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Abstract

A nonempty subset S of V(G) is a I-movable perfect dominating
set of G if § = V(G) or S C V(G) is a perfect dominating set of G
and for every v € S, there exists u € (V(G) \ S) N Ng(v) such that
(S\ {v})U{u} is a perfect dominating set of G. The smallest cardinality
of a 1-movable perfect dominating set of G is called 1-movable perfect
domination number of G, denoted by 'y%w(G). A 1-movable perfect
dominating set of G with cardinality equal to vrlnp(G) is called wlnp—set
of G. This paper characterizes of the 1-movable perfect dominating sets
in the join and corona of two connected graphs.
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1 Introduction

Let G = (V(G), E(G)) be a graph and v € V(G). The open neighborhood
of v is the set Ng(v) = N(v) = {u € V(G) : wv € E(G)}. If S C V(G),
then the open neighborhood of S is the set Ng(S) = N(S) = UyesNg(v). The
join of two graphs G and H denoted by G + H is the graph with vertex-set
V(G + H) = V(G) O V(H) and edge-set E(G + H) = E(G) U E(H) U {uv :
u € V(G),v e V(H)}. The corona of two graphs G and H, denoted by G o H,
is the graph obtained by taking one copy of G of order n and n copies of H,
and then joining the ith vertex of G to every vertex in the ith copy of H. For
every v € V(G), we denote by HY the copy of H whose vertices are joined or
attached to the vertex v.

A subset S of V(G) is a dominating set of G if for every v € V(G)\ S5, there
exists u € S such that uv € E(G). A nonempty subset S of V(G) is a perfect
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dominating set of G if S is a dominating set of G and every vertex v € V(G)\ S
is adjacent to exactly one vertex in S. The perfect domination number of G
denoted by 7,(G), is the smallest cardinality of a perfect dominating set of G.

A nonempty set S C V(G) is a 1-movable dominating set of G if S is a
dominating set of G and for every v € S, S\ {v} is a dominating set of G or
there exists a vertex u € (V(G) \ ) N Ng(v) such that (S'\ {v}) U{u} is a
dominating set of G. The 1-movable domination number of a graph G, denoted
by 7! (@), is the smallest cardinality of a 1-movable dominating set of G. A
l-movable dominating set of G with cardinality equal to 7, (G) is called 7, -set
of G.

A nonempty set S C V(G) is a 1-movable perfect dominating set of G if
S =V(G) or S C V(G) is a perfect dominating set of G and for every v € S
there exists u € (V(G)\ S) N Ng(v) such that (S\ {v})U{u} is a perfect domi-
nating set of G. The smallest cardinality of a 1-movable perfect dominating set
of G is called 1-movable perfect domination number of G, denoted by ~,,.(G).
A 1-movable perfect dominating set of G with cardinality equal to 77lnp(G) is
called ~;, -set of G.

This paper presents some results of 1-movable perfect dominating sets in
the join and corona of graphs.

2 Results

Remark 2.1 For every connected graph G of order n > 2, 1 < /y}np(G> < n.

Theorem 2.2 Let G be a connected nontrivial graph. Then fy,lnp(G) =1 if and
only G = Ky or G = Ky + H for some graph H.

Proof: Suppose that v, (G) = 1. Then G has a 1-movable perfect dominating
set say S with |S| = 1. If [V(G)| = 2, then G = K,. Suppose |V(G)| > 3. Let
S = {a} for some a € V(G). Since S is a 1-movable perfect dominating set
of G, there exists u € (V(G) \ S) N Ng(a) such that (S\ {a}) U{u} = {u}
is a perfect dominating set of G. So, ua € E(G). Take V(K3) = {u,a} and
(V(G)\V(K3)) = H. Then G = Ky, + H.

