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Abstract: In this work, we implement multi-dimensional Laplace transform method for solving the non — homogenous second
order partial differential equations. The results reveal that the Laplace transforms method is very convenient and effective.
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INTRODUCTION AND NOTATION

In1990 [ 6] R.S.Dahiya and Vinayagomorthy established several new theorems and corollaries for
calculating Laplace transforms pairs of n — dimensions. They also considered two boundary value problems.
The first was related to heat transfer for cooling off a very thin semi — infinite homogenous plate into the
surrounding medium solved by using double Laplace transforms, the second, was heat equation for the semi
— infinite slab where the sides of the slab are maintained at prescribed temperature.

In [5](1992) J.Saberi Najafi and R.S.Dahiya established several new theorems for calculating Laplace
transforms of n-dimensions and in the second part ,application of those theorems to a number of commonly
used special functions was considered, and finally, one-dimensional wave equation involving special
functions was solved by using two dimensional Laplace transforms.

Later in (1999) R.S.Dahiya proved certain theorems involving the classical Laplace transforms of N-
variables and in the second part a non-homogenous partial differential equations of parabolic type with some
special source function was considered.

Recently in [1],[2],[3](2004,2006,2008) authors, established new theorems and corollaries involving
systems of two - dimensional Laplace transforms containing several equations.

In [ 4], certain type of time fractional heat equation is solved via one dimensional Laplace transform.
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DEFINITIONS AND NOTATIONS

The generalization of the well-known Laplace transform
L f@)s =F(s)= fe’“f (t)dt,
to n-dimensional is given by

L, f@)s :F(g):ff...fexp(—s—.t‘)f ()P, (dD),

where t_=(tl,tz,...,tn),s‘:(sl,sz,...,sn),s‘.t_=25iti,Pn(dt_):Hdtk,and f is a function from R to
i=1

k=1
C with this property: if at least one component t; of t to be negative then f is equal to zero.

The inverse Laplace transform

L Fs)t =f @)=(@ai)* [ e Fs)as,

to n-dimensional is given by
LI FE)E =t @=@a)" [ [ [ expE DF (5)P, (@),
Where ¢, ,k =1,2,...,n are real number, and P, (dS) :l_[dsk :
k=1

As an application of Laplace transform, we evaluate the integral below by means of Laplace transform.

Lemma 2.1.Calculate the integral

f= f%]ij(zﬁ)dx,

where J, (.) is kth-order Bessel function of first kind.

Solution. Let us introduce the function

F(T)=f(t,t,,.t)= f%ﬁtk[z%k(utk_x)dx, (2.1)

by taking the n-dimensional Laplace transform of (2.1), we get

FG)=L, f@)s —ff...fexp(s‘f){f%ﬁtk[z)\]k(Z\ﬁk_x)dx}Pn(dt_),
-[ %{ [[-[en-st )]l[tk@Jk @tx)P, [ )}dx

_ f%{f f...fﬁexp(—sktk)tk[l‘;j.]k 2f5x)P, (dt_)}dx
X k=1
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_fJ_erxp( —s, t)t, > ij(Z\/tk_x)dtkdx,

the inner integral is equal to

() X
(hj X exp
L{tk 2 Jk(thk_x);sk}= /) k=12..n (2.2)

k +1
Sk

substitution of relation (2.2) in the above relation, leads to

g ( XJ n
xeTexpl —— Sk )
F(S_):f\/lx_g = > Jgx ﬁ:k+1 fx{“ ]exp(x (Zsk~1ndx

k=1

Hsk

The above integral is equal to

r((n —1):n +2) +1j
[(n—l)(n+2)+lj !

(n-1)(n+2) n
L{X( 4 j;zskl}_

therefore, we obtain

4

(n—l)(n+2)+1

f_{sk“ [EHISUJ[A ]

1ﬁ[(n ~D(n+2) +1J

now, taking the inverse Laplace transform of F (5, leads to
f@)=L"F@G)t
r((n -D(n+2) +1]

= ay " [ [ e D ‘E(n_lxm%] HACH!

171 HS k +1 n 2
k=1 ‘ (Zsk_lj
k=1

now, for the choice of n =1, one gets the following
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1 X 1
F(s)=— 2 ldx ==,
%) s’ fexp( sl] s

so the inverse Laplace transform becomes

ft,)=1=f( =1)= 3,2 )dx =1.

