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INTRODUCTION

The concept of O -open sets and generalized open sets play an important role in researches of generalizations of compactness and
connectedness in topological spaces. By using these sets many authors introduced and studied various types of generalizations of

compactness and connectedness. In 1991, Balachandran and et. al [3] introduced the notions of GO -compact and GO -
connected. Some properties of OGO -compact and oGO -connected spaces were studied in [5]. In the present paper, we

introduce the notions of 0GOO -compact and aGOO -connected as spaces from a set X satisfying some minimal conditions into
a topological space and investigate their properties and relationships between them and other related generalized forms of spaces.

PRELIMINARIES

Throughout the present paper, spaces mean topological spaces (X, T)(or simply X) on which no separation axioms are assumed

unless explicitly stated. The closure (resp. the interior, the complement) of A for a space X are denoted by cl(A) ( resp. int(A) , X-
A). Some definitions and results which will be needed in this paper are recalled in the following stated.

DEFINITION 2.1:

A subset A of a space X is said to be:
(i) regular open [12] if A= int(cl(A)),
(i1) o -open [11]if A Cint(cl(int(A))),

(iii) &-open [13] if it is the union of regular open sets.

The complement of a regular open (resp.d-open , 0 -open) set is said to be regular closed (resp. &-closed, & -closed). The
intersection of all regular closed (resp.d-closed, O -closed) sets containing A is called the regular closure [12] (resp. d -closure

[13], o -closure [4]) of A and is denoted by r-cl(A) (resp. Cl8 (A), a-cl(A)). The family of all regular open (resp. &-open, 0. -

open) sets in a space (X, T) is denoted by RO (X, ’E) (resp. ©° ,T%).

The union of all regular open (resp. §-open, 0O -open) sets contained in A is called the regular interior [12] (resp. O -int(A)[13],
o -interior [4]) of A and is denoted by r-int(A) (resp. Int;(A),a -int(A)). It is known that 7 ctct andt’, T 0 [11, 13]
forms a topology on X.
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Definition 2.2. A subset A of a space (X, ’E) is said to be:

(1) a generalized closed (briefly, g-closed) [2,8] set if cl(A) C U ,whenever A C U and
U is open,

(i1) a generalized open (briefly, g-open ) [2,8] set if its complement X-A is g-closed.

Definition 2.3. A mapping f: (X, 1:)—> (Y, G) is called:

(1) generalized-continuous (briefly, g-cont.) [1] if f_l(V) is generalized-closed set in
(X, ’r), for each closed set Vin (Y, G).

(ii) 8-open [10] if f(V) is §-open in (Y, (5), for each open set V in (X, T),

(iii) pre-o -closed [6] if f(V) is a-closed in (Y, (5), for each a -closed set V in (X, T).

Definition 2.4. a space (X, T) is said to be:
(1) o-compact [9] if each o -open cover of X has a finite subcover,
(i1) GO-compact [3] if every g-open cover of X has a finite subcover,
(iii)) G a O-compact [5] if every g a -open cover of X has a finite subcover,
(iv) a GO-compact [5] if every a g-open cover of X has a finite subcover,
(v) a-connected [7] if X cannot be written as a disjoint union of two non-empty
o -open sets,
(vi) GO-connected [3] if X cannot be written as a disjoint union of two non-empty
g-open sets,
(vii) G a O-connected [5] if X cannot be written as a disjoint union of two non-empty
ga -open sets,
(viii) a GO-connected [5] if X cannot be written as a disjoint union of two non-empty
o g-open sets,
(ix) a-space [11] if every a -closed set is closed.

Main Results

Definition 3.1. A subset A of a topological space (X, ’E) is said to be:

(i) an o - generalized O - closed (briefly, o020 - closed) set if @ -cl(A) C U, whenever
ACUandUis §-open,

(i) an o - generalized 6 - open (briefly, 0.0 -open) set if its complement X-A is

0. g0 - closed,

(iii) an o -generalized d - closed relative to B if a.—clz(A) € BN G , whenever

A cBNG and Gis ad-open set in X,

(iv) an o - generalized § - neighbourhood (briefly, 0.gd -nbd) of a point X € X if there
exists an o g0 - open set Usuch thatx e UC A

The family of all o -generalizedd - closed (resp. o -generalizedd - open) sets of a space (X, ’E) will be denoted by
agd C(X, ‘C) (resp. 0.gd O (X, 1:)) .