For the converse, suppose first that G = K,. Clearly S = {a} C V(K3) is
a l-movable perfect dominating set of Ky. Suppose that G = Ky + H. Let
V(K3) ={a,b} and S = {a} for some a,b € G. Then S is a dominating set of
G. Let y € V(G) \ S. Then |Ng(y) NI1S| = 1. Then S is a perfect dominating
set of G. Now, S\ {a}U{b} = {b} is a dominating set of G. Let w € V(G)\ {b}.
Then |Ng(w) N {b}| = 1. Hence, S\ {a} U {b} = {b} is a perfect dominating
set of G. Since [S| =1, S is a 7, -set of G. Thus, 7} (G) = [S] =1. O

Corollary 2.3 For every complete graph of order n > 2, ’y}np(Kn) = 1.
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Theorem 2.4 Let G and H be connected nontrivial graphs. Then
S CV(G+ H) is a 1-movable perfect dominating set of G + H if and only if
one of the following holds:

(i) S=V(G+ H)

(17) |S| =1 and either S is a 1-movable perfect dominating set of G S is a
dominating set of G and there exists y € V(H) which dominates H.

(13i) |S| =1 and either S is a 1-movable perfect dominating set of H or S is
a dominating set of H and there ezists a € V(G) which dominates G.

Proof: Suppose that S is a 1-movable perfect dominating set of G + H. If
S = V(G + H), then (i) holds. Suppose S C V(G + H). Since S is a
perfect dominating set of G+ H, S C V(G) or S C V(H). Suppose first that
S C V(G). Then S is a dominating set of G. Since S is a perfect dominating
set, |S| = 1. Let S = {v} for some v € V(G). Since S is a 1-movable perfect
dominating set of G+ H, there exists u € (V(G+ H)\ S) N Ngyn(v) such that
(S\{v})U{u} = {u} is a dominating set of G+ H. If u € (V(G)\ S) N Ng(v),
then S\ {v}U{u} is a dominating set of G. Hence, S is a 1-movable dominating
set of G. Suppose u ¢ (V(G) \ S) N Ng(v). Then u € V(H). Take y = u.
Hence, S\ {v}U{y} = {y} is a dominating set of H. Thus, (i7) holds. Similarly,
(7i1) holds if S C V(H).

For the converse, suppose (i) holds. By definition, S is a 1-movable perfect
dominating set of G. Suppose (ii) holds. Suppose first that S is a 1-movable
dominating set of G and |S| = 1. Let S{a} for some a € V(G). Then S is a
dominating set of G + H. Let y € V(G + H)\ S. Then |Ngiu(y) N S| = 1.
Thus, S is a perfect dominating set of of G + H. Since is S is a 1-movable
perfect dominating set of G + H, there exists b € v(G) \ S) N Ng(a) such
that S\ {a} U {b} = {b} is a dominating set of G. Hence,S \ {a} U {b}
is a dominating set of G+ H. Let w € V(G + H) \ S\ {a} U {b}. Then
INeru(w) NS\ {a} U{b} = 1. Thus, S\ {a} U{b} is a dominating set of
G + H. Suppose S is not a 1-movable dominating set of G + H. By assumption,
there exists y € V(H) which dominates H. Thus, S\ {a} U {y} = {y} is a
dominating set of H and hence of G+ H. Let ¢ € V(G+H)\S\{a}U{y}. Then
|INo+u(q) NS\ {a}U{y}]| = 1. Hence, S\ {a} U {y} is a perfect dominating
set of G + H. Therefore, S is a 1-movable perfect domnating set of G + H.
Similarly, if (77¢) holds then S is a 1-movable perfect dominating set of G + H.
0

Corollary 2.5 Let G and H be connected nontrivial graphs. Then

L, ify(G) =1 =~(H) ory,(G) =1 orv,,(H) =1

(G + H) =
T ) V(G + H)|, otherwise
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Theorem 2.6 Let H be a connected nontrivial graph. Then S C V(Ky+ H) is
a 1-movable perfect dominating set of K1+ H if and only if one of the following
holds:

(i) S=V (K1 +H).
(17) S = V(K1) and there exists y € V(H) which dominates H.
(i13) S is a dominating set in H with |S| = 1.