(&

The choice of n = 2leads to the following

1 1 1 1 I'(2) 1
F(s,s,)=——= | xexp| x| —+— | |dXx = X = ,
( 1 z) 32823 J: p( (31 s, JJ 512 1 1 2 2

2 =
S S, S, +S
1 2 el 2 917792
S; S,
1
f(tl’tZ):

2+ir>:»e5212 1 i esl’(1 1 g+ t e_s2tl
: f _ . f ~ds, pds, =—— | e%? s,
27l Stie s, | 27i S (S, +5S,) 27 S S,
t t, >t
=t,H@t,-t)=<" > ',
HE-t) {O ot

therefore, the inverse Laplace transform becomes

=Saty

- 1 s e .
Where L™ ————t, p=t,e™" , L™'9"——t, r=H (t, —t,) .we obtain
S, +5, S2

f,=1t,=1)= 5%31(2&)32(2&)dx =1,
X

SOLUTION TO SECOND-ORDER LINEAR PARTIAL DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

The general form of second-order linear partial differential equation in two independent variables is given
by

Au, +Bu, +Cu, +Du, +Eu, +Fu=r(x,y), 0<Xx,y <o (3.1)

Where A,B,C,D,E and F are given constant and r(x,y) is source function of x and y or constant. We
shall use the following for the rest of this section. If

u,00=f(x), u@y)=g(y) u,x,0=f(x)

(3.2)
Uy (O’y):gl(y)’ U(O,O):UO,

and if their one-dimensional Laplace transformations are F(p),G (p),F.(p) G,(q),

respectively, then
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, U0y )ipa = [ [ exp(=px —ay)u(x,y)dxdy =U (p,q),

Uy:P.d =pU(p,a)-pG()-G,(@),

Uy :P.q =pqu (p,q)—qG () - pF (p)+U,,

u,:p.9 =qU (p,q)-aqF (p)-F(p), (3.3)
u,;p.q =puU(p,q)-G(),

u,;p,q =qu (p,q)-F(p),

, T(X,y)ip,d =R(p,q).

N

N

N

N

- - I_MI_ - - —

Applying double Laplace transformation term wise to partial differential equations and the initial-boundary
conditions in (3.2) and using (3.3), we obtain the transformed problem

1
A pG G
Ap®+Bpq+Cq°+Dp+Eq+F PG(@)+G, (@)
+B qG(q)+pF(p)-u, +C gF(p)+F(p) (3.4)
+DG(@)+EF(p)+R(p.q) .

U(p.q)=

In the following, we state some lemmas with their proof and then illustrate the above method by an example.

Lemma 3.1. Let f (x,y) be function for x >0,y >0 and « >0,a,b, # be constants .Then

L, J: ff (& —my —an)exp(-n(aa +b))exp(-b(x —£))J,(2yAn(x —£))dmd &5 p.q

F(p.q) _
(p+b)* +a(p +b)(@+a)+ S

(3.5)

Proof.

[ [Texpt-px ~ay [ [f(&-my -anyexp(-n@ac+b))exp(-b(x ~)Jo(2\/Br(x —£))d rd Sx dy
= [expt-ay) [[exp(-x (p+b)) [ exp02) [[f (£ -1,y —am)exp(-rr(aa +b))Io(2yFn(x —£))d e Jax dy
= [Jexpt-ay) [ [ exp(x(p+b)exp®EN [ (¢ ~n.y ~am)exp(-n(ac +b) o (2yArtx ~D)ddxd £ dy

= [eway) [ [t -y —amexpiniaa-+b) [ exp(-px)exp(-bix ~)Io(@yAnlx —D)xJdnds dy
the change of variable x —& =u in the inner integral, we get

[Texp(-ay) [[exp(-p&) [t (& -m.y —amexp-n(acr+b)) [ exp(-u(p +b))Jp 2Bt )duld yd ¢ dy

. . 1 1
Now, using the relation L J,(2Vat;s =Zexp(>) (3.6)
S s
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we obtain
exp[_ b j
p+b
[ exp(-ay Y[ exp(-p&) [ f (£ ~71,y —an)exp(-naa +b)X Y nd £3dy
p+b

