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ABSTRACT: This paper contains some definitions and results in intuitionistic fuzzy lattice ordered M-groups, which are required in the sequel.
Some properties of homomorphism and anti-homomorphism of
intuitionistic L-fuzzy M-subgroups are also established.
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1. INTRODUCTION:

The notion of fuzzy sets was introduced by L.A. Zadeh [10].Fuzzy set theory has been developed in many directions by many
researchers and has evoked great interest among mathematicians working in different fields of mathematics, such as topological
spaces, functional analysis, loop, group, ring, near ring, vector spaces, automation. In 1971, Rosenfield [1] introduced the concept
of fuzzy subgroup. Motivated by this,many mathematicians started to review various concepts and theorems of abstract algebra in
the broader frame work of fuzzy settings. In [2], Biswas introduced the concept of anti-fuzzy subgroups of groups. Palaniappan. N
and Muthuraj, [7] defined the homomorphism, anti-homomorphism of a fuzzy and an anti-fuzzy subgroups .G.S.V. Satya Saibaba
[4] initiate the study of L-fuzzy lattice ordered groups and introducing the notice of L-fuzzy sub I-groups. Pandiammal P,
Natarajan R and Palaniappan N, [9] defined the homomorphism, antihomomorphism of an anti L-fuzzy M-subgroup,
Institutionistic L- fuzzy m-groups. In this paper we define a new algebraic structure of intuitionistic fuzzy lattice ordered M-
group and studied some related properties.

2. PRELIMINARIES:
2.1 Definition: Let G be agroup, Mbeanysetifi)mxe G.iiymXy)=(mx)y=xmy for all X, y¢ G, me M. Then
G is called a M group.

2.2 Definition : Let u: X— [0, 1] be a fuzzy set & G be a M group G. A fuzzy set on G,
G e [1(X)) is called a fuzzy m group if i) p (m(x y)) > min {p (m x), pu (my)}
iyumxH>p(@mx) forallx,ye G,me M

2.3 Definition: Let G be a M-group. A L-fuzzy subset A of G is said to be L-fuzzy M-subgroup (LFMSG) of G if it satisfies the
following axioms:

(i) paCmxy ) = min {pa (MX) , pa (y) }

(ii) pa (Mx*) > pa (Mx), forall xand y in G.

2.4 Definition: Let G be a M-group. A L-fuzzy subset A of G is said to be anti L-fuzzy M-subgroup (LFMSG) of G if it satisfies
the following axioms:

(i) pa(mxy ) < min {pa (MX) , pa (¥) }
(i)pa (mxh) < pa (Mx), forall x and y in G.

2.5 Definition: A lattice ordered group is a system ( G,.,<) if i) (G, -) is a group ii) (G,<) is a lattice . iii ) x <y implies a x b <
a y b (compatibility) For a, b, x, ye G

2.6 Definition : Let u: X — [0, 1] be a fuzzy set & G is a lattice ordered set, G € [1(X).
A function p on G is said to be a fuzzy lattice ordered group if i) p (x y) > min {p (x), u(y)}
i (x ™M >p(x) forallx, ye G

2.7 Definition: p: Xto [0, 1], Ge 0(X),M I X.
A function pon G is said to be a fuzzy lattice ordered m-group if

© JGRMA 2013, All Rights Reserved 28



M U Makandar et al, Journal of Global Research in Mathematical Archives, 1(10), October 2013, 28-38

i) (G, ) is a M-group.

ii) (G,, ) is a lattice ordered group.

iii) p(m(xy))>min {p (mx), p(my)}
iv) H((MX)™)> p(mx)

V) p(mxvmy)>min {5 (mx), p(my)}

vi) H(MX A my)>min {g (mx), wW(my)}Forallx,ye G

2.8 Definition: Let (G, -) be a M-group. An intuitionistic L fuzzy subset A of G is said to be an intuitionistic L-fuzzy M subgroup
(ILFMSG) of G if the following conditions are satisfied:

() pa (mxy ) =min { pa (MX) | pa (My) }

(i) ta (Mx 1) = pa (mx),

(iii) va (mxy ) < max {va (mX) pa (My) }

(iv) va (mx™*) <va (mx), forall xand y in G.

2.9 Definition: p: Xto [0, 1], G e 0O(X), M 00 X. A function W on G is said to be an Intuitionistic fuzzy lattice ordered m-group (
IFLOMG) if
i) (G, ) is a M-group.
ii) (G,-, <) is a lattice ordered group.
i) p(m(xy))>min {p (mx), p(my)}
iv) R(MX) )= p(mx)
v) p(mxvmy)=>min {p(mx), p(my)}
vi)  p(mx a my)>min {u(mx), p(my)}
Vi) va(mxy)< max {va (MX), ua (My) }
viii)  va((Mx) )< va(mx)
iX) va(mxvmy)< max {va (mx), pa (My) }
X) va(mxa my)< max {va (Mx), pa (My) }

2.10 Definition: Let (G, - ) and ( G, - ) be any two M-groups. Let f : G — G’ be any function and A be an IFLOMG in G, V be
an IFLOMG in f(G) = G’, defined by p y(y) = sup{ p a(x)) /

xe fi(y) Yand v a(y) = inf{ v o(X)) / xe f(y) }, forall xin G and y in G’. Then A is called a pre-image of V under f and is
denoted by (V).

2.11 Definition: Let A and B be any two intuitionistic L-fuzzy subsets of sets G and H, respectively. The product of A and B
denoted by A x B, is defined as

AXB={<(XVY), taxs(XyY),vas(Xy)>/forallxe Gandye H }where

paxe(X,Y)= pa(¥)a pely) yandvaxs(X,y) = vaX) v va(y)

2.12 Definition: Let A and B be any two IFLOMG. Then A and B are said to be conjugate IFLOMG if for some gin G, p o (X) =
ng(Mg™txmg)andva(X)=vg(mg™x mg), for every x in G.

2.13 Definition: Let A be an intuitionistic L-fuzzy subset in a set S, the strongest intuitionistic L-fuzzy relation on S, that is an
intuitionistic L-fuzzy relation on A is V given by

py(X y)=min {pa(X), paly) }and v, (x,y ) =max {v a(x) ,va(y) }, forall xandyinS.

