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Abstract: A geodesic graphoidal cover of a graph G is a collection i of shortest paths in G such that every path in i/ has at least
two vertices, every vertex of G is an internal vertex of at most one path in {7 and every edge of G is an exactly one path iny .
The minimum cardinality of a geodesic graphoidal cover of G is called the geodesic graphoidal covering number of G and

is denoted by 77, . In this paper we determine 77, for bicyclic graphs.
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1 Introduction

A graph is a pairG = (V, E) ,where V is the set of vertices and E is the set of edges. Here we consider only nontrivial, finite,

connected, undirected graph without loops or multiple edges. The order and size of G are denoted by p and g respectively. For
graph theoretic terminology we refer to Harary [4]. The concept of graphoidal cover was introduced by B.D Acharya and E.
Sampathkumar [1] and the concept of acyclic graphoidal cover was introduced by Arumugam and Suresh Suseela [4].The reader
may refer [5] and [2] for the terms not defined here.

Let P=(vy,V,,V3,...,V, ) be a path or a cycle in a graph G :(V, E) . Then vertices (V,,Vs,...,V,_;) are called internal vertices

of Pand v; and v, are called external vertices of P. Two paths P and Q of a graph G are said to be internally disjoint if no vertex

of G is an internal vertex of both P and Q.

Definition 1.1 [1] — A graphoidal cover of a graph G is called a collection 7 of (not necessarily open) paths in G satisfying the

following conditions:

(i) Every path in i has at least two vertices.
(ii) Every vertex of G is an internal vertex of at most one path in y .

(iii) Every edge of G is in exactly one path in i/

The minimum cardinality of a graphoidal cover of G is called the graphoidal covering number of G and is denoted by n(G) .
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Definition 1.2 [3] — A graphoidal cover i/ of a graph G is called an acyclic graphoidal cover if every member of i/ is an open
path. The minimum cardinality of an acyclic graphoidal cover of G is called the acyclic graphoidal covering number of G and is

denoted by 77, (G) or 1, .

Definition 1.3 [4] — A geodesic graphoidal cover of a graph G is a collection y/ of shortest paths in G such that every path iny
has at least two vertices, every vertex of G is an internal vertex of at most one path in {7 and every edge of G is an exactly one

path in /. The minimum cardinality of a geodesic graphoidal cover of G is called the geodesic graphoidal covering number of G

and is denoted by 77, .

Definition 1.4 [1] — Let y be a collection of internally disjoint paths in G. A vertex of G is said to be in the interior of i ifitis

an internal vertex of some path in /. Any vertex which is not in the interior of y/ is said to be an exterior vertex of i/ .

Theorem 1.5 [7]— For any graphoidal cover y of G, let tu, denote the number of exterior vertices of /. Let t = mintw

where the minimum is taken over all graphoidal covers of G. Then 7=0— p+t
Corollary 1.6[7] —For any graph G, 77 = — P . Morever the following are equivalent.
() 7=0-p

(i) There exists a graphoidal cover without exterior vertices.

(iii) There exists a set of internally disjoint and edge disjoint paths without exterior vertices.

In[4]itisgiven that 77 <7, =7, and these inequalities can be strict and also for a tree 77 = M, =1y =N —1 and Theorem

1.5 and corollary 1.6 are true for geodesic graphoidal covers.

2 ifmiseven

They observe that 77, = ¢ if and only if G is Complete. Further for a cycle C. My = { . .
3 ifmis odd

Theorem 1.7 [ 4] —Let G be a unicyclic graph with unique cycle C which is even. Let n denote the number of pendant vertices
of G and let m denote the number of vertices on C with degree greater than 2. Then

2ifm=0
iIf m > 2 and every (v, w)-section of C in which all vertices
o " ( except v and w have degree 2 is a shortest path j
n-+1 otherwise

Theorem 1.8 [ 4] — Let G be a unicyclic graph with unique cycle C of odd length 2k+1, K >1. Let n denote the number of
pendant vertices of G and let m denote the number of vertices of degree greater than 2 on C with. Then
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3 ifm=0

n+2 ifm=1

Ny = " (if m > 2 and every (v, w)-section of C in which all vertices j
except v and w have degree 2 is a shortest path

n+1 otherwise
Definition 1.9 [8] — A connected (p, p+1) graph G is called a bicyclic graph.

