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INTRODUCTION

The concept of α -open sets and generalized open sets play an important role in researches of generalizations of compactness and 

connectedness in topological spaces. By using these sets many authors introduced and studied various types of generalizations of 

compactness and connectedness. In 1991, Balachandran and et. al [3] introduced the notions of GO -compact and GO -

connected. Some properties of αGO-compact and αGO-connected spaces were studied in [5]. In the present paper, we 

introduce the notions of αGδO-compact and αGδO-connected as spaces from a set X satisfying some minimal conditions into 

a topological space and investigate their properties and relationships between them and other related generalized forms of spaces.

PRELIMINARIES

Throughout the present paper, spaces mean topological spaces ( )τX, (or simply X) on which no separation axioms are assumed 

unless explicitly stated. The closure (resp. the interior, the complement) of A for a space X are denoted by cl(A) ( resp. int(A) , X-
A). Some definitions and results which will be needed in this paper are recalled in the following stated.

DEFINITION 2.1:
A subset A of a space X is said to be:
(i) regular open [12] if A= int(cl(A)),
(ii) α -open [11] if  AÕ int(cl(int(A))),

(iii) δ -open [13] if it is the union of regular open sets.

The complement of a regular open (resp.δ -open ,α -open) set is said to be regular closed (resp. δ -closed,α -closed). The 

intersection of all regular closed (resp. δ -closed, α -closed) sets containing A is called the regular closure [12] (resp.δ -closure 

[13], α -closure [4]) of A and is denoted by r-cl(A) (resp. (A)clδ , α -cl(A)). The family of all regular open (resp. δ -open, α -

open) sets in a space ( )τX, is denoted by RO ( )τX, (resp. δτ , ατ ). 

The union of all regular open (resp. δ -open, α -open) sets contained in A is called the regular interior [12] (resp. -δ int(A)[13], 

α -interior [4]) of A and is denoted by r-int(A) (resp. (A)int δ ,α -int(A)). It is known that 
αδ τττ ÕÕ and ατ , δτ [11, 13] 

forms a topology on X.
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Definition 2.2. A subset A of a space ( )τX, is said to be:

(i) a generalized closed (briefly, g-closed) [2,8] set if cl(A)ÕU ,whenever AÕU and
U is open,

(ii) a generalized open (briefly, g-open ) [2,8] set if its complement X-A is g-closed.

Definition 2.3. A mapping f: ( )τX, → ( )σY, is called:

(i) generalized-continuous (briefly, g-cont.) [1] if (V)f 1- is generalized-closed set in

( )τX, , for each closed set Vin ( )σY, .

(ii) δ -open [10] if f(V) is δ -open in ( )σY, , for each open set V in ( )τX, ,

(iii) pre-α -closed [6] if f(V) is α -closed in ( )σY, , for eachα -closed set V in ( )τX, .

Definition 2.4. a space ( )τX, is said to be:

(i) α -compact [9] if each α -open cover of X has a finite subcover,

(ii) GO-compact [3] if every g-open cover of X has a finite subcover,
(iii) Gα O-compact [5] if every g α -open cover of X has a finite subcover,

(iv) α GO-compact [5] if everyα g-open cover of X has a finite subcover,

(v) α -connected [7] if X cannot be written as a disjoint union of two non-empty

α -open sets, 

(vi) GO-connected [3] if X cannot be written as a disjoint union of two non-empty  
g-open sets,
(vii) G α O-connected [5] if X cannot be written as a disjoint union of two non-empty 

gα -open sets,

(viii) α GO-connected [5] if X cannot be written as a disjoint union of two non-empty

α g-open sets,

(ix) α -space [11] if every α -closed set is closed.

Main Results

Definition 3.1. A subset A of a topological space ( )τX, is said to be:

(i) an -δdgeneralize-α closed (briefly, -gδα closed) set if α -cl(A)ÕU, whenever

AÕU and U is δ -open,      

(ii) an -δdgeneralize-α open (briefly, gδα -open) set if its complement X-A is 

-gδα closed,

(iii) an -δdgeneralize-α closed relative to B if GB(A)clα B «Õ- , whenever

GBA «Õ and G is a δ -open set in X,

(iv) an -δdgeneralize-α neighbourhood (briefly, gδα -nbd) of a point XxŒ if there 

exists an -gδα open set U such that AUx ÕŒ .

