indices”, Ars Mathematica
Contemporanea, Vol. 6 (2013) 117-125.

[2] Nilanjan De, "New Bounds for Zagreb Eccentricity Indices,” Open Journal of Discrete Mathematics, Vol. 3 No. 1(2013) 70 —
74.

[3] T. Doslic, M. Saheli (2011). “Augmented Eccentric Connectivity Index”, Miskolc Mathematical Notes, 12(2),pp.149-157.

[4] Nilanjan De “Bounds for the Connective Eccentric Index”, Int. J. Contemp. Math. Sciences, Vol. 7, No. 44, (2012) 2161 —
2166.

[5] Nilanjan De, “Relationship between augmented eccentric connectivity index and some other graph invariants”, International
Journal of Advanced Mathematical Sciences, 1 (2) (2013) 26 — 32.

[6] M. Ghorbani and M. A. Hosseinzadeh, A new version of Zagreb indices, Filomat 26 (2012) 93-100.

[7] Zhaoyang Luo and Jianliang Wu “Zagreb Eccentricity Indices of the Generalized Hierarchical Product Graphs and Their
Applications”, Journal of Applied Mathematics Hindawi Publishing Corporation, Vol.1 (2014) 1-8.

[8] H. S. Ramane, K. P. Narayankar, S. S. Shirkol, A. B. Ganagi, “Terminal Wiener Index of Line Graphs”, MATCH Commun.
Math. Comput. Chem., 69 (2013) 775-782.

[9] Damir Vuki“cevi'c and Ante Graovac, Note on the comparison of the first and second normalized Zagreb eccentricity indices,
Acta Chim. Slov. 57 (2010) 524-528.

[10] Rundan Xing, Bo Zhou and Nenad Trinajsti¢, “On Zagreb Eccentricity Indices”, Croat. Chem. Acta 84 (4) (2011) 493-497.

© JGRMA 2012, All Rights Reserved 4