Definition 3.2. (i) The intersection of all 00 g0 - closed sets containing A is called the 00 g0 - closure of A and will be denoted by
a. g0 - cl(A),
(ii) The union of all & @0 - open sets contained in A is called the 0 €0 - interior of A

and will be denoted by o g0 - int(A).

Theorem 3.1. For a subset A of A space X, then the following statements are
equivalent:

(i) Ais agd -closed,

(i) For every 0 -open set G containing A, there exists an 0 -closed set F such that
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ACFCG.

Proof. (i)—(ii). Let A be an g0 -closed set and G be a0 -open set containing A. Then o -cl(A) C G .If we puta -cl(A)=F .
Hence, ACFCG.

(i))—(i). Let AC G and G be ad-open set .Then by hypothesis, there exists an o -closed set F such that ACFCG.
Therefore, 0. -cl (A) C G. So, A is 0g0 -closed.

Lemma 3.1. If A and B are a.gd -closed sets, then A U B also 020 -closed set.

Proof. Let A, B be two 0agd -closed sets. Then ACFC G and BCEC U where F, E are 0 -closed and G, U are 0 -open sets.
Hence, AUBCFUECGU U. But, FUE is @ - closed and G\U U is d -open sets then by Theorem 3.1. AU B is 0g0 -closed

Remark 3.1. If A and B are 0,g0 -open sets, then AN B is a,gd -open set.

Lemma 3.2. Suppose that ACY CX. Then A is an 00 -closed (resp. 0g0 -open) set relative to Y iff A is agd -closed (resp.
0,20 -open) relative to X.

Proof. Firstly. Let ACG and G be ad-open in X. Since ACY, then ACYN G but, A is 0g0 -closed set relative to Y,

hence @t - cly (A) € Y NG this implies that Y N & -cl(A) C Y N G. Hence, 0. -cl(A) CG. Therefore, A is 00 -closed relative
to X.
Secondly. f ACY MG and G is ad-open in X, then ACG but, A is 0gd -closed in X hence 0 -cl(A)C G and therefore,

YN a-cl(A)C YN G. So, A is 020 -closed relative to Y.

Definition 3.3. A mapping f: (X, ’E)—> (Y, G) is called:

(i) o -generalized § - continuous (briefly, agd -cont.) if £~ (V) is agd -open in (X, T),
for each open set V in (Y, G),

(ii) o -generalized - irresolute (briefly, agd -irr.) if £~'(V) is agd -open in(X, 1), for
each agd -open set V in(Y, 6).

Lemma 3.3. The restriction mapping fA : (A, T A)—) (Y, G)of 0.gd -continuous mapping f : (X, T) — (Y, G) is ago -

continuous if A € Otg5C( ‘C).

Proof. Let V < Y be a closed set. Then (V)< X is agd -closed. By Remark 2.1. £ (V)N A is 0gd -closed. But
f_l(V)ﬁA (fA )71(V). Therefore, fA is 0gd -continuous.

Definition 3.4. A mapping f: (X, ’E)—> (Y, G) is called:

(i) agd-closed if f(V) is o gd-closed in (Y, (5), for each closed set V in (X, T),

(ii) pre- a g § -closed if f(V) is a g&-closed in (Y, G), for each o g -closed set V in
(X.17).

(iii) pre-a g -open if (V) is a g&-open in (Y, G), for each o g -open set V in (X, T),
(iv) a - generalized 6 C - homeomorphism if fis bijective , o - generalized d - irresolute
and pre - 020 -open.

Definition 3.5. a space (X, ’E) is said to be:
) (15T1 /2 -Space if every 0,20 -closed set is 0 -closed,

(ii) (15Tb -space if every 0g0 -closed set is closed,
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(iii) 0igd -regular if for each closed set F of X and each point X € X-F , there exist
disjoint 020 -open sets U and V such that F C U and X €V,

Lemma 3.4. Let (Y, (5) be ana -space. If f: (X, ’l:)—) (Y, G) is bijective 0gd -cont and O -open mapping. Then the inverse
image of each 00 -closed is 0.gd -closed.