=p% b eXp(—qy){ [ exp(—n(aa+b)exp(—p%j{ [[f&-ny-an)exp(-p)d d n}dy,

using the change of variable &—7 =w in the inner integral, we get

wl exp(—qy){ [ exp(—n(aa+b>)exp[—fT’7bj{ [ (0.y —am))exp(-p(y s aw }dn}dy

:_pib fexp(—pw){fexp(—n(aa+b)exp(—pn)exp(—fT’7bj ff W,y —an))exp(-qy )dy dﬂ}dw

:p_ib fexp(—pw){fexp(—aan)exp[—n[ pfb P +bD [ty —em)exni-ay )y dn}dw'

now, by change of variable y —a#n =z in the inner integral, we obtain

Lfexp(—pw){fexp(—aaq)exp(_n( B +p+bD f f@W,z))exp(—q(z +an)dz dn}dw,but, fw,z)
p+b p+b ar
had defined for w >0,z >0.Then we havef (w,z)=0for —an<z <0.

Therefore, we get

p—ibfexp(—pW){fexp[—n[pfb +p+b +aan ff w,z))exp(—q(z +an))dz dn}dw

- p_ib fexp(— pw ){ f exp(-aqz )f (2 ){ fexp[—n(—% +p+b DeXp(—aan) exp(-qarn)d n}dz }dW

_F(p.9) P _ F(p.a)
~peb exp( ”(pm””*“‘“a’]}‘” (p+b)? +a(p +b)(q +a)+ B

Where F(p,q)=L, f (x,y);p.q .

Lemma 3.2.Let f (y)be function for y >0 and « >0,a,b, S be constant. Then

L, {l f exp(-bx —an)f (y —n)Jo{z @(x QJ]dﬂ;p,Q}
o p ”

_ F@) (3.7)
(p+b)* +a(p+b)@+a)+ 4
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Proof.

[ [ expt-px qy){é [ exp(-bx —an)t (v n)ao[z %[x gnd n}dxdy

Ar EXIO(—QY){ [ exp(x(p+b»{ [ exp(-an)f (y —n)Jo[ / "[x ——nd n}dx }dy
o (04

= exp(&qy){ [ exp(-an)f (v —77){ [y exp(=x (p +b»Jo[ P (x ——j}dx }d n}dy
a P a

using the change of variable x Ty we get

(24

1 U pn
-I exp(—qy){ [ exp(—(p+b);]exp(—an)f (v —77){ [exp ~(p+byu 3 ( e JdU}dn}dy,

we obtain by virtue of (3.6)

1 exp(— ﬂfb j
— [Texp(-ay X [ exp(—(p +b)ﬁ)exp(—an)f (v -2 3 ey
o o p-+b

1 p+b B
= (0 D) fexp(—qy){fexp[—ﬂ[ - + (p +b)Dexp(—an)f (y —n)d n}dy

[ exp(—an)exp[ [%D [ exp(-ay)f (v ~mdy dn,

a(p +b)

by the change of variable y —7 =w we get

fexp( an)exp[ {MD J:exp(—q(n+w Nf (w)dw dn,

a(p +b) a(p+b)

but, f (W) defined for w >0.Then we have f (w)=0for —n7 <w <0.Therefore, we obtain

[ exp(- aﬂ)eXp( [w]] [ exp(-q(y+w )F w)dw d7

a(p +b) a(p +b)

(p+b)’ +4
a(p +b)

[ exp(- U(Q+a))e><p[ [ J] [ exp(-aw )f @ )dw d

a(p b)
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. F() _ ((p+b)’ +a(p+b)q+a)+p
~a(p+b) feXp{ '7( a(p +b) Bdn

_ F@) |
(p+b) +a(p +b)(@+a)+

Corollary 3.2.1. Setting F(g) =1 in the relation (3.7) and subjectto L &(y);q =1,

then f (y)=45(y) and we get

Lj{ : L ;x,y}
(p+b)"+a(p+b)@+a)+/

-1 J: exp(-bx —an)s(y —77)30[ b (X -—ndﬂ
o o

o
=1Ly exp(-bx —a(y _z))g(z)%(z\/ﬂ(y _Z)(X _(y —Z))]dz
o W -ax (24 o
0 y >ax
- MJO[ il (x——n Y <ax
o 24 o
0 y>aX
o

Along with the change of variabley —n=z .