Definition 1.10 [8] — A one — point union of two cycles is a simple graph obtained from two cycles, say C, and C,, where I, m >

3, by identifying one and the same vertex from both cycles. Without loss of generality, we may assume the I-cycle to be

U,U; ..U, ,U, and the m-cycle to be UyuU,,,...u U, . We denote this graph by U(l;m)

*Ym+l-2

Definition 1.11 [8] — A long dumbbell graph is a simple graph obtained by joining two cycles C,; and C,, where I,m =>3,with a

path of length i , i >1. Without loss of generality, we may assume C, =UyU,...u, U, , P =u_uu,,,...u,,, and

Con = Uyl -+ UpimyiooUyg -We denote this graph by D(I,m,i)
Definition 1.12 [8] — A cycle with a long chord is a simple graph obtained from an m-cycle,

m>4, by adding a chord of length | where | >1. Let the m-cycle be Uy, ..U, ,U, . Without loss of generality, we may assume

the chord joins U, with U;, where 2<i<m—2. Thatis, U,uU,u

mYm+1-°*

.Up,_oU; is the chord. We denote this graph by Cp(i;1)
In this paper we determine 77, for bicyclic graphs containing a U(I;m), D(l,m,i), Cr(i;1).

2. Main Results

Theorem 2.1

Let G be a bicyclic graph containing a U (I ) m) and both the cycles are of even length. Let n denote the number of pendant

vertices of G and let m denote the number of vertices of degree greater than 2 on U (I , m). Then

3 ifm=0

n+2 ifm=1anddegu, >3,u, =u,

Ny = - (if m > 2 and every (v, w)-section of C in which all vertices ]
except v and w have degree 2 is a shortest path

n + 3 otherwise

Proof:

Let V (U (1, m)) = {Uq, Uy, Uy, Uy Uy Uy, Uy

V(C,)={U, U, Uy,...,U_;, Uy}
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V (Cm) = {uo,ul,u|+1,...,u|+m72,u0} where | and m are even.
Casel:m=0
ThenG = U(I,m)

The geodesic graphoidal path double covering is as follows

A m
P=ju,u .,...,u,u,u,l. ,....ut [i=—&j=l+—-1
1{..—1 1 Ugs Upy Uy ,}[ 2] > ]

By = (U Uyl
Psz{uo’unmfz’-'-fuj}
=>n, <3

Since atleast two vertices on U(I;m) are exterior vertices in any minimum geodesic graphoidal cover sothat t>2
Hence 17, 2q—-p+2=1n,>3

Thus 7, =3

Case2: m=1

Let U, be the unique vertex of degree greater than 2 on U (I , m) other than U,

Without loss of generality assume that U, lies on CI

Sub Case 2a
I
If kK=—
2
Let G =G —{Up Uy,eery kal} is a unicyclic graph with n pendant vertices and m = 1.
By Theorem 1.7 77, (G)=n+1
Let ¥1 be a minimum geodesic graphoidal cover of G,
Clearly any path in ¥ is a shortest path in G also and hence
w=y, UP Where P= {an Up, Uy, Uy } is a geodesic graphoidal cover of G.

=1,(G)<n+2
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Further all the n pendant vertices and at least one vertex on U (I ) m) is an exterior point of any minimum geodesic graphoidal

cover i sothat t>n+1
17,(G)=q-p+t=n+2
-1, (G)=n+2
Sub Case 2b
Ifu, #u,
Without loss of generality assume that let K < IE
Let G, =G _{Uma Ui iprenes U|—1} is a unicyclic graph with n + 1 pendant vertices and m = 1.
By Theorem 1.7 77, (61) =n+2

Let ¥1 be a minimum geodesic graphoidal cover of G,
Clealy any path in ¥1 is a shortest path in G also and hence

v =y, VP Where P= {ui yUisrUiipyeeny Uy g, uo} is a geodesic graphoidal cover of G.
=1,(G)<n+2+1=n+3

Further all the pendant vertices and at least two vertices on U (I , m) is an exterior points of any minimum geodesic graphoidal

cover i sothat t>n+2 (u, &uj are exterior points)
17,(G)=q-p+t=1+n+2>n+3
-1, (G)=n+3

Case 3: M=>2 and there is exactly one (v,w) section of each of the cycles on U (I , m) in which all the vertices except v and w

have degree 2 and this (v,w) section is not a shortest path.