Proof. Let B be an a.gd -closed set in Y and suppose that £ (B)C U, where Uis 0 -open set in X. Then f(U) is 0 -open,.
Then Bc f (U), where f is bijective. Hence, o -cl(B) C f(U) and therefore, f -1 (a -cl(B)) CU. Since, o -cl(B) is closed in o -
space (Y, G) and fis agd -cont, then o -cl( £ (a-cl(B))) C U this implies that o - cl( 71 (B)) U and hence, 71 ®B) is
0.g0 -closed set in X.

Theorem 3.2. Let X be a space. Then the following are equivalent:

(i) X is 0gd -regular,

(ii) For each set F C X and p € X-F there exists an 0,g0 -open set U such that
p € UC agd -cl(U) C X-F.

Proof. (i)—(ii). Let X be an 0gd -regular space, F C X and p € X- F. Then there exists disjoint 0,g0 -open sets U and V such that
peUand F CV=X-0gd -cl(U). This implies that agd - cl(U) < X-F and hence, p € UC agd - cl(U) C X-F.

(i)—(). Let pe X and FC X -{p} be a closed set such that p € UC 0g0 - cl(U) C X-F. Then FC X -0gd -cl(U) which is
an 020 -open set and UM (X -agd - cl(U)) = ¢ . Hence, (X, T) is 0,gd -regular space.

4. 0.GOO - compact spaces.

In this article we introduced the concepts of 0 (GOO-compact space and we studied the connection between it and other
compactness. Further, we presented some properties on this space.

Definition 4.1. (i) Let B be a subset of X. A collection {Ai e I} of 0gd -open sets in
a topological space (X, T ) is called an 0.gd -open cover of B if B — U{Ai e I} holds.

(ii) A topological space (X, T)is said to be GOO -compact, if every 0gd -open cover
of X has a finite sub cover.
(iii) A subset B of (X, ’E) is said to be 0GOO -compact relative to (X, ’E) if for every

cover of B by 0.gd -open sets of (X, T) has a finite sub cover.

The following observation studied the relation between this notion and the other of them.
Observation 4.1. For a space (X, T ) , every 0GOO -compact space is GO -compact.
Proof. (i) Let {Gi e I} be an og-open cover of X. Then {Gi ‘e I} is an 0gd -open cover of X. Since, X is 0GOO-

n
compact, then there exist a finite subcover {Gi , Gi2 . '>Gi }of Xsuchthat X © U G, .Hence, X is 0g-compact.
1 n K
K 1
We show that the relations between aGOO -compactness and other types of compactness in this diagram.

GO-compact — compact

T
aGoO-compact (— o GO-compact 1

l

G o -compact— o -compact
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Remark 4.1. 0 -compact space (X, T) is aGOO-compact ifitis ad T, .

Theorem 4.1. For a space (X, T), then the following statements are holds.
(i) an 0,gd -closed subset of aGSO -compact space is 0L G O O-compact relative to

(X, 7).
(i) A closed set of X is GO -compact if and only if it is GO -compact relative

to (X, T).

Proof. (i) Let A be an 0gd -closed subset of oGO -compact space X. Then X-A is 0g0 -open in X. Let M= {Gi e I} be a
cover of A by g0 -open set in X. Then {M, X-A} is a,gd -open cover of X. Since, X is GOO -compact, then it has a finite
subcover, say {G1 ,Gz .. .,Gn}and s0, A is 0GOO -compact relative to (X, T).

(i1) Obvious.

Theorem 4.2. Let A and B be two subsets of a space (X, ’E) such that A Bc X and B be an 0,g0 -open set, then A
is GO -compact relative to the subspace B if and only if A is (GO -compact relative to (X, ’E).

Proof. Firstly. Let {Gi e I} beacoverof Aby G €agd O(X,T). Then by
1
Remark 3.1 and B is 0gd -open. Then BNG. eagSO(X,'c) and by Lemma 3.2, BNG eagSO(B, ’CB),for each
1 1

1 € [ which implies that A U{B NG, :ie I}. Since, A is 0GOO -compact relative to B, then there exists a finite subset
I, of I'suchthat A < U{B NG, :ie IO}- Hence, A C U{Gi e IO} and therefore, A is 0GOQO -compact relative to (X, T).
Secondly . Let {Gi e I} beacoverof Aby G, € agﬁO(B, ‘CB), then by

Lemma 3.2. Gi o gSO(X,’C), for each 1€ 1. Since, A is GO -compact relative to (X, T) then there exists a finite

subset I, of I such that A < U{Gi le Io} and therefore, A C U{B NG;:ie Io} which implies that A is 0GOO -compact
relative to B.