The family of all -δdgeneralize-α closed (resp. -δdgeneralize-α open) sets of a space ( )τX, will be denoted by 

( )τX,Cgδα (resp. ( )τX,Ogδα ) .

Definition 3.2. (i) The intersection of all -gδα closed sets containing A is called the -gδα closure of A and will be denoted by 

-gδα cl(A),

(ii) The union of all -gδα open sets contained in A is called the -gδα interior of A 

and will be denoted by -gδα int(A).

Theorem 3.1. For a subset A of A space X, then the following statements are
equivalent:

(i) A is αgδ -closed,

(ii) For every δ -open set G containing A, there exists an α -closed set F such that
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AÕ FÕG.

Proof. (i)→(ii). Let A be an αgδ -closed set and G be a δ -open set containing A. Then α -cl(A) ÕG  .If we put α -cl(A)=F . 

Hence, AÕ FÕG.

(ii)→(i). Let AÕG and G be a δ -open set .Then by hypothesis, there exists an α -closed set F such that AÕ FÕG. 

Therefore, α -cl (A) ÕG. So, A is αgδ -closed.

Lemma 3.1. If A and B are αgδ -closed sets, then A» B also αgδ -closed set.

Proof. Let A, B be two αgδ -closed sets. Then AÕFÕG and BÕEÕU where F, E are α -closed and G, U are δ -open sets. 

Hence, A» BÕF» EÕG» U. But, F» E is α - closed and G» U is δ -open sets then by Theorem 3.1. A» B is αgδ -closed 

.

Remark 3.1. If A and B are αgδ -open sets, then A« B is αgδ -open set.

Lemma 3.2. Suppose that AÕYÕX. Then A is an αgδ -closed (resp. αgδ -open) set relative to Y iff A is αgδ -closed (resp.

αgδ -open) relative to X.

Proof. Firstly. Let AÕG and G be a δ -open in X. Since AÕY, then AÕY« G but, A is αgδ -closed set relative to Y, 

hence GY(A)cl-α Y «Õ this implies that Y« α -cl(A)ÕY« G. Hence, α -cl(A) ÕG. Therefore, A is αgδ -closed relative 

to X.
Secondly. If AÕY « G and G is a δ -open in X, then AÕG but, A is αgδ -closed in X hence α -cl(A)ÕG and therefore, 

Y« α -cl(A)ÕY« G. So, A is αgδ -closed relative to Y. 

Definition 3.3. A mapping f: ( )τX, → ( )σY, is called:

(i) -δdgeneralize-α continuous (briefly, αgδ -cont.) if (V)f 1-
is αgδ -open in ( )τX, ,

for each open set V in ( )σY, ,

(ii) -δdgeneralize-α irresolute (briefly, αgδ -irr.) if (V)f 1-
is αgδ -open in ( )τX, , for

each αgδ -open set V in ( )σY, .

Lemma 3.3. The restriction mapping ( ) ( )σY,τA,:f A
A

Æ of αgδ -continuous mapping ( ) ( )σY,τX,:f Æ is αgδ -

continuous if ( )τX,αgδCAŒ .

Proof. Let YV Õ be a closed set. Then ( ) XVf 1 Õ-
is αgδ -closed. By Remark 2.1. ( ) AVf 1 «-

is αgδ -closed. But 

( ) ( ) ( )VfAVf 1
A

1 -- « . Therefore, 
A

f is αgδ -continuous.

Definition 3.4. A mapping f: ( )τX, → ( )σY, is called:

(i) α g δ -closed if f(V) is α g δ -closed in ( )σY, , for each closed set V in ( )τX, ,

(ii) pre- α g δ -closed if f(V) is α g δ -closed in ( )σY, , for each α g δ -closed set V in 

( )τX, ,

(iii) pre- α g δ -open if f(V) is α g δ -open in ( )σY, , for each α g δ -open set V in ( )τX, ,

(iv) -δCdgeneralize-α homeomorphism if  f is bijective , -δdgeneralize-α irresolute 

and pre - αgδ -open.