I
Let this (v,w) section be denoted by (V =u.,u u, = W) wherel< s i< E

ST sl

Let Gl :G—{qu,uiJrza"'lulfl}

Then Gq is a unicyclic graph with n+1 pendant vertices and m=1

By Case 2 7, (Gl) =n+1+1=n+2

Hence g (G) =n+3
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Suppose this (v,w) section be denoted by

ST sl

I m : .
(v=u,u U, =W) wherel<s < §,1<t< E& u, liesonC,, u, liesonC

Then G, =G —{Ui+1, Ui U|-1} is a unicyclic graph with n+1 pendant vertices and m = 2
By Theorem 1.7
1,(G)=n+1=7,(G)=n+2

Case 4: M=>2 and there is exactly one (v,w) section of each of the cycles on U (I , m) in which all the vertices except v and w

have degree 2 and this (v,w) section is a shortest path.

In this case we prove the result by induction on n.

Whenn =2, G consists of U (I,m) and two paths.

These two paths should lie in the different cycles such that P1 = {ui A ,VH,...,Vl} & P2 = {uj , V\It,V\Itfl,...,Wl}where

u;onC &u; onC,.
Now C-}l =G —{um, U,os-y UH} is a unicyclic graph with 2 pentant vertices and m = 2
By Theorem 1.7 77, (Gl) =2
Let ¥1 be a minimum geodesic graphoidal cover of G,
Clearly any path in ¥ is a shortest path in G also and hence
v =y, u{ui yUigsee Uiy uo} is a minimum geodesic graphoidal cover of G.
(ie)y = {(v w)Section U (uy, u; ) Section U (U, u; )Section}
=1,(G)=3=n+1
We now assume that the result is true for all bicyclic graph contains a U (I , m)

Satisfying the condition stated in case 4 with n-1 pendant vertices with m=>2 .

Let G be a bicyclic graph containsa U (I , m) Satisfying the condition stated in case 4 with n pendant vertices where N>3

with m>2 .

Let B ={U;,V,V,y,...,V,} beapathinG suchthatdegV, =1,degv, = degv, =---=degV, = 2,&degu, >3 and P

is disjoint from U (I , m)when m=2.
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Let G, =G —{vl,v2 .. .,vt} is a bicyclic graph containsa U (I , m) Satisfying the condition stated in case 4 with n-1 pendant

vertices with m>2 .

If every (v,w) section of each of the cycles on U (I , m) in Gy in which all the vertices except v and w have degree 2 is a shortest

path then by induction hypothesis 77, (G1) =n-1+1=n

Let ¥ be a minimum geodesic graphoidal cover of G,

Then l//U{ p} minimum geodesic graphoidal cover of G

=1,(G)<n+1
Suppose there is a (v,w) section of each of the cycleson U (I , m)say(ul, uk) section in G, in which all the vertices except
U, & U, have degree 2 and this (ul, U, )section is not a shortest path then by case 3 77, (Gl) =n+1

o
Let P= (uo,ul,uz,...,ui) Where1<|<§ is a shortest path.

Let y/ be a minimum geodesic graphoidal cover of G, and let P, be a path in ¥ where U; is external. Let Q be the path

consisting of all edges of P, and P

Then ('// - { Pl}) o {Q} is a geodesic graphoidal cover of G.

=1,(G)<n+1

Further all the n pendant vertices on U (I , m) are exterior points of any minimum geodesic graphoidal cover i sothat t=n
17,(G)=q—p+t=n+1

=1, (G)=n+1

Theorem 2.2

Let G be a bicyclic graph containing a U (I ) m) and any one of the cycles is of odd length.