Theorem 4.3. Let A and B be two subsets of a space (X, ’E) If Ais aGOO -compact relative to X and B is an g0 -closed set

in (X, 1), then ANB is aGSO-compact relative to X .

Proof. Let {G,:icl} be a cover of ANB by G EOLgSO(X,’I:). Since, (X-B)e agdO(X, 1),
1

then (X— B)U {Gi ‘e I} is cover of A which is 0gd -open. But A is 0GOO -compact relative to X, then there exists a finite
subset I, of 1 such that A U{Gi 1€ IO}U(X—B). Hence, ANBC U{Gi e Io} and so, ANB is aGdO-

compact relative to X.

Theorem 4.4. Let{A :je€J}be a finite family of 0GOO -compact subsets relative to a space (X, T ), then U{A :jel} is
j j

0GOO -compact relative to X.

Proof. Let {G,:i€1} be a cover of U{A :jel} by G EugSO(X,T).Then{Gi :iel} is a cover of A, for each
j i
j€Jand hence , for eachjeJ, there exists a finite subset I of T such that A — U{A :ie€l }. Therefore,
J 1 J

UiA 1 jel} {Gi :iEIO},Where IO U {1 :je€J} this shows that U{A :je]J} is aGOO-compact relative to X .
J ]

Proposition 4.1. For a space (X, T), Then:

(i)The image of aGOO -compact space is compact under surjective g-continuous mapping,
(ii) If a mapping f : (X, ’C) - (Y, G) is 0g0 -irresolute and a subset B of X is

aGOO -compact relative to X, then the image f(B) is GOO -compact relative to Y.,
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(iii) If a bijection mapping f : (X, T) - (Y, G)is 0.gd -cont and  -open and a subset B
of X is oGO -compact relative to (X, 1:), then the image f(B) is GO -compact
relative to (Y, G)if (Y, G) be an O -space.

Proof. (i) Let f : (X, T) - (Y, G) be g-continuous mapping from an GO -compact
space X on to a topological space Y. Let {Gi e I} be an open cover of Y.
Then {fﬁl(Gi) e I} is g-open cover of X and then {fﬁl(Gi) e I} is agd -open

cover of X. Since, X is aGOO -compact, then there exists a finite sub cover
{f_l(Gl),..., f_l(Gn)}. But f'is surjective, then {G ,G _,...,G } is an open cover of Y
1 2 n

and so, Y is compact.
(i) clear and (iii) Obvious from Lemma 3.4.

Theorem 4.5. Let f : (X, T ) - (Y, c ) be a pre- 020 -open mapping and Y be aGOO - compact, then X is aGOO -compact.

Proof. Let {Gi e I} be a cover of X by G eagSO(X,t) , for each 1€ 1. Since, fis pre- 0gd -open, then {f (G)):ie I} is
1
a cover of Y by f (G ) ea.g5O(Y, o), for each i 1. Since, Y is aGSO-compact, then there exists a finite subset I of I such
1

that Y U{f(Gi) le Io}- Then X U{Gi ‘1€ Io} and therefore, X is GOO -compact.

Theorem 4.6. oGO -compactness is a topological property.
Theorem 4.7. If (X, T) is 0gd -regular and if A is AGOO -compact, then A is 00 -closed.

Proof. Suppose that AC U and U be 0 -open. Then by Thorem 3.2. there exists an 0lgd -open set V such that ACVC agd -
cl(V) CU and it follows that o -cl(A)C U.

Theorem 4.8. Let K be an aGOO -compact set of an 0,gd -regular space X and U be nbd. of K. Then there exists an 0g0 -closed
nbd V of X which contained in U.

