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INTRODUCTION

In 1970, Levine [15] introduced the concept of generalized closed (briefly, g-closed) sets of a topological space. Bhattacharrya
and Labhiri [4] defined and studied the notion of sg- closed sets. In 1990, Arya and Nour [2] introduced the concept of gs- closed
sets. Veera Kumar [21] defined and studied the notion of g” -closed sets. The notion of g*s - closed sets was defined by El-
Maghrabi and Nasef [12]. The purpose of the present paper is to define and investigate the concept of strongly generalized star
semi-closed sets. Some notions are introduced and investigated via a strongly generalized star semi-closed set such as : strongly
generalized star semi- continuity, strongly generalized star semi-irresoluteness, strongly generalized star semi- closed and strongly

generalized star semi- homeomorphism maps.

PRELIMINARIES

Throughout this paper, spaces always mean topological spaces on which no separation axiom is assumed unless explicitly stated.
Let X be a space and A be a subset of X . The closure of A and the interior of A are denoted by cl (A) and int(A) respectively . A

subset A of X is said to be regular-open[19] (resp. semi - open[14], pre-open[17],Q-set[13]) if A  int(cl(A)) (resp.
A < cl(int(A)), Acint(cl(A)), int (cl(A)) cl(int(A))). A subset A of X is said to be semi — closed if X —Ais
semi — open or, equivalently, if int(cl(A))< A [8]. The family of all semi — open (resp. semi-closed) sets will be denoted by
SO (X,1) (resp. SC (X,t)). The intersection (resp. the union) of all semi- closed (resp. semi-open) sets containing (resp. contained

in) A is called the semi — closure (resp. the semi - interior) of A and will be denoted by s —CI(A) (resp.s —int(A) ).

Definition 2.1. A subset of a space (X, T)is called:

1-  ageneralized closed ( briefly, g-closed) [15] setif CI(A) < U whenever A < U and U is open,

2- a semi generalized-closed (briefly, sg-closed) [4] set if s—cl(A) = U whenever A < U and U is semi- open,

3-  ageneralized semi-closed (briefly, gs-closed)[2] set if s —cl(A) < U whenever A < U and U is open,

4- a strongly generalized semi-closed (briefly, g*s-closed) [12] setif s—cl(A) = U whenever A < Uand U is g-open,
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5- a g"-closed [21] setif cl(A) < Uwhenever A < U and U is g-open.

Remark 2.1. The complement of g-closed (resp.sg- closed, gs-closed, g*s-closed, g -closed) is called g-open (resp. sg-open, gs-

open, g*s - open, g" -open).

Definition 2.2. A mapping f : (X,T) — (Y, G) is called g-continuous[3] (resp. sg- continuous [20], gs- continuous [11], g" -
continuous [21]) if £~ (V) is g-closed (resp. sg-closed, gs-closed, g* -closed ) in (X, T) for every closed set V of (Y,G).

Definition 2.3. A mapping f : (X, 1) = (Y, 0) is said to be:

(i)  g-closed [16] (resp. sg-closed [11], gs- closed [11]) if f(V)is g-closed (resp. sg-closed, gs-closed) in (Y, ) for every
closed set V of (X, 1).

(i)  g-open [16] (resp. sg-open [11], gs- open [11]) if f(V)is g- open (resp. sg- open, gs- open) in (Y, ) for every open set V
of (X,7).

Definition 2.4. A bijective mapping f :(X,1) = (Y, 0) is said to be:

(i)  semi homeomorphism(B) [5] if f is semi-continuous and semi-open,

(i)  semi generalized ~homeomorphism[10] (briefly, sg- homeomorphism ), if f is sg-continuous and sg-open,
(iii) generalized semi-homeomorphism[10] (briefly, gs- homeomorphism ), if f is gs-continuous and gs-open.

Lemma 2.1 [7,8,9]. If A and B are two subsets of X , then the following statements are hold:
(1)  s-cl (A) (resp. s- int (A)) is semi — closed (resp. semi- open),

(i) A is semi — closed ( resp. semi — open) iff A s—cl(A)(resp. A s—int(A)),
(i) s—cl(X—A) X-s—int(A) and s—int(X—A) X-s—cl(A),

(iv) Acs-—cl(A),s—int(A) C A,

(V) s—cl(s—cl(A)) s—cl(A).