3—-PROPERTIES OF INTUITIONISTIC L-FUZZY M-SUBGROUPS:

3.1 Theorem: If A is an IFLOMG of a M-group (G, ), then pa ( mx %) = pa(mx) and

v A Mx)=v A(MX), pa(mx) < pa(me) and va(mx) > va(me), for x in G, where e is the identity element in G.
Proof: For x in G and e is the identity element in G.

Now, pa(mx) = pa( (Mx™)™) = a(mx™) = pa(m x).

Therefore, pa(mx™) = pa (M x). And

va (M x) = va( (Mx™)™) < va (MX )< va(m X).

Therefore, va(mx™) = va(mx), for all x in G.

Now, pa(me) = pa(m xx™) = min {u a(Mx) , pa (Mx )} = min {p A(MX) , pa (MX)}= pa(Mx).
Therefore, p a(Me) > pa(m x). And,

va(me) = va(m xx )< max {va(mx), va(mx™) }= max {va(mx), va(mx) } = va(mx).
Therefore, va(me) = va(mx) , for all x in G.

3.2 Theorem: If A'is an IFLOMG of a M-group ( G, - ), then

(i) pa( mxy ) = pa(me) gives pa(mx) = pa(my),

(ii) va(m xy™) = va (me) gives va (Mx) = va (my), for x & y in G, where e is the identity element in G.

Proof: Let x & y in G and e is the identity element in G.

Now, pa (MX) = pa (M xy 'y ) > min {pa (Mxy™) ,pa (My) }

= min {pa (Me), pa (My) }

= pta (My) = pa (Myx )

> min {ua (MyXx ™) ,ua (MX) 3
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= min {pa (Me), pa (Mx) }

= pa (MX).

Therefore, pa (MX) = pua (My), for all x and y in G.
And, va (MX) = va (Mxy "y )< max { va (M xy™), va (my)}
= max {va (me), va (My)}

=va (my)

=va (myx *x)

<max {va (Myx™"), va (mx) }

= max {va (me), va (Mx)}

=Va (mX)

Therefore, va A(Mx) = va A(my), for all xand y in G.

3.3 Theorem: A'is an IFLOMG of a M-group (G, -) if and only if

pa(mxy ™) = min {ua(mx) , pa(my) 3, va(mxy™) < max {va(mx),va (my)},

pa(mx v my ™) >min { pa (MX), pa (MY}, ga(Mmxa my ™) >min { pa (M), pa (My) }
va(mxvmy ™) <max {va (mx), va (My) }, va(mx a my ) <max { va (MX), va (My) }
forall x,yinG.

Proof: Let A be an IFLOMG of a M-group (G, ).

Then, pa( mxy )= min {ua (Mx), pa (My™)}=min { pa (Mx), pa (My) }
Therefore, pa (mMxy ™) > min { pa (Mx), A(my) }, forall x & y in G. And,
va (mxy™?) <max {va (MX), va (My™)}= max {va (Mx), va (My)}.
Therefore, va ( mxy ™) < max {va (MX), va (My)}, forall x &y in G.

pa( Mx v my ™) =min {pa (MX), pa (My™)}=min { pa (MX), pa (My) }
Therefore pa( mx vmy ™) >min { pa (Mx), pa (My) }

pa(mx a my ) >min {pa (MX), ua (My™)}=min { pa (MX), pa (My) 3
Therefore pa( mx o my ™) >min { pa (MX), pa (My) }

va(Mx v my ™) <max {va (Mmx), va (My™)}=max { va (Mx), va (My) }
Therefore va( mx v my ™) < max { va (Mx), va (My) }

va(mxa my ™) <max {va (Mx), va (My™)}=max { va (MX), va (My) }
Therefore va( mx 2 my ™) <max { va (Mx), va (My) }

Conversely, if pa( mxy™) > min { pa (MX) ,pa (My)} and va (M xy™ )< max { va (Mx), A(my)},
replace y by x, then

Ha( me) > min { pa (MX) ,pua (MX)}= pa (MX) and
va (Me)< max{ va (Mx), A(Mmx)}= va (Mx)

i) ta (MX ™) = pa (Mex ™) > min {ia (Me), pa (MX)} = pa (MX).

Therefore, pa (Mx ™) > pa (MX).

ii) pa (MXy) = pa (M x(y")™ ) = min {pa (MX), pa (My ™) = min { pa(mx),ua (My)}
Therefore, pa (Mxy ) > min {ps (MX), pa (My)}, for all x and y in G.

iii) va( mx™?) = va (mex™) < max { va (Me), va (MX)} = va (X).

Therefore, va (M x™) <va (M X).

iv) va (Mxy) = va (mx(y)™ )< max { va (MX), va (My™)}<max { va (MX), va (My)}
Therefore, va (Mxy) < max {va (MX), va (My)} for all xand y in G.

V) pa (mx v my) = pa(mx v m(y ™)) > min {ga (mx), pa (My ™) > min { pa(mx),ua (My)}
Therefore, pa (MX v my ) > min {pua (MX), pa (My)}, for all xand y in G.

Vi) pa (MX A my) = pa(mx a my™)™) > min {ua (mx), pa (My ) > min { ga(mx),ua (My)}
Therefore, pa (MX A My ) > min {pa (MX), pa (My)}, for all xand y in G.

Vii) va (mx v my) = va (mx v m(y™)™ )< max { va (mx), va (my™)}<max { va (MX), va (My)}
Therefore, pa (MXx v My ) <max {pa (MX), pa (My)}, forall xand y in G.

Viii) va (MXx A my) =va (mxa m(y")™ )< max { va (mx), va (My ™ )}<max { va (MX), va (My)}
Therefore, pa (Mx A My ) <max {pa (MX), pa (My)}, for all xand y in G.

Hence A is an IFLOMG of G.