Proof. Let U be an open nbd of K. Then X-U is closed nbd of K. Also, let pE€ K, since, X is 020 -regular, p & X-U then there
exists an 0Lgd -open nbd VP such that pE€ VP C agd -cl( VP)g U. So, U = {VP: p €K} is an agd -open cover of K , then

there exists a finite sub cover {VPI , \/P2 goues VP } such that

m m
Kc uV, € uogd-cl(V,) CU Hence, KEVCU.
1 1
i1l i1

Theorem 4.9. Let f: (X, ’C) - (Y, c ) be bijective, 0.g0 -irresolute and X be an 0GOO -compact space, Y be anago -

regular space. Then fis 0g0 C-homeomorphism.

Proof. Let AC X be an 0gd -open .Then by Theorem 4.1,(i) (X-A) is GOO -compact and therefore f(X-A) is 0gd -compact
by using proposition 4.1,(ii). Hence, f(X-A) is 0g0 -closed by Theorem 4.7. Then f(A) 0g0 -open and therefore, f is pre- 0g0 -
pen Hence, fis 0gd C- homeomorphism.

Definition 4.2. A family U of subsets of X is said to be a closed under finite intersections if for every A LB € U, A "B €U
hold.

Example 4.1.The family of agd O (X, T)is closed under finite intersections.

Theorem 4.10. For a space (X, T ), then the following statements are equivalent:
(i) X is aGOO -compact,
(ii) Any family of agd -closed subsets of (X, T ) with empty intersection has a finite
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subfamily with empty intersection.
(iii) Any family of 0gd -closed subsets of (X, T) satisfying the finite intersection
Property has a non-empty intersection.

Proof. (i)—(ii). Let {Fl e I}be a family of agd -closed subsets of (X, T) with M F  ¢@. By DeMorgan's Low then
i 1!
X-(NnF) X this implies that U (X-F) X. So, the collection {(X -F):ie I} is an 020 -open cover of X. Since, X
i1 ! il !

is  aGOO-compact, then there exists a finite sub  cover (X—Fil),...,(X—Fim)of X such that

X (X—FE)U..U(X—F,) o (X—F ),byDeMorgan'sLow. mo o
K1 'k K 1 R
(i) — (i). Let {Fl :ieI}be a collection of 0gd-open cover of (X, T). ThenX U F By DeMorgan's Low
;g d

M (X-F) - So, there exists a collection of an agd -closed subsets {X -F: ie I} of X suchthat ~ (X-F) -
i o1 1 i o1 1

Then by hypothesis, there exists a finite sub collection (X — E, )s---{X—F ) suchthat ™ X-F ) o

K 1

by DeMorgan. x - Hence, X is aGOO -compact

N F
K 1 !
(i) — (iii), (iii) — (i). Obvious from equivalently (ii) and (ii).

k

Corollary 4.1. Let X be an aG6O -compact space and G be a family of subsets of X satisfying the finite intersection property.
Then N{agd—cl(G):G €G}=¢o.
1 1

Proof. Since, G satisfying the finite intersection property, then there exists a finite subfamily {GiK K 1,2,...,m} such that

N G,
K 1 'K K 1 K

m o this implies that 2 0gd — cl(Gi V£ Q- Therefore, a.gd -cl(G) satisfying the finite intersection property.

oGO0 - connected spaces.

We define new types of spaces called oGOO -connected space and we introduced the connection between it and other spaces.
Some characterizations of this spaces are study.

Definition 5.1. (i) A topological space (X, ’E) is called 0GOO -connected , if X cannot be written as a disjoint union of two non-
empty 0Lgd -open sets,
(i) A subset Y of a space (X, ’E)is 0GOO -connected if Y is alGOO -connected as a subspace of X.

Observation 5.1. For a space (X, T)every oGO -connected space is 0 GO-connected.

Proof. Let A, B be two @ g-open subsets of X such that X A\UB. Then A, B are a.gd -open. But X is oGO -connected,
then X # A UB this implies that X is GO -connected.

The converses of above lemma is not true this is shown by [5] and the following example.

Example 5.1. Let X= {a, b, ¢} with the topologiesT= {X, @, {a, b}}. Then a space X is GO -connected but not aGdO-
connected.

The following diagram shows how oGO -connected spaces are related to some similar types of connectedness.
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GO-connected — connected

T
oGO -connected —|ot GO-connected 1

l

G o -connected — O -connected

Remark 5.1. (i) An @ -connected space X is aGOO-connected if X is a.dT) , -space.