Corollary 2.1 [1]. Let A be a subset of a space (X, ) . Then s—cl(A) A Uint (cl(A)) .
3. More on strongly g*s-closed sets.

Definition 3.1 A subset A of a space X is called a strongly generalized star semi-closed (briefly, stronglyg*s-closed) set, if
s—cl(A) c U whenever A < U and U is gs-open in (X, 1) .

A subset B of a space (X,1) is called a strongly generalized star semi-open (briefly, stronglyg*s-open) set, if X —Bis
strongly generalized star semi-closed in (X, T).

Remark 3.1. The concepts of g-closed (resp. g" -closed) and strongly g*s-closed sets are independent.

Example 3.1. If X={ab,c,d} with two topologies T,,T, on X such that : T,={X, @,{a}, {ab}}, T,={X ¢,

{a},{b,c},{a,b,c}} ,then:

(1) asubset A={b} of X on T, is strongly g*s- closed but not g-closed and a subset B={a,b,d} of X on T, is g-closed but not
strongly g*s-closed.

(2) asubset C={a} of X on T, is stronglyg*s-closed but not g" -closed and a subset D={b,d} of X on T, is g" -closed but
not strongly g*s-closed.

Remark 3.2. By Definition 3.1 and Remark 3.1, we obtain the following diagram.
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closed — ¢’ -illised — " g-closed — gs-closed
semi — closed—] stronglyg*s-closed » g*s-closed
sg-closed

However , the converses are not true in [2,9,12,21] and by the following examples .

Example 3.2. If X = {a,b,c,d} with topologies T, , T, on X such that:
T, =X, ¢,{cd}}, T, ={X, ¢,{c},{c,b},{b,c,d}}, then a subset A= {a,b,c} of X on T, is strongly g*s- closed but not semi—-

closed. While, a subset B={a,c} of Xon T, is g*s-closed but not strongly g*s- closed.

Example 3.3. Let X= { a,b,c} with topologies T, , T, on X such that
T,= {X, ¢ ,{ab},{c}}, T, ={X, ¢@,{a},{a,b}}. Then, a subset C={a} of X on T, is sg-closed but not stronglyg*s-closed.

But a subset D ={a,c} of X on T, is gs-closed but not strongly g*s-closed.

Remark 3.3. The union of two strongly g*s-closed sets need not be stronglyg*s-closed. Let X ={a,b,c,d} with topology T ={X,
®,{a},{b},{a,b}}. Then, the subsets A={a} and B={b} are strongly g*s-closed but their union is not stronglyg*s-closed.

Theorem 3.1. A subset A of a space (X, T) is strongly g*s-closed if and only if every gs - open set G containing A, there exists
a semi — closed set F such that AC Fc G.

Proof . Necessity. Let A be a stronglyg*s-closed set , A © G and G be gs — open. Then s —cl(A)c G. Set, s—cl(A) F.
Hence, there exists a semi — closed set F suchthat AC Fc G.

Sufficiency . Assume that A < G and G is a gs — open set of X. Then by hypothesis, there exists a semi — closed set F such that
A c Fc G, therefore, s—cl(A) = G. So, A is strongly g*s -closed.

Theorem 3.2. Let A be a strongly g*s-closed set of X . Then (s—cl(A))— A does not contain any non empty g - closed set .
Proof. Let F be a g - closed set such that F < (s—cl(A))—A. Then F< X —A this implies that A < X —F . Since, A is
strongly g*s- closed and X—F is g - open , then s-cl(A)c X—F, that is Fc X—(s—cl(A)), hence
Fcs—cl(A)N(X—(s—cl(A))) ¢. This shows that F ¢ .

The converse of the above theorem may not be true as is shown by the following example.
Example 3.4. In Example 3.1, if A={a,b,d}is a subset of X on a topology T, , then (s—cl(A))—A {c }does not contain any
non empty g-closed set.

Corollary 3.1. Let A be a strongly g*s-closed set of X . Then (s —cl(A))— A does not contain any non empty gs - closed set .
Proof. Obvious.