Definition 3.5. a space ( )τX, is said to be:

(i) 1/2αδT -space if every αgδ -closed set is α -closed,

(ii) bαδT -space if every αgδ -closed set is closed,
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(iii) αgδ -regular if for each closed set F of X and each point Œx X-F , there exist 

disjoint αgδ -open sets U and V such that F ÕU and Œx V, 

Lemma 3.4. Let ( )σY, be an α -space. If ( ) ( )σY,τX,:f Æ is bijective αgδ -cont and δ -open mapping. Then the inverse 

image of each αgδ -closed is αgδ -closed.

Proof. Let B be an αgδ -closed set in Y and suppose that 1f - (B)Õ U, where U is δ -open set in X. Then f(U) is δ -open,. 

Then ( )UfBÕ , where f is bijective. Hence, α -cl(B)Õ f(U) and therefore, 1f - ( α -cl(B))ÕU. Since, α -cl(B)  is closed  in α -

space ( )σY, and f is αgδ -cont, then α -cl( 1f - ( α -cl(B)))ÕU  this implies that α - cl( 1f - (B))ÕU  and hence, 1f - (B) is

αgδ -closed set in X.

Theorem 3.2. Let X be a space. Then the following are equivalent:
(i) X is αgδ -regular,

(ii) For each set FÕX and pŒX-F there exists an αgδ -open set U such that

p ŒUÕ αgδ -cl(U)ÕX-F.

Proof. (i)→(ii). Let X be an αgδ -regular space, FÕ X and pŒX- F. Then there exists disjoint αgδ -open sets U and V such that 

pŒU and  F ÕV = X - αgδ -cl(U). This implies that αgδ - cl(U) ÕX-F and hence, p ŒUÕ αgδ - cl(U)Õ X-F.

(ii)→(i). Let pŒX and FÕX -{p} be a closed set such that p ŒUÕ αgδ - cl(U)ÕX-F. Then FÕ X - αgδ -cl(U) which is 

an αgδ -open set and  U« (X - αgδ - cl(U)) = φ . Hence, ( )τX, is αgδ -regular space.

4. αGδO - compact spaces.

In this article we introduced the concepts of αGδO-compact space and we studied the connection between it and other 

compactness. Further, we presented some properties on this space.

Definition 4.1. (i) Let B be a subset of X. A collection { }Ii:Ai Œ of αgδ -open sets in 

a topological space ( )τX, is called an αgδ -open cover of B if { }Ii:AB i Œ»Ã holds.

(ii) A topological space ( )τX, is said to be αGδO-compact, if every αgδ -open cover 

of X has a finite sub cover. 

(iii) A subset B of ( )τX, is said to be αGδO-compact relative to ( )τX, if for every 

cover of B by αgδ -open sets of  ( )τX, has a finite sub cover.

The following observation studied the relation between this notion and the other of them.

Observation 4.1. For a space ( )τX, , every αGδO-compact space is αGO -compact.

Proof. (i) Let { }Ii:Gi Œ be an αg -open cover of X. Then{ }Ii:Gi Œ is an αgδ -open cover of X. Since, X is αGδO -

compact, then there exist a finite subcover }G,...,G,G{
n21 iii of X such that 

Ki
GX

n

1K

»Ã . Hence, X is αg -compact.               

We show that the relations between αGδO-compactness and other types of compactness in this diagram.

GO-compact → compact
↑

αGδO-compact → α GO-compact ↑
↓

G α -compact→ α -compact 
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Remark 4.1. α -compact space ( )τX, is αGδO-compact if it is 1/2Tδα .

Theorem 4.1. For a space ( )τX, , then the following statements are holds.

(i) an αgδ -closed subset of αGδO-compact space isαG δ O-compact relative to

( )τX, ,

(ii) A closed set of X is αGδO-compact if and only if it is αGδO-compact relative 

to ( )τX, .

Proof. (i) Let A be an αgδ -closed subset of αGδO-compact space X. Then X-A is αgδ -open in X. Let M={ }Ii:Gi Œ be a 

cover of A by αgδ -open set in X. Then {M, X-A} is αgδ -open cover of X. Since, X is αGδO -compact, then it has a finite 

subcover, say }G,,G,{G
n21

K and so, A is αGδO-compact relative to ( )τX, .