(i) A connected space X is 0GOSO -connected if X is ad T} -space.

Theorem 5.1. For a space (X, 1:), then the following statements are equivalent:

(i) X is aGAO -connected,
(ii) The only subsets of X which are both 0g0 -open and agd -closed are the empty sets ¢ and X.

Proof. (i)—(ii). Let G be an 0gd -open and 0.g0 -closed subset of X . Then X-G is both 0gd -open and agd -closed. Since, X is
the union of disjoint agd -open sets G and X-G on these must be empty , thatis G= ¢ or G =X ..

(i))—(i). Suppose that X CUD, where C and D are disjoint non empty g0 -open subsets of X, then C is both g0 -open
and a.gd -closed. By hypothesis C = ¢ or C =X. Therefore, X is aGOO -connected.

Theorem 5.2. Letf : (X, T) —> (Y, G) be a surjective mapping. Then the following are hold.

Q) If, f: (X, ’l:) - (Y, c ) is 0gd -continuous mapping and X is GO -connected, then
Y is connected,

(i) If, : (X, T) - (Y, c ) is 0gd -irresolute mapping and X be aGOO -connected,
Then Y is 0 GOO -connected.

Proof. (i) Assume that Y is not connected andlet Y ~C U D ,where C and D are disjoints non-empty open subsets in Y. Since,

f is 0gd -continuous and surjective, then X f'(C)Uf (D) , where, f'(C) and f'(D)are disjoints non-empty and
0.gd - open in X which is contradiction with X is 0GOO -connected. Hence, Y is connected.

(i1) Obvious.

Theorem 5.3. Let f: (X, T ) - (Y, c ) be an 0.gd -continuous map. Then f(A) is connected subset of Y, for every agd -closed
and aGOO -connected subset A of X.

Proof. The restriction % of f to A is 0gd -continuous by Lemma 3.3. and Theorem 5.2(i). The image of the aGdO-

f . A fA . . .
connected space (A, ’EA) under /Ax “(A, ‘CA) — (f(A), o f(A)) is connected. Thus (f(A),Gf(A)) is connected. Therefore f(A) is a

connected subset of Y.
REFERENCES

[1] M.E. Abd EL-Monsef and R.A Mahmud, Generalized continuous mappings, Delta J. Sci., 8(2) (1984), 407-420.

[2] C. E. Aull, Paracompact and countably paracompact subsets , General Topology and its Relation to Modern Analysis and
Algebra, Proc. Kanpur Topological Con., (1986),49-53.

[3] K. Balachandran ; P. Sundaram and H. Maki, On generalized continuous maps in topological spaces , Mem, Fac Sci. Kochi
Univ .Ser. A. (Math.), 12,5(1991).

[4] M. Caldas, A note on some applications of O -open sets, [IMMS,(2003), 125-130.

[5] R. Devi ; K. Balachandran and H. Maki, On generalized 0. -continuous maps and 0 -generalized continuous maps, Far East J
.Math. Sci., special volume part (I) (1997),1-15.

[6] R. Devi; K. Balachandran and H. Maki, Generalized O -closed maps and 0 -generalized closed maps, Indian J. Pure. Appl.
Math. , 29 (1) (1998), 37-49.

[7]1 R. M. Latif , Characterizations of Alpha—weakly continuous mappings , K .F. U. of P. & M. TR 351 (2006),1-10.

[8] N. Levine, Generalized closed sets in topology, Rend. Circ. Mat. Palermo, 19(2) (1970), 89-96.

[9] S.N. Maheshwari and S.S. Thakar, On O -compact spaces, Bull .Inst. Math.Acad.Sinica,13 (1985), 341-347.

[10] M. Mrsevic; I. Reilly and M. K.Vamanamuthy, On semi-regularization properties, J. Austral. Math. Soc.(Series A),
38(1985),40-54.



A.l. EL-Maghrabi et al, Journal of Global Research in Mathematical Archives, 1 (1), January 2013, 10-18

[11] O. Njastad, On some classes of nearly open sets .Proc .Math., 15 (1965), 961-970.
[12] M.H. Stone, Applications of the theory of Boolean rings to general topology, Trans. Amer. Math. Soc., 41(1937), 375-381.
[13] N.V. Velicko, H-closed topological spaces, Trams, 78(1968), 103-118.