Corollary 3.2. Let A be a stronglyg*s - closed set . Then A is semi - closed if and only if (S—cl(A))— A is gs - closed.

Proof . Necessity . Assume that A is stronglyg*s - closed and semi - closed sets. Then s—cl(A) Aand hence
(s—cl(A))— A =@ which is gs - closed.

Sufficiency. Suppose that s —Cl(A)—A is gs - closed and A is stronglyg*s -closed . Then by Corollary 3.1 , s—cl(A)—A
does not contain any non empty gs - closed subset of X. Hence A is semi - closed.

Theorem 3.3. Foreach x € X , then {x} is gs- closed or its complement X — {X} is strongly g*s - closed .
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Proof. Suppose that {x} is not gs- closed. Then its complement is not gs- open . Since, X is the only gs- open set containing
X—{x} ,thatis, s—cl(X—{x})< X holds. This implies that X —{x} is stronglyg*s - closed .

Proposition 3. 1. If A is a strongly g*s -closed set and A < B <= s—cl(A), then B is strongly g*s - closed.
Proof . Let B C U and U be a gs- open set of X . Then A CU. Since , A is strongly g*s - closed , hence s —cl(A) < U, but
Bcs—cl(A). Then s —cl(B) € U. Hence, B is strongly g*s - closed .

Proposition 3. 2. If (X, T)is a topology space and A < X, then A is semi — closed, if one of the following two cases hold :
(1) If Aiis stronglyg*s-closed and gs-open.
(2) If Aisstronglyg*s-closed and open.

Theorem 3.4. Let A be a subset of a space X, the following are equivalent:
(i)  Aisregular — open,
(if) A is open and strongly g*s-closed.

Proof. (i) —(ii). Let U be a gs-open set containing A and A be a regular-open set. Then, A Uint(cl(A)) A < U. So,

s—cl(A) < U and therefore A is strongly g*s-closed.
(if)— (i). Since, A is an open and a stronglyg*s-closed sets, then by Proposition 3.2(2), A is semi-closed. But, A is pre-open .
Therefore, A is regular-open.

Theorem 3.5. If A is a subset of a space X, the following are equivalent:

(1) Adisclopen,

(if)  Ais open, a Q-set and stronglyg*s-closed.

Proof. (i) —(ii). Since, A is clopen, hence A is both open and a Q- set. Let U be a gs-open set containing A. Then,
AUint (cl(A))c U andso s—cl(A) < U. Hence, A is stronglyg*s-closed.

(i1))— (i) . Hence by Theorem 3.4, A is regular-open. Since, every regular-open set is open, then A is a Q-set, hence A is closed.
Therefore, A is clopen.

Theorem 3.6. For a subset A of a space X, the following statements are equivalent :
(i) Adisstronglyg*s - open,

(i)  For each gs-closed set F < X contained in A, F < s—int(A) ,
(iii) For each gs-closed set F < X contained in A, there exists a semi -open set G < Xsuchthat FC G C A.

Proof. (i) —(ii). Let F < A and F be a gs- closed set . Then X —A < X —F which is gs-open. Hence, s—cl (X—A)c X-F.
Therefore by Lemma 2.1, (iii) , F < s —int(A).

(i) — (i) . Let F< Aand F be a gs-closed set. Then by hypothesis, F < s—int(A). Set s—int(A) G, hence
FcGcA.

(iii) —(i). Let X—A < U and U be a gs-open set .Then X—U C A and by hypothesis, there exists a semi-open set G such
that X —Uc G A, thatis, X—A € X—G < U. Therefore, by Theorem 3.1, X —A is stronglyg*s- closed . Hence, A
is strongly g*s -open.

Lemma 3.1. Let AcC X be a stronglyg*s -closed set. Then s —cl(A)— A is stronglyg*s - open.
Proof. Let F be a gs- closed set such that F < (s—cl(A))—A. Since A is stronglyg*s-closed, then by Corollary 3.1, F ¢.
Therefore, @ < s—int (s —cl(A)— A) . Hence, by Theorem 3.6, s—cl(A)— A is stronglyg*s - open.