Corollary 3.2.2.Using the following relations

Lz{ag (;(,y) ; p,q}= pG(p,q)-L g(0,y)q ,

Lz{ag(x,y);

Y p,q}=qG(p.q)—L g(x,0);p ,

Leads to

L pspaxy =20 g0y)s),

L 4G (p.a)ix.y =%+g(x,ow(y>.

In the relation (3.7), we set
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(3.8)

70



A. Aghili et al, Journal of Global Research in Mathematical Archives, 1 (1), January 2013, 63-76

F@Q)
(p+b)’ +a(p +b)(@ +a)+ B’

G(p.9)=

therefore we have

9(x,y)=— [ exp(-bx —an)f (y —n)JOLZ @(X —Qj]d 1,
o

(04 (04
g(0,y)=0,

90, 00= [ exp(-bx ~an)f (—n)Jo[z ﬁ(x —ﬁj]dn=o,
o (94 o

subjectto O<n<ax and f (y)is defined for y >0 then f (-7)=0.

Utilizing the Leibnitz’s theorem and considering that

L OUN=U0LEK)  ad 3,0=1

we have
M:exp(—bx —aax)f (y —ax)+
OX
—Efxf(y—n)exp(—(a77+bx)).]0{2 @(x—zndrﬁ
o o (04
[ty ~mexp(-(an +bx) La{z L —Z)Jdn,
o al x _Q o o
-2
ogx.y) Lo o Pu(, n\|of(y—n)
T_af exp(—bx an)JO[Z a(x aH—ay dz.
Therefore
4 PF () -1
L, 5 X, Y =L, pG(p.q):x,
{(p+b) a(p+b)+a)+ B y} Pe @y
=exp(—x (b +aa))f (y —ozx)—gfX exp(-bx —an)f (y —n)JO[Z ﬁ(x —zndn
o o o
-2 [ exp-bx ~an)t (v ) LJl[z\/ﬁ[x—indn, 39
o o X—Q o (04
[x-2)
and
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, 4F (q)
LZ{(p+b) ra(pib)ara)+p] y} L aCp.axy

_1 J:X exp(—hx —ary)Jo(Z ﬁ(x —zj]af b _n)dn- (3.10)
a o o oy

Lemma 3.3.Let f (x) be function for x >0and « >0,a,b, # be constantand y <ax .Then

LZ{ML “expbA)T (£, [ \/ﬁy( f—ndf;pﬂ}

_ F(p) |
(p+b)* +a(p+b)@+a)+ 4

(3.11)

Proof.

[[exp(-ay) fexp(px){wf “oxpbAT ()3, { Jﬂ ; [ f—j]d g}dxdy

=£fexp(—y(q +a))fexp(b§)f (f){]:yexp(—x(p +b))JO[ \/ﬂy( Cf__J]dx}dfdy,using the

variable x —f—l =Uu we obtain

(04

ifexp(_y(q+a))fexp(b§)f (f){fexp( (u+§+ j(p+b)] [ /ﬂ_yu]du}dgdy
(24

:i fexp(_pg)f (E)d & {fexp(—y (q +a+ p+b D fexp(—(p +b)u)J0[ ,/'B—yu Jdu dy} now, first
(04 o

integral is the Laplace transform of f (&) that is equal to F(p) .In the second integral, by virtue of (3.6) we
get

: o1 2t 55)
F(p) fexp[—y(q+a+p+ D (p+b) d
o o

p+b

__F(p) _ p+b B
_a(p+b){fexp( y(q +a+ . +a(p+b)Ddy}
F(p)

“(p+b) +a(p+b)g+a)+p

Corollary 3.3.1.Utilizing the corollary3.2.2 and lemma3.3 and letting
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F(p)
(p+b)’ +a(p +b)(@ +a)+ B’