Let n denote the number of pendant vertices of G and let m denote the number of vertices of degree greater than 2 on U (I , m).
4 ifm=0
if m> 2 and every (v, w)-section of C in which all vertices J

Then77, =qn+2 .
except v and w have degree 2 is a shortest path

n+ 3 otherwise

Proof:
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Let V (U (1,m)) = {Uq, Uy, Uy, ooy Uy, Uy, Uy gy Uy |
V(C,)={Ug,Uy,Uy,...,Uy_;, Uy }

\Y (Cm) = {uo,ul UpgyeeoUpim oo uO} where | is odd and m is even.
Casel: m=0

ThenG=U (I,m)

The geodesic graphoidal path double covering is as follows

B ={U, Uiy Uy Ug, Uy Uy U )
Pz :{ui’ui+1}

R :{um’---’uo}

Rl:{UO,UHm,Z,...,Uk} Where [iZI%l&kzl-Fg_l]

Sy <4
Since atleast three vertices on U(I;m) are exterior vertices in any minimum geodesic graphoidal cover sothat t >3
Hence 77, 20— p+3:77g >4

Thus n, =4

For the remaining cases the proof is similar to the Theorem 2.1. Choose the deletion vertices from the odd cycle only so that the
graph G, always will be a unicyclic graph with even cycle.

Theorem 2.3

Let G be a bicyclic graph containing a U (I ) m) and both the cycles is of odd length.

Let n denote the number of pendant vertices of G and let m denote the number of vertices of degree greater than 2 on U (I , m).

Then

5 ifm=0
_Jnas if m>2 and every (v, w)-section of C in which all vertices
e = except v and w have degree 2 is a shortest path

n+4 otherwise

Proof:
Let V (U (I,m)) = {Ug, Uy, Uy, Uy, Up Uy gy Uy )
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V(C,)={U,U;,Uy,...,U_;, Uy}

V(C,)= {uo,ul Upgre e o Upmos UO} where | and m are odd.
Casel: m=0

ThenG=U (I,m)

The geodesic graphoidal path double covering is as follows

B ={U, Uy Uy Ug, Uy Uy U )

Pz :{ |+1}
Ps ={u|+1’ 3 }
P, :{uk+l’uk}

— m
B,:{uo,unmfz,...ukﬂ} where [i=|71&k=|+——1]

Sy 9
Since atleast four vertices on U(I;m) are exterior vertices in any minimum geodesic graphoidal cover sothat t > 4

Hence , >q-p+4=mn,2>5

Thus 7, =5

The proof for the remaining cases is similar to that of Theorem 2.1.
From the Theorem 2.1 to Theorem 2.3 we have the following
Theorem 2.4

Let G be a bicyclic graph containing a long dumbbell graph D(l,m,i) if both cycles are of even length (or any one of the cycle is
even). Let n denote the number of pendant vertices of G and let m denote the number of vertices of degree greater than 2 on
D(I,m,i) .Then

3 ifm=0
B if m>2 and every (v, w)-section of C in which all vertices
e = except v and w have degree 2 is a shortest path
n-+ 3 otherwise
Theorem 2.5
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Let G be a bicyclic graph containing a long dumbbell graph D(l,m,i) if both cycles are of odd length . Let n denote the number
of pendant vertices of G and let m denote the number of vertices of degree greater than 2 on D(l,m,i) .Then

5 ifm=0
if m>2 and every (v, w)-section of C in which all vertices
Ta =0T ( except v and w have degree 2 is a shortest path j
n-+4 otherwise

Theorem 2.6

Let G be a bicyclic graph containing a Cn(i;1) if both cycles are of even length . Let n denote the number of pendant vertices of G

and let m denote the number of vertices of degree greater than 2 on Cn(i;l). Then

3 ifm=0
B if m> 2 and every (v, w)-section of C in which all vertices
Ts = except v and w have degree 2 is a shortest path
n-+ 3 otherwise
Theorem 2.7

Let G be a bicyclic graph containing a Crw(i;1) if both cycles are of odd length . Let n denote the number of pendant vertices of G

and let m denote the number of vertices of degree greater than 2 on Cn(i;1). Then

4 ifm=0
if m>2 and every (v, w)-section of C in which all vertices
g =N+ ( except v and w have degree 2 is a shortest path j
n-+ 3 otherwise
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