3.4 Theorem: Let A be an intuitionistic L-fuzzy subset of a group (G, *). If ua(m e) = 1 and va(me) = 0 and pa ( mxy™ )> min{pa
(MX), pa (M)} and va( mxy™ ) < max {va (Mx), va (My)},

pa( Mx v my ™) >min { pa (MX), pa (MY)}, pa(Mx A My %) >min { pa (MX), pa (My) 3

va(mxvmy ™) <max { va (Mx), va (My) }, va(mx a my ) <max { va (MX), va (My) }

forall x, yin G then A'is an IFLOMG of a M-group G.

Proof: Let x & y in G and e is the identity element in G.

i) pa(MX™) = pa (mex ) > min {pa (Me), pa (MX)}= Min {1, pa (MX)} = pa (MX)

Therefore, pa (Mx™) > pa (Mx), for all x in G.

i) va (Mx™) = va (Mex™") < max {va (Me), va (Mx)} = max {0, va (MX) }= va (MX).
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Therefore, va (Mx™) <va (Mx), for all x in G.

i) pa (mxy) = pa (M x(y™)™" ) = min {pa (Mx), pa (My ) = min { pa(mx),ua (my)}

Therefore, pa (Mxy ) > min {ps (MX), pa (My)}, for all x and y in G.

V) va (mxy) = va (MX(y™")™ )< max { va (mx), va (My™)}<max { va (MX), va (My)}

Therefore, va (Mxy) < max {va (MX) , va (My)} for all xand y in G.

V) pa (mx v my) = pa (MXx v my ™)™ ) > min {pa (mx), pa (My ) > min { pa(Mx),ua (My)}
Therefore, pa (MXx v My ) > min {pa (Mx), pa (My)}, for all xand y in G.

Vi) pa (MX A my) = pa(Mx a M(y™)™) > min {pa (mx), pa (My ) > min { ga(mx),ua (My)}
Therefore, pa (MX A My ) > min {pa (MX), pa (My)}, forall xand y in G.

Vii) va (mx v my) = va (mx v m(y™)™ )< max { va (mx), va (My?)}<max { va (Mx), va (My)}
Therefore, pa (MXx v My ) <max {pa (MXx), pa (My)}, forall xand y in G.

viii) va (MXx A my) =va (mxa m(y")™ )< max { va (mx), va (My™)}<max { va (MX), va (My)}
Therefore, pa (Mx A my ) <max {pua (MX), pa (My)}, for all xand y in G.

Hence A is an IFLOMG of G.Hence A is an intuitionistic L-fuzzy M-subgroup of a M-group G.
3.5 Theorem: If Ais an IFLOMG of a M-group (G, *), then H= {mx/xe G : pa(mx) =1,

va (mx) = 0} is either empty or is a M-subgroup of a M-group G.

Proof: If no element satisfies this condition, then H is empty. If m x and my in H, then
pa (mxy ) = min {ua(mx), pa(my™) = min { ga (MX), pa (My)} = 1.

Therefore, pa (mxy ) =1, forall xand y in G.

And, va (M xy™?) < max {va (Mx), va (My™)} < max{ v(mx), v(my)}=0.

Therefore, va (mxy™) = 0, for all x and y in G. We get mxy * in H.

Therefore, H is a M-subgroup of a M-group G.

Hence H is either empty or is a M-subgroup of M-group G.

3.6 Theorem: If Ais an IFLOMG of a M-group (G, *), then H= { mxe G: pa (MX) = pa (Me) and va (MX) = va (Me) } is either
empty or is a M subgroup of a M-group G.

Proof: If no element satisfies this condition, then H is empty. If mx and my satisfies this condition, then pa (m x ™) = pa (MX) =
ta (Me), va (M X™) = va (MX) = pa (Me).

Therefore, pa (mx ™) = pa (Me) and va (M x™?) = va (M e).Hence mx™*in H.
Now, pia (mxy™) = min {pa (MX), pa (My™)}= min {pa (MX) , pa (My)}
=min { pa (Me), pa (Me)} = pa (Me).

Therefore, pa (mxy ™) > pa (me) , for all x and y in G---(1).

And, pa (Me) = pa (M (xy™)(xy™)™ )= min{ pa (Mxy™) , pa (M(xy™) ™}

= min {p (MXy™), pa (MXy™)}= pa (Mxy™).

Therefore, pa (Me) = pa (Mxy™), for all x and y in G----(2).

From (1) and (2), we get pa (me) = pa (mxy™).

Now, va (mxy™) = min {va (MX), va (My™)}= min {va (Mx) , va (My)}

= min { va (Me), va (Me)} = va (Me).

Therefore, va (mxy ™) >va (me) , for all x and y in G ---(1).

And, va (me) = va (m (xy)(xy")™" )= min{ va (Mxy™), va (M(xy™)™")}

= min {va (Mxy™), va (Mxy™)}= va (Mxy™).

Therefore, va (me) = va (mxyY), for all xand y in G ----(2).

From (1) and (2), we get v (me) = va (mxy™).

Hence H is either empty or is a M-subgroup of a M-group G.

3.7 Theorem: Let (G, -) be a M-group. If A'is an IFLOMG of G, then

pa (Mxy) = min {pa (M), pa (MY)} and va (Mxy ) = max {va (MXx), va (My)} with pa (Mx) #
wa (My) and v o(mx) # va(my), for each x and y in G.

Proof: Let x and y belongs to G.

Assume that ua (Mmx) > pa (My) and va(mx) < va(my), for each x and y in G.

Now, pa(my) = pa (mMx “xy) = min{ ua (MX™), pa (Mxy )}z min { pa (Mx), pa (Mxy)}
= pa (MXy) =2 min{ pa (MX), pa (MY)}= pa (My).

Therefore,pua (M xy) = pa (My) = min { pa (MX), pa (My)} for all xand y in G.

Assume that va(mx) <va(my), for each x and y in G.

Now, va (my) = va (mx xy ) <max{ va (mx™), va (Mxy)} <max { va (MX), va (Mxy)}
= va (M xy) < max{ va (Mx), va (My)}=va (My).

Therefore, va (M Xy) = va (My) = max { va (Mx), va (my)} for all xand y in G.