(ii) Obvious. 

Theorem 4.2. Let A and B be two subsets of a space ( )τX, such that XBA ÃÃ and B be an  αgδ -open set, then A 

is αGδO-compact relative to the subspace B if and only if A is  αGδO -compact relative to ( )τX, . 

Proof. Firstly. Let { }Ii:Gi Œ be a cover of A by ( )τX,OδgαG
i
Œ . Then by 

Remark 3.1 and B is αgδ -open. Then ( )τX,OδgαGB
i
Œ« and by Lemma 3.2, ( )

Bi
τB,OδgαGB Œ« ,for each

IiŒ which implies that { }Ii:GBA i Œ«»Ã . Since, A is αGδO-compact relative to B, then there exists a finite subset 

0I of  I such that { }0i Ii:GBA Œ«»Ã . Hence, { }0i Ii:GA Œ»Ã and therefore, A is αGδO-compact relative to ( )τX, . 

Secondly . Let { }Ii:Gi Œ be a cover of A by ( )Bi τB,OδgαG Œ , then by

Lemma 3.2. ( )τX,OδgαG
i
Œ , for each IiŒ . Since, A is αGδO-compact relative to ( )τX, then there exists a finite 

subset 0I of I such that { }0i Ii:GA Œ»Ã and therefore, { }0i Ii:GBA Œ«»Ã which implies that A is αGδO-compact 

relative to B.

Theorem 4.3. Let A and B be two subsets of a space ( )τX, .If A is αGδO -compact relative to X and B is  an  αgδ -closed set 

in ( )τX, , then  BA« is αGδO-compact relative to X .

Proof. Let { }Ii:Gi Œ be a cover of BA« by ( )τX,OδgαG
i
Œ . Since, ( )τX,OδgαB)(X Œ- , 

then ( ) { }Ii:GBX i Œ»- is cover of A which is αgδ -open. But A is αGδO -compact relative to X, then there exists a finite 

subset 0I of  I such that { } ( )BXIi:GA 0i -»Œ»Õ . Hence, { }0i Ii:GBA Œ»Õ« and so, BA« is αGδO -

compact relative to X.

Theorem 4.4. Let }Jj:{A
j

Œ be a finite family of αGδO-compact subsets relative to a space ( )τX, , then }Jj:{A
j

Œ» is 

αGδO-compact relative to X.

Proof. Let { }Ii:Gi Œ be a cover of }Jj:{A
j

Œ» by ( )τX,OδgαG
i
Œ .Then{ }Ii:Gi Œ is a cover of jA , for each 

JjŒ and hence , for each JjŒ , there exists a finite subset 
jI of I such that }Ii:{AA

jij
Œ»Ã . Therefore,

J}j:{A j Œ» { }0i Ii:G ŒÃ , where  }Jj:{II
j0

Œ» this shows that }Jj:{A
j

Œ» is αGδO -compact relative to X .

Proposition 4.1. For a space ( )τX, , Then:

(i)The image of αGδO-compact space is compact under surjective g-continuous mapping,

(ii) If a mapping ( ) ( )σY,τX,:f Æ is αgδ -irresolute and a subset B of X is

αGδO-compact relative to X, then the image f(B) is αGδO-compact relative to Y.,
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(iii) If a bijection mapping ( ) ( )σY,τX,:f Æ is αgδ -cont and δ -open and a subset B 

of X is αGδO-compact relative to ( )τX, , then the image f(B) is αGδO -compact

relative to ( )σY, if ( )σY, be an α -space. 

Proof. (i) Let ( ) ( )σY,τX,:f Æ be g-continuous mapping from an αGδO-compact 

space X on to a topological space Y. Let { }Ii:Gi Œ be an open cover of Y.

Then{ }Ii:)(Gf i
1 Œ- is g-open cover of X and then { }Ii:)(Gf i

1 Œ- is αgδ -open

cover of X. Since, X is αGδO-compact, then there exists a finite sub cover

( ){ }n
1

1
1 Gf),...,(Gf -- . But f is surjective, then }G,,G,{G

n21
K is an open cover of Y 

and so, Y is compact.  
(ii) clear and (iii) Obvious from Lemma 3.4.