G(p.9)=

00c,)= 2 [ oot (213, ( Jﬂy[ 5——}} ¢,
we have

90.9)= ") (et (5)%( ﬂy( f——j]d§=0,

where f (£)=0for Y <& <0. Direct application of the Leibnitz’s Theorem leads to
(04

o9 (x,y) _ —bexp(-bx ay)L “ expbE)f ()3, [ \/ﬁY( é:__j}jf-'-
(24

OX o

+Mexp(b (x —ljjf (x —XJJO(OH
a

a o
SR [ eyt (9 ITJlLZ\/ﬂy (X “f‘ln“’
(04

o y o
\/a(x —é‘—aj
then

. pF(p)
K {(p+b) ra(pb)qra)+f ’y} L pe(p.akx.y

el 2

_ bexp(-bx - ay)L “expb&)f (£)J, L \/ﬂy( é:__ndf

(24

(24

_exp(-bx —ay) [ “expb)f (&) %Jl[ \/ﬂay [X 5__j]d§' N
x—é—j

Problem 3.1. If A=1B =a,C=0,D=2b+aa,E =ab,F =b’ +aab + ,where «>0,a,b,s are
constant, then (3.1) reduces to

u, +au, +(2+ax)u, +abu, +b*+aab+p)u=r(x,y), 0<X,y <o, (3.13)
with the following initial conditions

ux,0)=f (x), u@y)=g(y), u,0y)=g,(y) u(00)=u,. (3.14)
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Solution.
Applying the double Laplace transform to Eq. (3.13), we obtain

1
U(p,q) = R(p,q)+ pG +G
(p.8) p’+apq+(b+aa)p+abq+b’+aab+p (P.0)+PG(@)+G,()

+a0qG Q) +a pF(p)—au,+(2b +aa)G (q) +abF (p)

. (3.15)

= (p+b)2+a(p +b)(q+a)+ 3 R(p,q)+pG(Q)+G,(q)+xqG(q)+« pF(p)

—au,+(2b +aa)G (q) +abF (p) .

By taking the inverse double Laplace transform of Eq.(3.15), we obtain the solution of Eq.(3.13) as follows

ux,y)= [ [rE-my -anexp(-n@a+b)exp(-b(x - &)y 2yBn(x ~D)dnd &

+exp(-x(b+aa))g(y —ax)
2 explbx —am) g y —n)Jo{z —”(x —ann
o o (04

D)
j p
+ 2 [ exp-bx —an) g,y —n)J{z @(x —ann

o (94 o

+ EX exp(—bx _an)J{z\/m]ag (y ,7)
@ a

)

o

—— [ ew-bx—ang(y -n)
a[x

Q\Q
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b exp(-bx —ay) [ “ exp(o2)f (:)J{z\/ﬂ—y(x —g—lj]dg
o

o

—exp(-bx —ay) [ “exp0)T (£) ﬂ—yal[z\/ﬂ—y(x —cf—lndi
a(x —§—yJ “ “
(94

a a (24

(@ +aa) L"X exp(-bx —an) g (y —’7)‘]0[2 _n(x _Zj]dn

+b exp(-bx —an) f‘iexp(bg)f (f)J{ZJﬁ—y(x —f—lj}w

a a

0, y >axX,
- 2
U, eXp(—bx —ay)Jo(;\/ﬂy (ax —y)], y <ax,
therefore

ux.y)= [ [r&-ny -anexp(-n@a+b)exp(-b(x ~£)I,2yBnx ~)dndé

+exp(-x (b +aa))g(y —ax)

L [ exp(-ox —an)g(y -n) LJl(z ﬁ(x —Zj}m
a a( J a a

‘- f exp(-bx —an) g, (y —n)Jo[Zﬂ/ﬁ(x —ann
o o o
+ fx exp(-bx —an)Jo(Z ﬁ[x —lj][ag v _77)+(b +aaj@l(y —ﬂ)jdﬂ
o o oy o
+exp(—y (a+gnf {x —XJ
o (04

—exp(—bx —ay)f’Eexp(bg)f (&) (ﬂ—yj{z\/%(x —f—%j]df
al X —§—j

0, y >axX
~ |ug exp(-bx —ay)Jo(E\/ﬂy(ax—y)j, y <ax’
(24

CONCLUSION
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This article deals with the construction of exact solution to the certain boundary value problems. Although the method
is well — suited to solve the second order partial differential equations, the method could lead to a promising approach
for many applications in applied sciences.
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