3.8 Theorem: If A and B are two IFLOMG of a M-group (G, -), then their intersection AN B is an IFLOMG of G.

Proof: Let x and y belong to G,

A={<X, pa (X),va(x) >/xe G }and
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B ={<x, us (X), ve(xX) >/xe G}
ANB = { <X, pa(¥) A pg (X) , vaX) vV vg (X) >/xe G}
) mane(MXy) = pa (MXy) A pg (MXY)
>min{ pa (MX), pa (My) 32 min{ pg (Mx), pg (My) }
>min{ pa (MX) A pg (MX), { pa (MY) & pg (My) }
= min{ pace (MX) , pane (MY)}
i) pace (MX™) = pa (MX?) & g (MXY) > pa (MX) & g (MX) = pace (MX)
iii) vans(mxy) = va (MXy) v vg (Mxy)
< max{ va (mx), va (my) }v max{ vg (mx), ve (My) }
< max{ va (mx) v vg (Mx) , { va (My) v vg (My) }
= max{ vang (mx) , vans (My)}
iV) vang (MX™) = va (MX) v vg (M) > va (MX) v vg (MX) = vage (MX)
V) Hang(MX V MYy) = pa (MX 'V My) A pg (MX V My)
>min{ pa (MX), pa (My) 2 min{ pg (Mx), pg (My) }
>min{ pa (MX) 4 pg (MX), { pa (MY) A pg (My) }
= min{ pane ( mx) , pang (My)}
Vi) pans(MX 4 My) = pa (MX A My) A pg (MX A My)
>min{ pa (MX), pa (My) 32 min{ pg (Mx), pg (My) }
>min{ pa (MX) 4 g (MX) , { pa (MY) 4 pg (MY) }
= min{ pane (Mx) , pans (MY)}
Vi) vans(MX vV my) = va (MX v My) v vg (MX V My)
< max{ va (Mx), va (my) }v max{ vg (Mx), vg (My) }
<max{ va (Mx) v vg (MX) , { va (MY) V vg (My) }
= max{ vang (mx) , vans (My)}
Viii) vans(MXx A my) =va (MX A My) Vv vg (MX A my)
< max{ va (mx), va (My) }v max{ vs (mx), vs (My) }
<max{ va (MX) v vg (MX) , { va (My) v vg (My) }
= max{ vane ( mx) , vans (My)}
Hence AN B is an IFLOMG of a M-group G.

3.9 Theorem: If {A} is a family of IFLOMG of G then NA; is a IFLOMG of G where
NA={<x,a u,, (X),vvy (X)/xe G}.
Proof:
i) N g (MXy) = & g1, (Mxy)

= n ming s, (), g, (my) }

=ming o g, (M), A 1, (my) }

=min {N pg(MX), Ny (My)}
i) 0 g (X = A g1, (MK 2 8 a1, (MX) =0 gy (M)
iii) N vy (Mxy) =vv,; (Mxy)

< vmax{ vy (MX), va; (MYy) }

= max{ Vv, (MX), Vv, (my)}

=max{ Nvy (Mx), N vy (My)}
iv) N vy (MXY) =v vy (MxD) > v N vy (MX) =N vy (MX)
V) N (X MY) = A, (MXV MY)

> min g, (MX), a1, (My) }

=ming & g, (M0, &, (MY) }

=min {N pg(MX), N py(My)}

Vi) N pg(Mxa my)=a u,, (Mxa my)
> & min{ u,,(MX), 1,,(my) }
=min{ & g, (mX), & 1, (my) }
=min {N pygg(MX), N pgg(My)}

Vvii) N vy (MX vV my) = vy (MXVmy)
< vmax{ vs (MX), v (My) }
= max{ v vy; (MX), v vy (My) }
= max{ N vy (mx), N vy (My)}

Viii) Nvy; (MX A my) =vvy, (MXa my)
< vmax{ vy (MX), vy (My) }
= max{ v vy (MX), v vy (My) }
© JGRMA 2013, All Rights Reserved
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=max{ N vy (mx), N vy (My)}
Hence NA; is an IFLOMG of a M-group G.

3.10 Theorem: If A is an IFLOMG of a M-group G, then (i) pa( mxy) = pa(myx) if and only if
ta (MX) = pa (My x my ) (i) va (M xy) = va (M yx) if and only if va (MX) = va (My *x my), for xand y in G.
Proof: Let xand y be in G.
Assume that pa (M Xy) = pa (M yx), we have pa (My xmy) =pa (my *mxy)

= pa (My " my x) = pa (MeX) = pa (MX).

Therefore, pa (mMx) = pa (My *xmy), forall xand y in G.

Conversely, assume that pa (M X) = pa (My x my ), we have pa (M Xy ) = pa (M Xy €)

= pa(Mxyme)=pa (mxy mxx ) =pa (mxyxmx™) = pa (yx).

Therefore, pa (M xy) = pa (Myx), forall xand y in G.

Now, we assume that v (Xy) = va (yX), we have va (My xmy) =va (my *mxy)

=va (my Tmyx) =va(mex) =va(mx)=va (mx). Therefore, va (Mx) = va (my x my)
,forall xand yin G.

Conversely, we assume that va (M x) = va (My x my ), we have va (M Xy ) = va (M Xy €)
=va(mxyme)=va(mxymxx ) =va(mxyxmx™)=va (yx).

for all x and y in G .Hence (ii) is proved.

3.11 Theorem: Let A be an IFLOMG of a M-group G. If pa (mx) < pa (my ) and v (Mx) >
va (my), for some x and y in G, then (i) pa (MXy) = pa (MX) = pa (MyX),
(ii) va (mxy) = va (MX) = va (Myx) , forall xandy inG.

Proof: Let A be an IFLOMG of a M group G.

Also we have pa (Mmx) < pa (My) and va (Mmx) > va(my), for some x and y in G,

pa(m xy) > min {pa (MX) , pa (My)} (s A is an IFLOMG of G) = pa (mx) ; and

fa (MX) = pa (Mxyy™) = min { pa (MXY) ,1ta (My ™) } = min{ua (Mxy), pa (MY)} = pa(mxy).

Therefore, pa (Mxy) = ua (Mx) , for all xand y in G.