4. Strongly g*s-continuous mappings.

Definition 4.1. A mapping f:(X,7) > (Y,0)is called a strongly generalized star semi-continuous (briefly, stronglyg*s-
continuous) mapping if the inverse image of each closed set in Y is stronglyg*s-closed in X.

Definition 4.2. A mapping f:(X,t) — (Y,0)is called strongly generalized star semi-irresolute (briefly, strongly g*s-
irresolute ) if, ' (U) is strongly g*s-closed in (X, 1), for every strongly g*s-closed set U of (Y, G).

Lemma 4.1. (1) Every semi- continuous mapping is strongly g*s -continuous.
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(2)  Every strongly g*s-continuous mapping is sg- continuous (resp. gs-continuous ).

Remark 4.1.The concept of stronglyg*s-continuous and g-continuous (resp. g*-continuous ) mappings are independent, as is
shown by the following examples.

Example 4.1. Let X {a,b,c,d} ,Y {a,b,c} with two topologies T, {X ¢,{a}} .1, {Y, ¢,{a}} and a mapping
f:X,14) > (Y, 1) isdefined by f(a) b, f(b) ¢ andf(c) f(d) a ,then f is g-continuous but not strongly

g*s-continuous.

Example 42. If X Y {a,b,c} with topologies.

i 1 {X0{a},{b},{ab}t}, 1, {Y,0,{a},{a,b}} ,then a mappingf:(X,ty) > (Y, ;) which is defined by f(a) c,
f(b) a and f(c) b is stronglyg*s-continuous but not g-continuous.

) 1, {X o,{a},{b},{a,b}}, 1, {Y,¢,{b,c}} ,then a mapping f:(X,14)—>(Y,Ty) which is defined by
f(a) b, f(b) aandf(c) c is stronglyg*s-continuous but not g -continuous.

Gi) T {X o,{a},{a,b}}, 1y {Y,@,{b,c}} .then a mapping f:(X,14)—>(Y,1y) which is defined by
f(a) f(C) a and f(b) bis g* - continuous but not strongly g*s -continuous .

Remark 4.2. By Lemma 4.1 and Remark 4.1, we have the following diagram.

continuity - continuity ——> g- contlnulty7 gs-continuity
semi-continuity ——————— strongly g*s-continuity—— sg- continuity

The converses of this implication is not true in [6,11,14,21] and by the following examples.

Example 43. Let X Y {ab,c},with topologies Ty {X ¢,{a,b}}, 1, {Y,,{b,c}} and a mapping

f:X, 1) > (Y, Ty) be defined byf(a) f(c) a andf(b) b. Thenfis stronglyg*s- continuous but not semi-
continuous.

Example 4.4. If X {a,b,c},t, {X ¢,{a,b},{c}} , and a mapping {:(X, 1) > (X 1) is defined as f(a) a ,

f(b) c and f(c) b ,hencef is gs- continuous and sg- continuous but not strongly g*s- continuous.

Theorem 4.1. A mapping f : (X,t) — (Y, 0) is strongly g*s- continuous iff the inverse image of each open set in Y is strongly
g*s -open in X.

Proof. The necessity. Let G Y be an open set. Then, Y —G is closed , hence, by hypothesis, (Y —G) is a strongly g*s-
closed set. Therefore, T (G) is strongly g*s-open.

The sufficiency. Let F < Y be a closed set . Then, Y —F is open , hence by hypothesis, £~ (Y —F) is a strongly g*s-open

set. Thus £ (F) is strongly g*s-closed. So, f is stronglyg*s- continuous.

Lemma 4.2. Every strongly g*s- irresolute mapping is strongly g*s-continuous.

Example 45. Let X Y {a,b,c} with two topologies T, {X,¢,{a},{a,b}}, Ty {Y, ¢.,{a,b}} anda

mapping f:(X,7,) > (Y, 1) be defined by f(a) b, f(b) aand f(c) cC. Then, fis strongly g*s-continuous but not
strongly g*s- irresolute.