Theorem 4.5. Let ( ) ( )σY,τX,:f Æ be a pre- αgδ -open mapping and Y be αGδO - compact, then X is αGδO -compact.

Proof. Let { }Ii:Gi Œ be a cover of X by ( )τX,OδgαG
i
Œ , for each IiŒ . Since, f is pre- αgδ -open, then { }Ii:)(Gf i Œ is 

a cover of Y by ( )σY,Oδgα)(Gf
i
Œ , for each IiŒ . Since, Y is αGδO -compact, then there exists a finite subset 0I of I such 

that { }0)i Ii:f(GY Œ» . Then { }0i Ii:GX Œ» and therefore, X is αGδO -compact. 

Theorem 4.6. αGδO-compactness is a topological property.  

Theorem 4.7. If ( )τX, is αgδ -regular and if A is αGδO-compact, then A is αgδ -closed.

Proof. Suppose that AÕ U and U be δ -open. Then by Thorem 3.2. there exists an αgδ -open set V such that AÕVÕ αgδ -

cl(V)ÕU and it follows that α -cl(A)ÕU.

Theorem 4.8. Let K be an αGδO-compact set of an αgδ -regular space X and U be nbd. of K. Then there exists an αgδ -closed 

nbd V of X which contained in U. 

Proof. Let U be an open nbd of K. Then X-U is closed nbd of K. Also, let pŒ K, since, X is αgδ -regular, pœX-U then there 

exists an αgδ -open nbd 
P

V such that pŒ
P

V Õ αgδ -cl(
P

V )ÕU. So, U = {
P

V : p ŒK } is an αgδ -open cover of K , then 

there exists a finite sub cover }V,...,V,V{
m21 PPP such that

K Õ
iP

m

1i

VU Õ )cl(V-αgδ
iP

m

1i

» ÕU. Hence, KÕVÕU. 

Theorem 4.9. Let ( ) ( )σY,τX,:f Æ be bijective, αgδ -irresolute and X be an αGδO -compact space, Y be an αgδ -

regular space. Then f is αgδ C-homeomorphism.

Proof. Let AÕX be an αgδ -open .Then by Theorem 4.1,(i) (X-A) is αGδO-compact and therefore f(X-A) is αgδ -compact 

by using proposition 4.1,(ii). Hence, f(X-A) is αgδ -closed by Theorem 4.7. Then f(A) αgδ -open and therefore, f is pre- αgδ -

pen Hence, f is αgδ C- homeomorphism.

Definition 4.2. A family U of subsets of X is said to be a closed under finite intersections if for every A ,B ŒU ,A « B ŒU 
hold. 

Example 4.1.The family of αgδ O ( )τX, is closed under finite intersections.

Theorem 4.10. For a space ( )τX, , then the following statements are equivalent:

(i) X is αGδO-compact, 

(ii) Any family of αgδ -closed subsets of ( )τX, with empty intersection has a finite



A.I. EL-Maghrabi et al, Journal of Global Research in Mathematical Archives, 1 (1), January 2013, 10-18

subfamily with empty intersection.

(iii) Any family of αgδ -closed subsets of ( )τX, satisfying the finite intersection

Property has a non-empty intersection.

Proof. (i)→(ii). Let{ }Ii:Fi Œ be a family of αgδ -closed subsets of ( )τX, with φF
i1i

« . By DeMorgan's  Low then 

X)F(-X
i1i

« this implies that X)F-(X
i1i

» . So, the collection { }Ii:)F-(X i Œ is an αgδ -open cover of X. Since, X 

is αGδO-compact, then there exists a finite sub cover )F(X),...,F(X
mi1i

-- of X such that

)F(X)F(X...)F(XX
K

i

m

1K
mi1i

-»-»»- , by DeMorgan's Low. 
φF

ki

m

1K

«
.

(ii) → (i). Let{ }Ii:Fi Œ be a collection of αgδ -open cover of ( )τX, . Then
i

1i

FX » By DeMorgan's  Low 

φ)F-(X
i1i

« . So, there exists a collection of an αgδ -closed subsets { }Ii:F-X i Œ of X such that φ)F-(X
i1i

« . 