And, pa (Myx) > min{ pa (My), pa (Mx)} (as Ais an ILFMSG of G) = pa (MX) ;

and pa (MX) = pa (My ?yx ) > min {pa (My ™), pa (Myx)}> min{ pa (My), pa (Myx)}, as A is an IFLOMG of G = pa (myXx).
Therefore, p aA(Myx) = pa(mx), forall xand y in G.

Hence pa (M xy) = pa (Mx) = pa (myx) , for all x and y in G. Thus (i) is proved.

Now, va (M Xy) <max {va(mMXx), va(my)}, as A is an IFLOMG of G = va (MX) ;

And va (Mx) = va (mxyy™) <max {va (Mxy), va(my™)} < max{va (mxy),va(my)}, as A is an IFLOMG of G = va(mxy).
Therefore, va(m xy) =va(x), forall xand y in G.

And, va(myx) <max {va(my),va(mx)} as Aisan IFLOMG of G = v, (mx) ; and

Va(MX) = va(my yx ) <max {va(my ™), va (M yx)}< max {va(my), va(myx)} as A is an IFLOMG of G= v (myX).
Therefore, va (M yx) = va (Mx) , forall xand y in G.

Hence v a(m xy) =va(mx) =v a(myx), forall xand y in G. Thus (ii) is proved.

3.12 Theorem: Let A be an IFLOMG of a M-group G such that Im pa={ a } and Imvs = {B}, where aand  inL. If A=BlC,
where B and C are IFLOMG of G, then either B €C or C<S B.

Proof: Case (i) : Let A=BUC={< x,us (X) Vuc (X) , s (X) o pc (X) >/xe G},

B ={<x, ug(X), vg (X) >/ xe G }and C ={<x, pc(x), ve X)>/xe G}

Assume that ug (mx) > uc (Mx) and pg (My) < pc (My), for some x and y in G.

Then, o = pa (MX) = peyc(MX) = pg (MX) v pe (MX) = pg (MX) > pe (MX).

Therefore, o > pc (mx), for all x in G.

And,a = pa (My) = peic (My) = pe (MY) v pc(My) = pc (My) > pe(my).

Therefore, o> pg (my), for all y in G.So that, uc (my) > puc (mx) and pg (Mx) > pg (My).

Hence pg (Mxy) = pg (My) and pc (Mxy) = pc (MX).

But then, a. = pa (MXy) = pyc (MXY) = pa(MXy) V pc (MXy) = pg (MY) v pc (MX) < 0 ===mmmmmmmm- D).
Case (ii): Assume that vg (mx) < v¢ (MX) and vg (My) > vc (my), for some x and y in G.

Then, B =va (MX) = vgyc (MX) = vg (MX) & vc (MX) = vg (MX) < v (MX).

Therefore, B <vc (mx), forall xin G.

And,p =va (my) = veic (My) = vg (MY) & vc (MY) = ve (My) < vg (My).

Therefore, B <vg(my), for all x in G. So that, v¢ (my) < vc (mx) and vg (MX) < vg(my).

Hence vg (mxy) = vg (My) and v¢ (Mxy) = ve(mMx).

But then, B = va (Mxy) = vgyc (MXy) = vg (MXY) & vc (MXY) = vg (MY) & ve(MX) > P ------------=- 2).
It is a contradiction by (1) and (2).

Therefore, either BE Cor C S B is true.
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3.13 Theorem: If A and B are IFLOMG of the M-groups G and H, respectively, then AxB is an IFLOMG of GxH.
Proof: Let A and B be IFLOMG of the M-groups G and H respectively. Let x; and X, be in G,
y; and y, be in H.

Then ( Xy, y1 ) and (X, ¥, ) are in GxH. Now,

Deae [MX1, Y1) (X2, Y 2) I = Ras (MX X2, MY 1Y 2) = pwa (MXiX2) A pg (MY1y2)

= min {p o (MX1), pta (MX2)}a Min {ug (My1) , pe(My2)}

=min{pa(Mxi) & pg(My1), pa(mxz)a ps(myz)}

=min{ pae [MX, Y1) T, ae [M(X 2, Y 2)]

Therefore, paxg [M(X1, Y 1) (X2, Y 2) 1= min{ paxg [ M(X1, Y 1) I, oaxe [M(X 2, Y 2)]

Forall x; and X, in G, y ; and y, in H. Now,

Forall x;and X, in G,y ;andy, inH

i) poae [MO Y )= pae (X myst) = pa (X ) & pa (Mysh) = pa (MX) & pa (My1) = s [MX1, Y 1)]
) pae [MX1, Y1) VM (X2, Y 2) J=pae (MX1VMXo My vmy,)

Spa(MXVmX)a pa(myvmy,)

Zmin {p A (MX1), pa (MXz)}a Min {pg (My1) , ug(My2)}

=min{pa(Mx;) a2 pe(Myr), pa(mxz)a ps(myz)}

=min{ pae [MX, Y1) T, 1 ae [M(X 2, ¥ 2)]

V) pae [MXLy1)a MXyY2)]=pae (MX1a MXymya my,)

=pa(MmMXia MX)a pa(mysa my,)

Zmin {pa(MX1), A (MX2)}a Min {pg (My1) , pe(My2)}

=min{pa(mxo) a pg(Myr), pa(mxz)a ps(myz)}

=min{ pae [ M, Y1) ] pae [MX 2, y2)]

V)Vas [MX, Y1) X2 Y2) 1=V ae (MX1X2 MYy 1y 2) =va(MXiX) A v (MYy1y?)

<max {va(MmX;), v a(mMmxz)}vmin {vg (My1), ve(Myz)}

=max{va(mxy) vve(Mmy1),va(mxz)vve(mys)}

=max{v ae [MXy, Y1) ] vae [MX2 Y2

Therefore, v ag [ M(X1, Y1) (X2, Y 2) ]S max{v ae [M(X1, Y 1) ], v ae [M(X 2, Y 2)]

Forall x; and X, in G,y ; and y, in H.