Remark 4.3. The composition of two strongly g*s- continuous mappings may not be strongly g*s- continuous the following
example shows this fact.
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Example 4.6. Let X Z {a,b,c}and Y {a,b,c,d} withthe topologies Ty {X, ¢,{a}},t, {Y, ¢,{a,c}}
, Ty {Z,¢0,{c}} , amapping f from (X, Ty ) to (Y, T )is the identity map and a mapping g:(Y, 1,) = (Z,1,) is defined

by g(a) a, g(b) g(d) bandg(c) c. Then, fand g are stronglyg*s- continuous, but gof is not strongly g*s-
continuous.

In the next theorem , we give the necessarily condition which satisfying the composition of two strongly g*s- continuous
mappings is also strongly g*s- continuous.

Theorem 4.2. Let {:(X,14) > (Y, 7y)and g:(Y, 1,)—>(Z,1,) be two mappings . Then, gof : (X, Ty ) =>(Z,T,) is

strongly g*s- continuous if one of the following conditions are satisfied.

(1) f is strongly g*s- continuous and g is continuous,

(i)  f is semi- continuous and g is continuous,

(iii)  fis strongly g*s-irresolute and g is strongly g*s-continuous.

Proof. (i) Let Fc Zbe a closed set and g be a continuous mapping . Then, g_l(F) C Y is closed . But, f is strongly g*s-

continuous, then £~'(g™'(F)) = X is strongly g*s-closed. Therefore, (gof)™'(F) is strongly g*s-closed in X.

(i) If Vis a closed subset of Z , then g™'(V) c Yis closed . But, f is semi- continuous, then f is strongly g*s- continuous,
hence (g o D_I(V) is strongly g*s-closed in X.

(iii) Let V be a closed subset of Z and g is strongly g*s-continuous. Then, g_IW) c Y is strongly g*s-closed. But, fis

strongly g*s-irresolute, then (g™ (V)) < X is strongly g*s-closed. Hence, gof is strongly g*s-continuous.

5. Strongly g*s-closed mappings.

Definition 5.1. A mapping f :(X,7) = (Y,0) s called strongly generalized star semi-closed (resp. strongly generalized star
semi-open) (briefly, strongly g*s-closed and strongly g*s-open) if the image of each closed (resp. open) set of X is strongly g*s-
closed (resp. strongly g*s-open) in Y.

Remark 5.1. The g-closed (resp. g-open) and strongly g*s-closed (resp. strongly g*s-open) mappings are independent. The
following examples show this remark.

Example 5.1. Let X Y {ab,c,d} and 1, {X 0,{a}}, 1, {Y, 0,{a},{b,c},{a,b,c}} be two topologies on X,Y
respectively . Then, the mapping f: (X, 1,) — (Y, T,) which is defined by f(a) ¢, f(b) a, f(c) b and f(d) d
is g-closed (resp. g-open) but not strongly g*s-closed (resp. strongly g*s-open).

Example  5.2. Let X Y {a,b,c,d} with  two  topologies v {X ¢,{b,c,d}} and

T, 1Y, ¢,{a}, {b,c},{a,b,c}} . Then, the identity mapping from (X, T ) into (Y, T ) is stronglyg*s-closed (resp.
strongly g*s-open) but not g-closed (resp. g-open).

Remark 5.2. Itis clear that a strongly g*s-closed (resp. strongly g*s-open) mapping is weaker than semi-closed (resp. semi-open)

and stronger than each of sg-closed (resp.sg-open). The implications between these new types of mappings and other
corresponding ones are given by the following diagram.

closed  g-closed _ gs-closed
(open) ~ (g-open) " (gs-open)
semi-closed strongly g*s-closed sg-closed
(semi-open) (strongly g*s-open) ‘ (sg-open)

The converses of these implications are not true in [11,16,18] and by the following examples.
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Example 53. If X Y {ab,c,d}andt, {X, 0,{a},{a,b}}, T, {Y,@,{c,d}}, then a mapping

f:(X,1,) > (Y, 1, ) which defined by f(a) c, f(b) d, f(c) a and f(d) b is stronglyg*s-closed (resp. strongly
g*s-open ) but it is not semi-closed (resp. semi-open).