Then by hypothesis, there exists a finite sub collection )F(X),...,F(X
mi1i

-- such that φF-(X )
ki

m

1K

«

by DeMorgan. XF
ki

m

1K

« . Hence, X is αGδO-compact 

(i) → (iii), (iii) → (i). Obvious from equivalently (ii) and (iii).

Corollary 4.1. Let X be an αGδO-compact space and G be a family of subsets of X satisfying the finite intersection property. 

Then φ}GG:)cl(Ggδ{α
ii

πŒ-« .

Proof. Since, G satisfying the finite intersection property, then there exists a finite subfamily m},1,2,K:{G
Ki

K such that 

φG
K

i

m

1K

π«
this implies that  φ)cl(Gαgδ

K
i

m

1K

π-« . Therefore, αgδ -cl(G) satisfying the finite intersection property.

αGδO - connected spaces.

We define new types of spaces called αGδO-connected space and we introduced the connection between it and other spaces. 
Some characterizations of this spaces are study.

Definition 5.1. (i) A topological space ( )τX, is called αGδO-connected , if X cannot be written  as a disjoint union of two non-

empty αgδ -open sets, 

(ii) A subset Y of a space ( )τX, is αGδO-connected if Y is αGδO -connected as a subspace of X. 

Observation 5.1. For a space ( )τX, every αGδO-connected space is α GO-connected.

Proof. Let A, B be two α g-open subsets of X such that BAX » . Then A, B are αgδ -open. But X is αGδO-connected,

then BAX »π this implies that X is αGO-connected. 

The converses of above lemma is not true this is shown by [5] and the following example.

Example 5.1. Let X= {a, b, c} with the topologies τ = {X, φ , {a, b}}. Then a space X is αGO -connected but not αGδO -

connected.

The following diagram shows how αGδO-connected spaces are related to some similar types of connectedness. 
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GO-connected → connected
↑

αGδO-connected → α GO-connected ↑
↓

G α -connected → α -connected

Remark 5.1. (i) An α -connected space X is αGδO-connected if X is 1/2Tδα -space.  

(ii) A connected space X is αGδO-connected if X is bαδT -space.

Theorem 5.1. For a space ( )τX, , then the following statements are equivalent:

(i) X is αGδO-connected, 

(ii) The only subsets of X which are both αgδ -open and αgδ -closed are the empty sets φ and X.

Proof. (i)→(ii). Let G be an αgδ -open and αgδ -closed subset of X . Then X-G is both αgδ -open and αgδ -closed. Since, X is 

the union of disjoint αgδ -open  sets G and X-G on these must be empty , that is G = φ or G =X .

(ii)→(i). Suppose that DCX » , where C and D are disjoint non empty αgδ -open subsets of X, then C is both αgδ -open 

and αgδ -closed. By hypothesis C = φ or C =X. Therefore, X is αGδO -connected.

Theorem 5.2. Let ( ) ( )σY,τX,:f Æ be a surjective mapping. Then the following are hold.

(i) If, ( ) ( )σY,τX,:f Æ is αgδ -continuous mapping and X is αGδO-connected, then

Y is connected, 

(ii) If, ( ) ( )σY,τX,:f Æ is αgδ -irresolute mapping and X  be αGδO -connected,

Then Y is αGδO-connected.

Proof. (i) Assume that Y is not connected and let DCY » ,where C and D are disjoints non-empty open subsets in Y. Since, 

f is αgδ -continuous and surjective, then (D)f(C)fX 1-1- » , where, (C)f 1- and (D)f 1- are disjoints non-empty and

αgδ - open in X which is contradiction with X is αGδO-connected. Hence, Y is connected. 

(ii) Obvious.     

Theorem 5.3. Let ( ) ( )σY,τX,:f Æ be an αgδ -continuous map. Then f(A) is connected subset of Y , for every αgδ -closed 

and αGδO-connected subset A of X.

Proof. The restriction A
f of f to A is αgδ -continuous by Lemma 3.3. and Theorem 5.2(i). The image of the αGδO -

connected space )τ(A,
A

under )σ(f(A),)τ(A,:A
f

f(A)A
Æ is connected. Thus )σ(f(A),

f(A)
is connected. Therefore f(A) is a 

connected subset of Y.
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