Vi) v e [MXz Y )= vae (X, myst) = va (mxg ™) v va (Mys™) Sva (MXg) Vva (MY1) =v ae [ M(X1, Y 1)]
Vi) v g [M(X1, Y1) VM (X2, Y 2) ] =V ae (MX VM X, My jvmy ;)
=va(mxovmx)vva(myvmy,)

<max {v a(mxy), v a (Mxz)} v max {ve (My1) , ve(myz)}

=max {v a(mxy) v g (My1), va (Mxz) v vg( myz)}

=max{v axg [ M(X1, Y1) I, v axe [ M(Xz, Y2)]

Vi) v ae [MXy, Y ) 4 M (X2, Y2) =V ae(MX1a MXymy;a my;)

=va(mxia mxy)vva(myia my,)

<max {va(MmX;),va(mXz)}Vvmax {vg (My1), ve(my)}

=max {v a(mxi) vve (My1), va(mxz) v vs( myz)}

=max{v ae [MXy, Y1) ] vae [MX2 Y2

Therefore AxB is an IFLOMG of GxH.

3.14 Theorem: Let an IFLOMG A of a M-group G be conjugate to an IFLOMG M of G and an IFLOMG B of a M-group H be
conjugate to an IFLOMG N of H. Then an IFLOMG AXxB of a M-group GxH is conjugate to an IFLOMG MxN of GxH.

Proof: Let A and B be IFLOMG of the M-groups G and H respectively. Let x, x* and f be in G and y, y * and g be in H.

Then (x, y) ,(x*, y*) and (f, g) are in GxH.

Now, pae (f. 9) = na(f) us( )

= pm(mx fmx =) py(my gmy =)

= n (Mx Fmx ™, my gmy ™)

= s (mx, my)(f, g)( mx ", my 7 ]

= pwxnl (Mx, my) (f, g)(mx, my )™ ].

Therefore, pas (f, 9) = pma (MX, my) (f, g)(mx, my ) ], forall x, x*and fin Gandy, y *and g in H.

And, vae (f, 9) = va(f) va(g) = vim( mxf mx™) vy( myg my™)

=v men (Mxfxt, myg my™t)

= v v [ (Mx, my)(, g)(mx*, my "1) ]

= vy [(mx, my) (f, g)(mx, my )™ ].

Therefore, va (. §) = vml (Mx, my) (f, g)(mx, my )™ ], for all x, x* and fin G and y, y* and g in H. Hence an IFLOMG AxB
of a M-group GxH is conjugate to an IFLOMG MxN of GxH.

3.15 Theorem: Let A and B be IFLOMG of the M-groups G and H, respectively. Suppose that e and e’ are the identity element of
G and H, respectively. If AxB is an IFLOMG of GxH, then at least one of the following two statements must hold.

(i) pg(me’) > pa(mx) and vg (me’) <va(mx), for all x in G,

(ii) pa(me ) > pg(my) and va(me ) <vg(my), for all y in H.
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Proof: Let AxB is an intuitionistic L-fuzzy M-subgroup of GxH.

By contraposition, suppose that none of the statements (i) and (ii) holds.

Then we can find ain G and b in H such that pg(me’) < pa(ma) and vg (Me’ ) > va(ma),
pa(me ) < pg(mb) and va(me ) > vg(mb),

We have, paxe (ma, mb ) = pa (Ma) o pg (Mb) > pa (Me) A pg (Me”) = pa (Me, me’).
And, vaxg (Ma, mb ) =va(ma) v vg(mb) < va(me) v vg(me’ ) = vaxg (Me, me’).

Thus AxB is not an IFLOMG of GxH.

Hence either pg (me’) > pa(mx) and vg (me” ) < va(mx), for all X in G or pa(me ) > pg(my) and va(me ) < vg(my), for all y in H.
3.16 Theorem: Let A be an IFLO subset of a M group G and V be the strongest intuitionistic L-fuzzy relation of G. Then A is an
IFLOMG of G if and only if V is an IFLOMG of GxG.

Proof: Suppose that A is an IFLOMG of G. Then for any x = (Xq, Xo) and y = (Y1 , Y») are in GxG.
D) py (Mmxy ™) = py [M(Xy, X2) (Y1, Y2)"]

=y (Mxyyr™ mxgy; ™)

= min {ua(mxey:™) , pa (MXy2 ")}

= min { min [ua (MX1), pa (My1)], Min [ pa (Mx2), pa (My2)] }

= min{ [ pa (MXy), pa (MXz)], Min [ pa (Mys), pa (My2)] }

=min { py (MX1, MXy) , py (My1, My>)

= min{py (MX), py (My)}

Therefore, py (mxy ™) > max {py (Mx), py (My)}, for all x and y in GxG.

i) v (Mmxy ™) = v [M(Xy, X5) (Y1, ¥2)™]

=w (Mxgyr ™ mxay, ™)

= max {va(Mxay:™) , va (MXzy, ™)}

< max { max [va (Mxy), va (My1)],max[ va (Mx,), va (My>)] }

= max {max [ va (Mmxy), va (Mxz)],max[ va (my1), va (My2)] }

= max { vy (MXy, MXz) , vy (My1, My5)

= max{vy (mx), vy (My)}

Therefore, vy (mxy ™) < max {v, (Mx), vy (My)}, for all x and y in GxG.

i) py (mxvmy ™) = py [M(xg, X 2) vM(ys, y2)]

= Hv ( mX; v myl-l y MXpV myZ-l )

= min {pa(Mx, v my: ™), pa (Mxav my, ™)}

= min { min [pa (MXy), pa (My1)], Min [ pa (MX2), pa (My2)] }

= min{ [ pa (MXy), pa (MXz)], Min [ pa (Mys), pa (My2)] 3

=min { py (MX1,MXy) , py (My1, My,)

= min{py (MX), py (My)}

iv) py (Mxa my ™) =py [M(Xy, X2) & My, y2) 7]

= py (MXga my; ™t mxa my,™)

= min {pa(Mx;a mMy;™), pa (Mxoa my,™)}

= min { min [pa (MXy), pa (My1)], Min [ pa (MX3), pa (My2)] }

=min{ [ pa (MX0), pa (MX2)], Min [ pa (Mys), pa (My2)] }

=min { py (MXg, MXy) , py (My1, Myy)