Example 5.4. If X Y {a,b,c} with two topologies T, {X, @,{a,b},{c}} andt, {Y, @,{a},{b,c}}, thena

mapping f:(X, 1,)— (Y, 1,) which is defined by f(a) a,f(b) candf(c) b is gs-closed (resp. gs-open) and sg-
closed (resp. sg-open) but not strongly g*s-closed (resp. stronglyg*s-open ).

Theorem 5.1. For a bijective mapping f : (X,T) — (Y, ©), the following statements are equivalent :

(i)  fis stronglyg*s-closed,

(i)  fis stronglyg*s-open,

(iii) " is strongly g*s-continuous.

Proof. (i)—(ii). Let G < X be an open set . Then, X —Giis closed and by hypothesis, f(X—G)is stronglyg*s-closed. Since,
f is bijective, hence Y —f(G) is stronglyg*s-closed. Therefore, £(3) is strongly g*s-open.

(i))—(ii). If G < X is an open set, then f(G)is stronglyg*s-open in Y. Since, f is bijective, hence (f_l)_1 (G) is strongly
g*s-open in Y. Therefore, flis strongly g*s -continuous.

(iii) —(i). Let F = X be a closed set. Then, (f ) (F) is strongly g*s-closed in Y. But, f is bijective, hence f(F) is strongly
g*s-closed in Y. So, f is stronglyg*s-closed.

Theorem 5.2. A mapping f : (X,7) — (Y, 0) is stronglyg*s-open(resp. stronglyg*s-closed) iff for any subset A in (Y, o) and
any closed (resp. open) set F in (X, T)containing £ (A), there exists a stronglyg*s-closed (resp. stronglyg*s-open) subset B of
(Y, 0) containing A such that £! (B) cF.

Proof. The necessity. Let f :(X,T) —> (Y,0) be a stronglyg*s-open mapping and F be a closed set containing f ' (A) where
AcCY. Then, f(X—F) is stronglyg*s-open in Y. Set, Y —f(X—F) B. Since, £ (A)c F, hence
X-FcX- f_l(A) , therefore, f(X—F)cY—A. Then, AcY-—f(X—F) B, where, B Y —f(X-F), then
f7'B) f'(Y-—fiX-F) X-(F'fiX-F)cF. Hence, f'(B)F.

The sufficiency. Let U be an open set in X. Then, X — U is closed such that £ (Y —f(U)) < X —U. By hypothesis,
there exists a stronglyg*s-closed set B containing Y —f(U), that is, Y —f(U)< B....(1). Also, since,
f'(B) =X —U , then flU) < fiX —f'B)) = Y — B this implies that B Y —f(U)...(2) . Hence, from
(1),(2) we have B Y —f(U) which is stronglyg*s-closed. So, f(U) is stronglyg*s-open. Therefore, f:(X,t) = (Y,0)is
strongly g*s -open.

By similarly, we can prove this theorem for a case, if,  : (X,T) — (Y, G) is strongly g*s-closed.

Remark 5.3. The composition of two stronglyg*s-closed (resp. stronglyg*s-open) mappings may not be stronglyg*s-closed
(resp. strongly g*s-open). The following examples show this fact.

Example 55. Let X Y Z {a,b,c,d} with topologies T, {X, ¢,{a},{a,b},{a,c,d}}, 1, {Y, o,{a}, {b,c},{a,b,c}}
and T, {Z,0,{c,d}}. Then, a mapping f:(X,TX)—)(Y, TY) which defined by f(a) a, f(b) d, f(C) b and
f(d) c and a mapping g:(Y, 1) = (Z,1,) which also defined by g(a) g(b) a, g(C) C and g(d) b are
strongly g*s-closed, but go f is not strongly g*s -closed.

Example 56.Let X Y Z {a,b,c,d} with topologies T, {X,0,{a},{a,b},{a,c,d}} , 1, {Y, 9,{a},{b,c},{a,b,c}}
and T, {Z,¢,{c,d}}. Then, a mapping f:(X,1,)>(Y,7,) which defined by f(a) a, f(b) d, f(c) c and
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f(d) b andamapping g:(Y, Ty) = (Z,1,) which also defined by g(a) g(c) c,gb) dadg(d) b are
strongly g*s -open, but go f is not strongly g*s-open.