Proof: Let V(K;) = {z} and suppose S is a 1-movable perfect dominating set
of K1+ H. If S=V(K;+ H), then (i) holds. Suppose S # V(K; + H). Since
S is a perfect dominating set of Ky + H, S = V(K;) or S C V(H). Suppose
first that S = V(K;). Since S is a 1-movable perfect dominating set of K + H
there exists y € V((K1 4+ H) \ S) N Nk, 1z (z) such that S\ {z} U {y} = {y}
is a perfect dominating set of K; + H. Since y € V(H), {y} is a dominating
set of H. Hence (i7) holds. Suppose S # V(K;). Then S C V(H) and S is a

dominating set of H. Since S is a perfect dominating set of K7 + H, |S| = 1.

Hence (#4i) holds.
For the converse, suppose (i) holds. By definition, S is a 1-movable perfect

dominating set of G. Suppose (i¢) holds. Then S is a dominating set of K+ H.

Let w € V(H). Then |Ng, yu(w)N S| = 1. Hence,S is a perfect dominating set
of K1+ H. Now, S\ {z} U{y} = {y} is a dominating set of H and hence of

Ki+H. Let g € V(K1 +H)\S\{z}U{y}. Then |Ng,+u(q)NS\{z}U{y}| = 1.
Hence, S\ {z} U {y} is a perfect dominating set of H and hence of K; + H.
Thus, S is a 1-movable perfect dominating set of K; + H. Suppose (ziz) holds.
Let S = {y} for some y € V(H). Then S is a dominating set of K; + H.

Let z € V(K; + H)\ S. Then |Ng,yu((2) N S| = 1. Hence, S is a perfect
dominating set of K7 + H. Now, S\ {y} U {z} = {z} is a dominating set
of K1+ H. Let p € V(H). Then |Ng,+u(p) NS\ {y}U{z}| = 1. Hence,
S\ {y} U{z} = {z} is a perfect dominating set of K; + H.Therefore, S is a
1-movable perfect dominating set of K1 + H. [J

Corollary 2.7 Let H be a connected nontrivial graph.

1, ify(H) =1

V(K 4+ H) =
Vmp (K1 ) \V(K, + H)|, otherwise
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Theorem 2.8 Let G and H be connected nontrivial graphs. Then

C CV(Go H) is a 1-movable perfect dominating set of G + H if and only

if C =V(GoH)orC= |J D, with |D,| =1 and D, is a 1-movable
veV(G)

dominating set in H"for all v € V(G).

Proof: Suppose that C' is a 1-movable perfect dominating set of G. Suppose
C = V(G o H). Then were are done. Suppose C' # V(G o H). Let z € C and
suppose x € C' N V(G). Then there exists y € N(z) such that |[N(y) N C| = 1.
Thus Ngon(2) NC = @ for all z € V(HY). This contradicts the assumption.
Hence z € D, for all v € V(G). Thus, C = |J D,. Since C' is a perfect
veV(G)

dominating set, |Ng(w) N D,| =1 for all w € V(G). This means that |D,| = 1.
Since C' is a 1-movable perfect dominating set of G o H, D, is a 1-movable
dominating set of H" for all v € V(G).

For the converse, Suppose that C' = V(G o H). By definition, C' is a
1-movable perfect dominating set of G o H. Suppose that C' = U D,, where

veV(Q)

|D,| = 1 and D, is a 1-movable dominating set of H" for each v € V(G).
Clearly, C' is a perfect dominating set of G o H. Let v € C. Since |D,| =1
for all v € V(G), C'\ {v} U{u} are perfect dominating sets of G o H for some
ueV((GoH)\C)N N(v). Therefore, C' is a 1-movable perfect dominating
set of Go H.

Corollary 2.9 For every connected nontrivial graphs G and H,

L ify,(H) =1

(G o H) =
Tyl G 0 H) {]V(GOH)\, otherwise
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