= min{py (MX), pv (My)}

V) vy (mxvmy ™) =y [m(Xy, X 2) Vm(y, ¥z )]

=w (Mxgyr ™ mxay, ™)

= max {va(mx, v my; ), va (mx,v my, )}

<max { max [va (MXy), va (My1)],max[ va (Mx;), va (My>)] }

= max {max [ va (MXy), va (MXz)],max[ va (My1), va (My)] }

= max { vy (MXy, MXyz) , vy (My1,My>)

= max{vy (MX), vy (My)}

vi)w (mxa my ™) =w [m(Xy, X2) & My, y2)"]

v (mx, A my;t mx, & my,™t)

= max {va(MXza My;™), va (Mxoa my,™)}

<max { max [va (MXy), va (My1)],max[ va (Mxz), va (My>)] }

= max {max [ va (X1), va (Xz)],max[ va (Y1), va (Y2)] }

= max { Vv (Xl, X2) , Vv (yl, yz)

= max{vy (X), w (¥)}

This proves that V is an IFLOM subgroup of GxG.

Conversely, assume that V is an IFLOMG of GxG, then for any x = (X1, X2) and y = (s, Y.) are in GXG, we have
pmin {pa(Oxayrt)  pa Oy )= m(xayrt L xey2 ™)

=y [ (X3, %) (Y1.y2)"]

= py (xy™) = min { py (%), py ()}

=min {py (X1, X2 ), bv( Y1, ¥2)}

=min { min [ pa (X1), pa (X2)], min [ pa (Y1), pa (Y2)13}

If we put x; =y, =0,
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We get, pa( X yi) > min{ pa (Xy), pa (Y1)}

i) min { pa(XaV Y1), pa (X VY2 )= pu(Xav yi ™t XV o)
= py [ (X, le)V(Y1,Y2)_l]

= py (XVy?D) =min { py (X), pv ()}

=min {py (X1, X2 ), pv( Y, Y2 )}

=min { min [ pa ( X1), pa (X2)], min [ pa (Y1), pa (Y213

If we putx, =y, =0,

We get, pa( X Vit ) =min{ pa (X1, pa (Y0}

i) min { pa(Xea Y1), pa (Xea Yo )= pv(xaa Yot L xpayeY)
=y [ (X % )a (Y1y2)']

=y (xay?)=min { py (%), py (¥)}

=min {py (X1, X2 ), pv( Y1, Y2 )}

=min {min [ pa (X1), pa (X2)], min [ pa (Y1), pa (Y2)13}

If we putx, =y, =0,

We get, pa( X1 A Y1) = min{ pa (X1), pa (Y2}

iv) max { va(x1y1™" ), va (X Yo )I=w( Xy, X ¥2 )

=w (X, %) (Y1.y2)"]

= w Oy =max { w (X), v ()}

=max {vy (X1, X2) , wil Y1 ¥2)}

=max { max [ va (X1), va (X2)], max [ va (Y1),va (Y2)I}

If we putx, =y, =0,

We get, va( X1 Y1) > max{va (X1), va (Y}

V) max { va( X1V Y1) va (VY2 )FEw(x vyt L X vy,
= [ (X1, % )V (Y1,Y2)"]

= vy (XVy™h) =max { w (X),w (Y)}

=max {vy (X1, X2 ), vy, ¥2 )}

=max { max [ va (X1), va (X2)], max [ va (Y1),va (Y2)]}

If we putx, =y, =0,

We get, va( X1V Yy ™) > max{va (X), va (Y1)}

vi) max { va(xaa Y1i'),va (X2 Yo 3= ww(xan yit L Xoa Y2)
=w [ (X, %) A (Y1,y2)t]

= v (xa yhH=max {vw(X),w(y)}

=max {vy (X1, X2) , wi Y1 ¥2)}

=max { max [ va ( X1), va (X2)], max [ va (Y1),va (Y2)1}

If we putx, =y, =0,

We get, va( XA Y1) = max {va (X1), va (Y1)}

Hence A is an IFLOMG of a M-group G.

4 — INTUITIONISTIC L-FUZZY M SUBGROUPS OF A M-GROUP UNDER
HOMOMORPHISM AND ANTIHOMOMORPHISM:
4.1 Theorem: Let (G, - ) and ( G’, - ) be any two M-groups. The homomorphic image (pre-image) of an IFLOMG of G is an
IFLOMG of G’.
Proof: Let (G, - ) and ( G’, - ) be any two groups and f: G—G’ be a homomorphism.
That is f(xy) = f(x)f(y), f(mx) = mf(x), for all xand y in G and min M.
Let V=f(A), where A is an IFLOMG of a M-group G.
We have to prove that V is an IFLOMG of G’.
Now, for f(x) and f(y) in G’,
we have
uy (mf(x)f(y))= ny (f(mxy) ),(as f is a homomorphism)
= pa (mxy)
> min { pa (MX), pa (My)},as Ais an ILFMSG of G
=min { py f(mx), py f(my)}
= min { py Mf(x), py mf(y)}
which implies that py ( mf(x)f(y ) ) = min { py mf(x) ,uy mf(y) }, for all xand y in G.
For f(x) in G’, we have,
iy ([MFC) T = py ([FMX) ) = py (F(mx?)), as f is a homomorphism
= pa (MX7) = pa (M) = py f(mx) = py mf(x)
which implies that py [m f(x) 1 > py mf(x) , for all x in G.
iii)vy (MFX)F(y))= wv (f(mxy) ),(as f is a homomorphism)
=va (mxy)
< max { va (MX), va (My)},as Aiis an ILFMSG of G
< max { vy f(mx), vy f(my)} = max { vy, mf(x), vy mf(y)}
which implies that v, ( mf(x)f(y ) ) < max { w mf(x) ,vy mf(y) }, for all xand y in G.
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For f(x) in G’, we have,
iv)vy ([m ) 1) = v (Fmx)™ ) = vy (F(mx)) = va (mx) < va (Mx)
= vy f(mx) = vy mf(x)
which implies that vy, [mf(x)]* < v, mf(x) , for all x in G.
V) uy (Mf(x) v mi(y)) = py (f(mx) v f(my))