In the following , we give the conditions under which the composition of two strongly g*s-closed (resp. stronglyg*s-open)
may be stronglyg*s-closed (resp. stronglyg*s-open).

Theorem 5.3. Let f : (X, T4 ) = (Y, 7y )andg:(Y, 1y) = (Z, 1,) be two mappings. Then, the following statements are hold:

(i) If, f is closed (resp. open) and g is stronglyg*s-closed (resp. stronglyg*s-open), thengo f strongly g*s-closed (resp.
strongly g*s-open).

(i) If go f is strongly g*s-closed (resp. strongly g*s-open) and f is surjective continuous, then g is stronglyg*s-closed (resp.
strongly g*s-open).

(i) If gOf is closed (resp. open) and g is injective strongly g*s-continuous then, fis stronglyg*s-closed (resp. strongly g*s-
open).

Proof. (i) Let G be a closed subset of X. Then, f(G)is closed in Y. But, g is stronglyg*s-closed, then g(f(G)) is stronglyg*s-

closed in Z. Therefore, g o f(Q3) is stronglyg*s-closed.

(i) IfF is closed setin Y, then f~'(F) is closed in X. Hence, by hypothesis, (g o f)(f ™' (F)) is stronglyg*s-closed. Since, f is
surjective, then g(F) is strongly g*s-closed. Therefore, g is stronglyg*s-closed.

(iii) IfF is closed set in X, then g o f(F) is closed in Z. Hence, by hypothesis, g7 (g o D(F)) is strongly g*s-closed. Since, g is
injective, then f(F) is strongly g*s-closed. Therefore, f is stronglyg*s-closed.

6. strongly g*s-homeomorphisms.

Definition 6.1. A bijection f:(X,T) — (Y,0) is called a strongly g*s-homeomorphism if f is both stronglyg*s-continuous
and strongly g*s-open.

Remark 6.1. (1)Every semi-homeomorphism(B) is strongly g*s-homeomorphism.
(2)  Every strongly g*s-homeomorphism is sg- homeomorphism (resp. gs-homeomorphism).

The converse of above remark is not true as is shown by the following examples.
Example 6.1. Let X Y {a,b,c,d} with two topologies

1, {X,0,{c,d}} and 1, {Y,0,{a},{b},{a,b}}. Then, a mapping f:(X,7,) >(Y,7,) whichdefinedby fla) d, fib) ¢
,f{lc) aandfld) b isstronglyg*s-homeomorphism but not semi-homeomorphism(B).

Example 6.2. If X {a,b,c} with topology T, {X,0,{a,b},{c}} and, then a mapping f:(X;1,) = (X,1,) which defined by
fla) a, flb) candfic) b issg- homeomorphism and gs- homeomorphism but not strongly g*s- homeomorphism.

By Remark 6.1 and the above examples we obtain the following diagram.

homeomorphism —_— semi- homeomorphism(B)

strongly g*s - homeomorphism

sg- homeomorphism ——>  gs- homlomorphism

Proposition 6.1. Let f (X, 1) > (Y,0) be a bijective and strongly g*s-continuous map. Then, the following statements are
equivalent:
(1) f is strongly g*s -open,
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(i) £ is strongly g*s-homeomorphism,

(iii) f is strongly g*s-closed.

Proof. (i)—(ii). It is clear from Definition 6.1.

(ii)—(iii). Since, fis strongly g*s-homeomorphism, thenf is stronglyg*s-open. But, fis bijective , hence by Theorem 5.1, f'is
strongly -g*sclosed.

(iii)—(i). Obvious.

Remark 6.2. The composition of two stronglyg*s- homeomorphism mappings may not be stronglyg*s- homeomorphism. The
following example shows this fact.

Example 6.3. Let X Y Z {a,b,c} with topologies 1, {X,¢,{a}} . Ty {Y,0,{a,c}} and T, {Z,@,{c}} Then, a
mapping f:(X,1,)— (Y,1,) which defined by f{la) c, fib) b and f{c) a and a mapping g:(Y,1,)>(Z1,)
which also defined by g(a) c¢, g(b) b and g(c) aare stronglyg*s-homeomorphism, but gof is not stronglyg*s-
homeomorphism .
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