=y (f(mx v my) ) (as fis a homomorphism)

= pa (Mx v my)

> min{ pa (MX), pa (My)},as Ais an ILFMSG of G

=min { py f(mx), py f(my)}

= min { py Mf(x), py mf(y)}
which implies that py ( mf(x) v mf(y ) ) > min { py mf(x) ,uy mf(y) }, forall xand y in G.
vi) py (MF(X) & mf(y)) = py (f(mx) 4 f(my))

=y (f(mx o my)) (as f is a homomorphism)

= pa (MX A my)

> min{ pa (MX), ua (My)},as Ais an ILFMSG of G

=min { py f(mx), py f(my)}

= min { py Mf(x), py mf(y)}
which implies that py ( mf(x) A mf(y ) ) > min { py mf(x) ,uy mf(y) }, for all x and y in G.
vii) vy (Mf(x) v mf(y))= vy (f(mx) v f(my) )

= vy (f(mx v my)) (as fisahomomorphism)

= v (MX v my)

< max{ va (mx), va (my)},as Ais an ILFMSG of G

= max { vy f(mx), vy f(my)}

= max { vy mf(x), vy mf(y)}
which implies that v, ( mf(x) v mf(y ) ) < max { vy mf(x) ,vy mf(y) }, for all xand y in G.
viii) vy (Mf(X) o mf(y))= vy (f(mx) o f(my) )

=vy (f(mx A my)) (as fisahomomorphism)

=va (Mxa my)

< max{ va (Mmx), va (Mmy)},as A is an ILFMSG of G

= max { vy f(mx), vy f(my)}

= max { vy mf(X), vy mf(y)}
which implies that vy, ( mf(x) v mf(y ) ) < max { vy mf(x) ,v, mf(y) }, forall xand y in G.
Hence V is an IFLOMG of a M-group G’.

4.2 Theorem: Let (G, - ) and ( G’, - ) be any two M-groups. The anti homomorphic image (pre-image) of an IFLOMG of G is an
IFLOMG of G’.
Proof: Let (G, - ) and ( G’, - ) be any two groups and f : G—G’ be an anti homomorphism.
That is f(yx) = f(X)f(y), f(mx) = mf(x), for all xand y in G and m in M.
Let V=f(A), where A is an IFLOMG of a M-group G.
We have to prove that V is an IFLOMG of G’.
Now, for f(x) and f(y) in G’,
we have
py (Mf(x)f(y))= pyv (f(myx) ),(as f is a homomorphism)
= pa (Myx)
> min { pa (My), ua (Mx)},as Ais an ILFMSG of G
=min { pa (MX), pa (My)}
=min { py f(mx), py f(my)}
= min { py Mf(x), py mf(y)}
which implies that py ( mf(x)f(y ) ) > min { py mf(x) ,uy mf(y) }, forall xand y in G.
For f(x) in G’, we have,
iDpy ([MFE) 1) = pv ([FMx) 1) = pv (F(mx™) ), as f is a homomorphism
= pa (MX) > pa (Mx) = py f(MX) = py mF(x)
which implies that py [m f(x) 1 > py mf(x) , for all x in G.
iiiyvy (MFX)T(Y))= vy ( f(myx) ),(as f is a homomorphism)
=va (MyXx)
< max { va (My), va (Mx)},as Aiis an ILFMSG of G
=max { va (MX), va (My)}
= max { vy f(mx), vy f(my)} = max { vy mf(x), vy mf(y)}
which implies that v, ( mf(x)f(y ) ) < max { v mf(x) ,vy mf(y) }, for all xand y in G.
For f(x) in G’, we have,
vw (M) 1) = w (Fmx)™ ) = wy (F(mx™)) = va (mx?) <va (Mx)
= vy f(mx) = vy mf(x)
which implies that vy [mf(x)]™* < v, mf(x) , for all x in G.
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V) uy (Mf(x) v mi(y)) = py (f(mx) v f(my))

=y (f(my vmx) ) (as fis a homomorphism)

= py (f(mx v my))

= pa (MX v my)

> min{ pa (MX), ua (My)},as Ais an ILFMSG of G

=min { py f(mx), py f(my)}

= min { py Mf(x), py mf(y)}
which implies that py ( mf(x) v mf(y ) ) > min { py mf(x) ,uy mf(y) }, forall xand y in G.
vi) py (MF(X) & mf(y)) = py (f(mx) o f(my))

=y (f(my o mx)) (as f is a homomorphism)

= py (f(mxa my))

= pa (MXx A my)

> min{ pa (MX), ua (My)},as Ais an ILFMSG of G

=min { py f(mx), py f(my)}

= min { py Mf(x), py mf(y)}
which implies that py ( mf(x) A mf(y ) ) > min { py mf(x) ,uy mf(y) }, for all xand y in G.
vii) vy (mf(x) v mf(y))= vy (f(mx) v f(my) )

= vy (f(my vmx)) (as fisahomomorphism)

= vy (f(mx v my))

= v (MX v my)

< max{ va (MX), va (Mmy)},as Ais an ILFMSG of G

= max { vy f(mx), vy f(my)}

= max { vy mf(X), vy mf(y)}
which implies that v, ( mf(x) v mf(y ) ) < max { vy mf(x) ,vy mf(y) }, for all xand y in G.
viii) vy (Mf(X) o mf(y))= vy (f(mx) o f(my) )

=vy (f(my A mx)) (as fisahomomorphism)

= vy (f(mxa my))

=va (Mxa my)

< max{ va (Mmx), va (Mmy)},as A is an ILFMSG of G

= max { vy f(mx), vy f(my)}

= max { vy mf(X), vy mf(y)}
which implies that vy, ( mf(x) v mf(y ) ) < max { vy mf(x) ,v, mf(y) }, forall xand y in G.
Hence V is an IFLOMG of a M-group G’.

5. CONCLUSION
In this paper, we define a new algebraic structure of Intuitionistic fuzzy lattice ordered M-groups of M-groups and
Homomorphism and anti-homomorphism of Intuitionistic fuzzy lattice ordered M-groups of M-groups.
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